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Chapter 1 

STRONG INTERACTIONS IN LOW 
DIMENSIONS: INTRODUCTORY 
REMARKS 



D. Baeriswyl 

Departement de Physique, Universite de Fribourg, Perolles, CH-1700 Fribourg, 
Switzerland. 

dionys.baeriswyl@unifr.ch 



L. Degiorgi 

Laboratorium fiir Festkorperphysik, ETH Zurich, CFl-8093 Zurich, Switzerland. 
degiorgi@solid.phys.ethz.ch 



The physical properties of low-dimensional systems have fascinated 
researchers for a great part of the last century, and have recently become 
one of the primary centers of interest in condensed matter research. At 
the beginning, this field appeared much more like a playground for cre- 
ative theorists than a serious domain of solid-state physics. In fact, the 
exact treatment of the one-dimensional Lenz-Ising model and Bethe’s 
ingenious diagonalization of the antiferromagnetic Heisenberg chain were 
considered at most as first steps towards a theory of electronic and mag- 
netic properties of real, three-dimensional crystals. Similarly, Tomonaga 
presented his study of sound waves in a one-dimensional system of in- 
teracting fermions as mathematically interesting but physically not very 
useful. A collection of important early developments has been assembled 
and commented upon by Lieb and Mattis [1], who emphasized that while 
exact solutions of one-dimensional models provide useful tests for ap- 
proximate methods, “in almost every case the one-dimensional physics 
is devoid of much structure, and describes a colorless universe much 
less interesting than our own”. This point of view was based on the 
observation that “in one dimension bosons do not condense, electrons 
do not superconduct, ferromagnets do not magnetize, and liquids do 
not freeze”. Fortunately, it has since been demonstrated that the one- 
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dimensional world has its own richness, and that there are real materials 
which to a good approximation may be considered as consisting of un- 
coupled chains, at least for temperatures or frequencies which are not 
too low. Some of the specific features predicted for interacting one- 
dimensional electron systems, such as charge- and spin-density waves, 
have indeed been observed in many quasi-one-dimensional materials [2] , 
and under particular circumstances, such as Fermi-surface nesting, can 
also be found in higher dimensions. 

In this book we attempt to convey the colorful facets of condensed 
matter systems with reduced dimensionality. We are of course aware 
of the fact that many important aspects must be left aside in such a 
collection of specific subjects; some of the most regretful omissions will 
be mentioned later. The following introductory remarks are intended as 
an aid to identifying some of the essential concepts which will reappear 
at several places in the subsequent chapters. At the same time this 
introduction may help to connect the different topics treated in the book, 
some of which might at first sight appear rather disparate. 

1. Ordering in low dimensions 

In our three-dimensional world we are accustomed to the spontaneous 
appearance of order at sufficiently low temperatures. Liquids condense 
to form periodic solids, magnetic moments are aligned in ferromagnetic 
or antiferromagnetic configurations, and Fermi liquids turn into superflu- 
ids. At zero temperature the state of lowest energy determines the stable 
configuration of a system, but at finite temperatures it is the minimum 
of the free energy which determines whether the order parameter - the 
magnetization in a ferromagnet, the condensate fraction in a superffuid 
or the intensity of Bragg peaks in a periodic solid - remains finite or 
is completely suppressed due to thermal fluctuations. The destabilizing 
effects of temperature are particularly strong in one dimension. While 
in two or higher dimensions the Ising model exhibits long-range order 
below a finite critical temperature, this is no longer true in one dimen- 
sion, where thermal fluctuations destroy the spin correlations beyond 
a finite correlation length. These fluctuations are even more effective 
in the case of a continuous order parameter. Thus, according to the 
Mermin-Wagner theorem, the classical two-dimensional XY model has 
no true long-range order at finite temperatures [3]. Nevertheless this 
model - which can be used for representing the phase fluctuations of 
a complex order parameter or the spin configurations in an easy-plane 
Heisenberg ferromagnet - shows a transition from a disordered high- 
temperature phase with exponentially decaying correlations to a phase 
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with quasi-long-range order below the Kosterlitz-Thouless temperature 
Tkt- The appropriate quantity describing this transition is the phase 
stiffness or superfluid density, which is finite below Tkt and shows a 
universal discontinuity at Tkt [4]- 

At zero temperature classical spin models on a bipartite lattice have 
long-range order, but this is not necessarily true for the corresponding 
quantum models. Thus for both the spin-^ quantum XY and Heisenberg 
models the spin correlations decay algebraically, and even the Ising chain 
becomes disordered under a sufficiently strong transverse field. The 
latter case is very illuminating [5, 6] as the external field allows one to 
drive the system through a quantum critical point, a second-order phase 
transition at T = 0 where quantum fluctuations are relevant [7]. For 
dimensions higher than 1 the quantum XY model has long-range order 
for all values of the spin, at least on a hypercubic lattice [8]. This result 
has also been proven for the quantum Heisenberg antiferromagnet for 3 
or higher dimensions (and any spin) [9]. For dimension D=2 a rigorous 
proof still seems not to be available for 5 = ^, but both numerical 
simulations and analytical calculations indicate that long-range order 
does exist, albeit with a reduced moment [10]. 

Low-dimensional systems not only experience strong quantum and 
thermal fluctuations, but also admit ordering tendencies which are diffi- 
cult to realize in three-dimensional materials. Prominent examples are 
spin- and charge-density waves in quasi-one-dimensional organic com- 
pounds and spontaneous circulating currents (leading to “orbital anti- 
ferromagnetism”) in two dimensions. The competition among several 
possible order parameters leads to rich phase diagrams and an enhanced 
sensitivity to disorder or applied external fields. Some of these order 
parameters are very difficult to observe directly. As an example, while 
phases with spontaneous spin or charge currents around the plaquettes 
of a square lattice occur naturally in models of interacting fermions in 
two dimensions [1 1] , their unambiguous detection appears to be very dif- 
ficult. Thus it is at present not clear whether the so-called “pseudogap 
phase” in the layered cuprates is related to such a hidden order para- 
meter [12]. 

2. Dimensional crossover 

A real material is not truly one-dimensional (ID), but at most quasi- 
one-dimensional, i.e. a collection of weakly coupled chains. (Notable 
exceptions include quantum wires and nanotubes.) Thus one of the 
important questions will be the extent to which the coupling between 
chains is relevant. An illustrative example is the Ising model on a square 
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lattice with different ferromagnetic exchange constants Jy and Jj_ in the 
two directions. According to Onsager’s exact solution [13], the critical 
temperature Tc for the transition from the paramagnetic to the ferro- 
magnetic phase is given by 

sinh(2/3cJ||) sinh(2/3cJ±) = 1 , (1.1) 

where (3c = l/ksTc- For an array of weakly coupled chains (Jy J±), 
Eq. (1.1) becomes 

‘^J±^\\(J'c) = ksTc , ( 1 . 2 ) 

where ^11(7") is the correlation length of the ID Ising model. From this 
relation one may be tempted to conclude that the critical temperature 
is of the order of the interchain coupling Jj_. However, this is not cor- 
rect because the correlation length is strongly temperature-dependent, 
^y(r) = iexp(2/3 Jy). Inserting this relation into Eq. (1.2) and taking 
the logarithm yields 

^ Hk^TM • 

This logarithmic dependence is very weak, and therefore the critical tem- 
perature remains of the order of Jy , unless the ratio Ja_/ J\\ is vanishingly 
small. 

The behavior of Eq. (1.3) is rather special as it depends on the ex- 
ponential temperature dependence of the correlation length. For a ID 
Heisenberg antiferromagnet one finds instead ^y(T) J||/(2 /cbT) (up 

to some logarithmic corrections [14]). In this case the use of Eq. (1.2) 
would again predict a finite critical temperature for a 2D array of coupled 
chains, but this is not correct because the 2D Heisenberg model orders 
only at zero temperature. Eq. (1.2) is therefore not universally valid, 
and in particular cannot be applied for models with gapless excitations. 

A dimensional crossover is expected to occur at a temperature > 
Tc- Below Ter correlations between chains (or planes) extend beyond the 
distance between the structural units, and thus a continuum theory of 
the Ginzburg-Landau type, 

F = Fo+ j d\[ + 61vk]4 + ^ c„19„vk]2 ] , (1.4) 

should be applicable, where 4t(r) is a real or complex order-parameter 
field, the coefficient a changes sign at the mean-field temperature, 6 > 0 
and the relative sizes of Cq,, a = 1,2,3, describe the nature of the spatial 
anisotropy. For a quasi-lD situation one of the coefficients Cq, is signific- 
antly larger than the two others, while for a quasi-2D case one coefficient 
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is significantly smaller. A simple rescaling, Xa = transforms Eq. 

(1.4) into an isotropic functional in which all the critical properties are 
equal to those of the isotropic Ginzburg-Landau theory. Such a rescal- 
ing can sometimes be justified even for quasi-2D superconductors where 
the coupling to the electromagnetic field must be included [15]. One 
may conclude that characteristic low-dimensional effects emerge above 
Ter- For strongly anisotropic situations, as in certain layered materials. 
Ter may be so close to Tc that for all practical purposes the continuum 
description of Eq. (1.4) is never valid. Instead, the discrete sequence of 
stacks of planes, or of arrays of chains, must be described explicitly, as 
for example in the Lawrence-Doniach model of layered superconductors 
[15, 16]. 

A key issue, which will play a role in several chapters of this book 
[17, 18], is the dimensional crossover observed as a function of frequency 
in dynamic correlation functions. Consider for example a quasi-one- 
dimensional conductor in which an electron moves preferentially along 
a chain (parameter ty) and hops occasionally to a neighboring chain 
(parameter t±_ <C ty). The response of this system to an external stimu- 
lus of frequency u) is expected to be three-dimensional at low frequencies 
but essentially one-dimensional for sufficiently large frequencies. If the 
quasiparticle description of Fermi-liquid theory is applicable, the char- 
acteristic frequency separating the two regimes is expected to be on the 
order of t±/Ti. However, if this description is not valid, the discussion 
becomes much more subtle [19, 20, 21]. For dynamic order-parameter 
correlation functions the crossover is expected to occur for fiuicr ~ ksTcr- 

3. Magnetism in insulators and metals 

Magnetism has been a subject of amazement since antiquity [22] , and 
remains one of the most active fields of solid-state physics. Magnetic 
moments appear, according to Hund’s rules, in atoms or ions with a 
partially filled shell. In an ionic crystal where charge delocalization is 
small, the picture may be modified by crystal-field effects or by the 
Jahn-Teller distortion [23]. The Heisenberg model, 

H = , (1.5) 

(hi> 

in which the spins Sj occupy the sites of a lattice and the exchange 
interaction acts only among nearest neighbors, is often sufficient to de- 
scribe accurately the magnetic properties of materials with local mo- 
ments, such as the magnetic susceptibility, the magnetic contribution 
to the specific heat, or magnetic neutron scattering. Depending on the 
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context, the coupling J may represent the (ferromagnetic) direct ex- 
change interaction between electrons occupying orthogonal orbitals [24] 
or the (antiferromagnetic) kinetic exchange across non-magnetic ions in 
transition-metal compounds [25]. 

The localization of electronic states is not necessarily the result of a 
small overlap beween atomic wave functions, but can also be produced 
by disorder or Coulomb correlations. Materials undergoing a metal- 
insulator transition are thus particularly interesting for their rich mag- 
netic properties [26, 27, 28] . The combined effects of strong disorder and 
Coulomb interactions may even produce local moments in the metallic 
phase [29, 30]. Because both disorder and correlation effects are strong 
in low dimensions, it is not surprising that the interplay between local- 
ization and magnetism is pronounced in organic chain compounds [31] 
and in the layered cuprates [12]. 

Despite the simple form of the Heisenberg model (1.5) it is very dif- 
ficult to obtain closed analytical solutions. A famous exception is the 
spin-^ Heisenberg chain, where Bethe found an ingenious method for 
calculating the energy eigenstates [32] . The spin correlation function for 
the antiferromagnetic case has been calculated using both field-theoretic 
[33, 34, 35] and numerical techniques [36], and found to behave asymp- 
totically as 

(Si • S^+n) ^ ^ J\n{cn) (1.6) 

n * 

for n ^ oo, where c is a constant. This implies that the ID antiferro- 
magnetic Heisenberg chain has quasi-long-range order. The elementary 
excitations are spinons, which can be viewed as traveling domain walls 
between regions of opposite (staggered) order parameter [37] , and have 
a gapless energy spectrum. In contrast, as suggested by Haldane, the 
spin-1 chain behaves like a spin liquid, with exponentially decaying spin 
correlations and a gap in the excitation spectrum [38, 39]. This conjec- 
ture has since been confirmed both numerically [40, 41] and experiment- 
ally [6]. A closely related phenomenon is observed in spin-^ ladders, 
where a spin gap appears for an even number of legs, while odd-leg lad- 
ders are gapless [42]. Several materials are now available which can be 
considered as consisting of weakly coupled spin ladders [43] . 

New phenomena can occur in the presence of frustration, as for ex- 
ample in the antiferromagnetic Heisenberg chain when an additional 
next-nearest-neighbor antiferromagnetic exchange constant J' is in- 
cluded. For the particular ratio J' = J/2 the exact ground state is 
known to be a valence-bond solid, i.e. a simple product of nearest- 
neighbor singlet pairs [44, 45]. This state has a broken translational 
symmetry with long-range order, but the range of spin correlations is 
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limited to nearest-neighbor sites. In two dimensions, frustration can 
be produced either by the geometry of the lattice [46] or by competing 
exchange couplings [47], but the rich variety of possible phases between 
Neel order in unfrustrated systems and spin liquids in strongly frustrated 
systems has not yet been fully explored. For many materials, magnetic 
frustration appears to be the origin of a spin gap [6] . 

Magnetic order is not restricted to insulators with localized magnetic 
moments, but occurs also in some alloys of non-magnetic metals. A 
microscopic approach in terms of electronic band structure and Cou- 
lomb matrix elements is required to treat such cases. The problem of 
ferromagnetism in itinerant electron systems was addressed in the early 
days of solid-state physics. According to Stoner, ferromagnetism oc- 
curs if U p{£f) > 1, where U represents the electron-electron interaction 
strength and p{ef) is the electronic density of states at the Fermi energy 
[48]. 

A more explicit treatment of metallic ferromagnetism was proposed by 
Gutzwiller, Hubbard and Kanamori [49, 50, 51] in terms of the Hubbard 
Hamiltonian, 



H = -t {4a^ja + 



where c|^ (cia) creates (annihilates) an electron with spin a at site i and 
riicr = c\^Cia expresses the electron density. 

For a half-filled band the fully polarized state is an eigenstate of 
the Hamiltonian (1.7), with energy E = 0. However, it is easy to see 
that this cannot be the true ground state, at least for bipartite lattices, 
where a variational wave function with alternating values of (nq) — 
(nq) on the two sublattices has lower energy. The amplitude of such 
a spin-density wave is small for small U but tends to 1 as 1/ ^ oo 
(Neel state). In one dimension the fully polarized eigenstates are easy to 
determine also for other fillings, because they correspond to those of non- 
interacting spinless fermions, but the true ground state is found to be a 
spin singlet [52] . This is no longer true if next-nearest-neighbor hopping 
is included, in which case ferromagnetism has been found numerically 
for the Hubbard model in both one [53] and two dimensions [54] for 
large values of U . However, it remains quite generally true that the 
conditions for the appearance of ferromagnetism are considerably more 
stringent than the simple Stoner criterion. 
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4. Charge order 

The conventional Hubbard model (1.7), originally conceived for de- 
scribing ferromagnetism, has played (and still plays) a major role in the 
study of the Mott transition, i.e. the metal-insulator transition pro- 
duced by strong electronic correlations [26, 27, 55]. At zero temperature 
this transition occurs at half-filling as a function of t/, or at a (suffi- 
ciently large) given value of 7/ as a function of density. Increasing U 
results in a suppression of the double occupancy di = (nji-njj^), and at 
half-filling di decreases from 1/4 for U = 0 to 0 for 7/ ^ oo in any 
dimension. Correspondingly, the magnetic moment, 

{Sj) = ^n\l-2d,) , ( 1 . 8 ) 

evolves from for U = 0 to |7i^, the value for a localized spin i, 
for U ^ oo. [We recall that for large values of 7/, 7/ » t, the low- 
energy eigenstates of the Hubbard Hamiltonian at half-filling are equal 
to those of the Heisenberg model (1.5) with J = 4t^/7/.j The genuine 
Mott transition (not masked by antiferromagnetic ordering, which leads 
to a “Slater insulator” [56]) occurs in the region where U is similar in 
magnitude to the bandwidth. The double occupancy or the magnetic 
moment, which change smoothly in this region, are therefore not suitable 
for characterizing the transition. A better quantity is the fluctuation of 
polarization [57], which has values on the order of the system size in the 
metallic phase, but of order unity in the insulating phase. 

Because of its conceptual simplicity, the Hubbard model has become 
very popular for describing materials, such as La 2 Cu 04 , which would be 
metals from the point of view of their (LDA) band structure but turn 
out to be insulators with an energy gap for charge excitations. However, 
as already recognized by Hubbard [50], such a description assumes im- 
plicitly an efficient metallic screening, which is of course not available 
on the insulating side, where a full account of the long-range nature 
of Coulomb forces is required. At half-filling, charge fluctuations are 
strongly suppressed by the on-site interaction, and so the long-range 
part of the interaction plays a minor role. For other fillings, however, 
charge fluctuations may be strongly enhanced in order to reduce the 
long-range part of the Coulomb interaction, which can lead to inhomo- 
geneous charge patterns such as charge-density waves, Wigner crystals, 
or charge stripes [58]. 

The concept of charge- (or spin-)density waves is usually associated 
with a small-amplitude spatial modulation of the charge (or spin) dens- 
ity. These density waves occur preferentially in low-dimensional metals, 
for which a single wave vector Q connects large portions of the Fermi 
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surface (“nesting”) [2, 17, 18]. They may be considered as condensed 
electron-hole pairs, similar to the way in which superconductivity can 
be interpreted as a condensation of Cooper pairs. This Fermi-surface 
instability must be contrasted with the appearance of periodic charge 
patterns in the classical limit, where the kinetic energy is negligible 
and the electrons arrange themselves to minimize the total potential en- 
ergy, forming a Wigner crystal in the continuum [59] and a “generalized 
Wigner lattice” in a periodic solid [60] . A simple model which illustrates 
both the charge-density-wave instability of the metallic phase and the 
crossover towards a generalized Wigner lattice as the interaction strength 
is increased is a ID system of spinless fermions with an average number 
density of 1/2 and an interaction between nearest-neighbor sites. The 
Hamiltonian is 

H = -tY^ (4ci+i -h 4+iCi) + F^ninj+i , (1.9) 

i i 

where n* = c\ci measures the density at site i. This model can be 
mapped to the XXZ Heisenberg Hamiltonian with exchange couplings 
Jx = Jy = Jz = V [61], which has an easy-plane (XY-type) region for 
V < 2t and an easy-axis (Ising-type) region for V > 2t. Correspond- 
ingly, the fermion system is metallic (or, more precisely, a Luttinger 
liquid [62]) for V < 2t and insulating with a charge-ordered ground 
state for V > 2t. The amplitude of the charge modulation begins from 
0 at F = 2t and evolves continuously to 1 for F ^ oo, where the fermi- 
ons occupy every other site in order to minimize the nearest-neighbor 
repulsion. 

Charge ordering is a widespread phenomenon [63]. It has been 
observed in organic chain compounds such as TTF-TCNQ and the 
Bechgaard salts [18], in transition-metal dichalcogenides, in layered nick- 
elates and cuprates [58], and in manganites, and it has also been used 
to explain transport anisotropies in quantum Hall systems. Very often, 
structural distortions accompany an inhomogeneous charge distribution, 
and in some cases, such as the Peierls instability, the electron-phonon 
coupling is even the driving force for charge-density-wave formation. 

Electrons carry both charge and spin, and it is therefore natural to 
consider whether charge and magnetic order are correlated. A simple 
picture is available for some organic chain compounds, in particular for 
(TMTTF) 2 X (X=PFe, SbFe, AsFq) [64] and (DCNQI) 2 Ag [65], where 
charge ordering occurs at a relatively high temperature (c. 100 to 200K), 
whereas magnetic ordering occurs at much lower temperatures (of the 
order of 1 to lOK). A lattice model with dominant long-range Coulomb 
interactions is able to explain this separation of energy scales: the Cou- 
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lomb interaction leads to the formation of a generalized Wigner lattice 
with a typical energy scale of leV [60] , while the effective exchange con- 
stant between the nearest-neighbor spins is two orders of magnitude 
smaller for these materials [66]. 

A rich variety of different phases can emerge in systems where the en- 
ergy scales for charge and magnetic orderings are comparable. Layered 
cuprates appear very likely to belong to this category: they show an 
intricate competition between antiferromagnetism, charge order, super- 
conductivity and maybe other, more exotic, broken symmetries. A 
wealth of phenomena, which are still only partly understood, may be 
linked directly to this interplay of charge and spin degrees of freedom, 
in both normal and superconducting phases [12, 67]. One of the most 
intriguing new collective states is the stripe phase, where doped charges 
are located on spontaneously generated domain walls between antiferro- 
magnetic regions [58] . In such a phase the motion of charges is essentially 
ID, notwithstanding the 2D band structure of the Cu02 plane. The con- 
sequences of this “dynamical dimension reduction” [68] have not been 
fully explored, and even the basic mechanism governing stripe formation 
is not yet firmly established. 

5. The fate of the Fermi liquid in low dimensions 

One of the cornerstones of solid-state physics is the Landau theory 
of the Fermi liquid [69], which explains why in ordinary metals the 
thermal and transport properties of strongly interacting electrons can 
be described in terms of weakly interacting (fermionic) quasiparticles. 
The fundamental reason for the success of this theory is the rarity of 
scattering events in the vicinity of the Fermi surface. The state of a 
normal Fermi liquid breaks down if the residual interactions between 
quasiparticles lead to a collective bound state, such as a superconduct- 
ing or charge-ordered state. In a strict sense, the ground state of an 
interacting electron system is always expected to differ from that of a 
normal Fermi liquid, because superconductivity will always occur if it is 
not dominated by another instability [70]. However, this may occur at 
temperatures so low that for conventional experimental conditions the 
Fermi-liquid theory does provide a valid description. 

Charge- and spin-density waves or superconductivity remove elec- 
tronic states in the vicinity of the Fermi energy, either completely in the 
case of s-wave symmety or only partially for an order parameter A(k) 
with nodes on the Fermi surface. This mean-field picture, beautifully 
confirmed by tunneling and thermal experiments on superconductors 
[71, 72], is based on symmetry-breaking below the (mean-field) critical 
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temperature. As discussed above, thermal fluctuations are so strong in 
one and two dimensions that a continuous symmetry is not broken at 
flnite temperatures [3]. A simple example of the way in which strong 
order-parameter fluctuations determine the electronic structure around 
the Fermi energy was illustrated by Lee, Rice, and Anderson for the Pei- 
erls instability [73]. The replacement of new Bragg peaks (generated by 
a static order parameter) by a broadened structure factor representing 
the order-parameter fluctuations removes the gap between electronic 
bands, but if the correlation length is sufficiently large a pronounced 
pseudogap remains. This result has been confirmed recently by more 
detailed calculations [74, 75, 76], and may be relevant for the inter- 
pretation of photoemission experiments on one-dimensional conductors 
above the critical temperature of the (3D) Peierls transition [18, 77]. 
Whether the so-called pseudogap phase in layered high-temperature su- 
perconductors may be described similarly in terms of (superconducting) 
order-parameter fluctuations (preformed pairs) remains an open issue 
[ 12 ]. 

A more subtle breakdown of a normal Fermi liquid occurs in ID sys- 
tems of electrons with (short-range) interactions. In this case the very 
existence of fermionic quasiparticles is questionable, because the state 
resulting from the addition or removal of an electron may decay quickly 
into a charge and a spin excitation which propagate with different ve- 
locities (spin-charge separation) [21, 38]. This result, derived in the 
framework of the ID electron gas [78], has its correspondence in lat- 
tice models such as the ID Hubbard model where the elementary ex- 
citations are spinons, carrying spin but no charge, and holons, which 
carry charge but no spin [79]. A ID metal described by a model of 
interacting electrons, not coupled to phonons, is thus predicted to be- 
have quite differently from a Fermi liquid, namely as a so-called “Lut- 
tinger liquid” [21, 80]. However, the extent to which the experimental 
signature of a Luttinger-liquid state has been identified clearly in real 
materials remains controversial, although high-resolution photoemission 
[18] and optical absorption [17] measurements on quasi-one-dimensional 
conductors, as well as transport and tunneling experiments on quantum 
wires [81], have been used extensively for clarifying the issue. 

It is worthwhile to add that non-Fermi liquid features are not a priv- 
ilege of one-dimensional systems, but also appear routinely in heavy- 
fermion materials. Among other mechanisms, low-energy fluctuations 
due to the proximity of a magnetic phase transition near zero temper- 
ature have been invoked for interpreting the experimental findings in 
these systems [82] . The extent to which a similar mechanism may be re- 
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sponsible for the observed non-Fermi liquid behavior of optimally doped, 
layered cuprates [83] , remains an open issue. 

6. Ah initio calculations and effective models 

Most electronic and magnetic properties of solids could be described 
accurately if the basic Hamiltonian of electrons and nuclei coupled by 
Coulomb interactions were tractable. This is unfortunately not the case 
without resort to a number of (often uncontrolled) approximations. A 
simple and widely used scheme is the Local Density Approximation 
(LDA) of Density Functional Theory, which has been applied success- 
fully to many types of solids, at least for describing their ground-state 
properties [84] and lattice dynamics [85] . An extended version of LDA 
which allows for spin-polarized ground states, the Local Spin-Density 
Approximation, has been quite successful in describing the magnetism 
of transition metals and their alloys [28], but there are prominent ex- 
ceptions, including the layered cuprates, where strong correlations must 
be treated more thoroughly than is possible within a local exchange- 
correlation potential. Some progress has been made recently for strongly 
correlated systems by combining LDA calculations with methods used 
previously for model Hamiltonians, such as the Dynamical Mean-Field 
Theory [86]. 

A different approach exploits the fact that one is often not concerned 
with all of the details embodied in the interacting electron-nucleus sys- 
tem, but rather in its low-energy behavior. Therefore one attempts a 
down-folding of the full Hamiltonian to a more simple, effective model 
which contains the essential variables associated with the low-energy 
degrees of freedom [87]. A good example of such a downfolding pro- 
cess is the BCS theory of conventional superconductors [88]. Instead 
of treating explicitly the interacting electron-phonon system, which it- 
self should be considered as an effective model of Landau quasiparticles 
interacting with lattice vibrations, one uses the fact that the relevant 
electronic excitations have an energy lower than the phononic energy 
scale hojD- Second-order perturbation theory then allows one to calcu- 
late the effective attraction arising due to phonon exchange. The res- 
ulting BCS Hamiltonian is purely electronic, and is valid for low-energy 
excitations (with an energetic cut-off on the order of Tiujd)- A further 
downfolding can be performed by proceeding from the microscopic BCS 
Hamiltonian to the Ginzburg-Landau functional, which describes the 
low-energy fluctuations of the order parameter close to the mean-field 
critical temperature [89]. 
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A systematic elimination of high energy scales and a correspond- 
ing transformation of the original model into an effective low-energy 
Hamiltonian is known as renormalization (or also as the Renormaliza- 
tion Group). Originally developed in quantum field theory, this method 
was applied in the 1970s to (classical) phase transitions, where it not only 
provided specific tools for calculating critical exponents, but also demon- 
strated why seemingly different systems show the same behavior close to 
a critical point. More recently the Renormalization Group method has 
also been applied to many-electron systems. In one dimension the prob- 
lem may be formulated in terms of a small set of coupling constants for 
the scattering processes between the two Fermi points, two for forward 
scattering ( 52 , fl' 4 )) one for backward {gi) and one for Umklapp scattering 
{gz)- The renormalization of the Hamiltonian can then be visualized as 
a flow in the space of the coupling parameters 51 , ..., 54 ( 78 , 90]. In two 
dimensions the problem is more complicated because the Fermi surface is 
a line, and therefore the scattering vertex must be treated as a function 
of momenta rather than of a small set of coupling constants. While in 
the isotropic case the problem can still be treated analytically (to lowest 
order in perturbation theory) [91, 92], a more realistic Fermi surface, 
such as that of a partially filled tight-binding band, has been investig- 
ated mostly numerically [93, 94]. Often some couplings grow strongly 
upon renormalization. This is usually interpreted as the signal of an 
instability (superconductivity, charge-density waves, flux phases, and 
others), but at the same time the perturbative Renormalization Group 
approach becomes invalid. Field-theoretic methods applicable close to a 
quantum-critical point [7], or duality transformations to collective vari- 
ables [5], may in some cases help to overcome this difficulty, but quite 
generally the physics of interacting electrons on a 2D lattice, which is 
genuinely a strong-coupling problem, leaves still a lot of scope for future 
studies. 

7. About this book 

Many important developments in solid-state physics during the last 
three decades have been associated with materials or structures of 
reduced dimensionality, including quasi-one-dimensional conductors, 
layered cuprates, the 2D electron gas at semiconductor interfaces, sur- 
faces, and surface adsorbates. Both the controlled preparation of new 
materials and advances in experimental and theoretical techniques have 
been essential for this rapid progress. The aim of this book is not to 
review the most important results that have been accumulated recently, 
but rather to explain thoroughly certain selected topics. The emphasis 
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of the more experimental chapters is on the application of dynamical 
probes, such as neutron scattering [6], optical absorption [17, 67], and 
photoemission [12, 18], as well as on transport studies, both electrical 
[81] and thermal [43] . Some of the more theoretical chapters are directly 
relevant for experiments, such as optical spectroscopy [87], transport in 
one-dimensional models [80] , and the phenomenology of charge inhomo- 
geneities in layered materials [58], while others discuss more general 
topics and methods, for example the concept of a Luttinger liquid and 
bosonization [21] or duality transformations, both promising tools for 
treating strongly interacting many-body systems [5]. 

Many important topics are treated only marginally or not at all. Thus 
the ubiquitous electron-phonon interaction is mentioned only briefly 
[18], although it is of primary importance for the Peierls instability in 
one-dimensional conductors. Similarly, the conjugated polymers are not 
discussed, although the concepts of neutral and charged solitons [95, 96] 
are intimately related to those of spinons and holons. Magnetic fields are 
known to induce spectacular effects in low-dimensional systems, such as 
the Quantum Hall Effect in the 2D electron gas [97], the appearance of 
different forms of vortex matter - solid, liquid, glass - in layered super- 
conductors [15] or the field-induced spin-density waves in the Bechgaard 
salts [98] . Regretfully a detailed discussion of these beautiful phenomena 
has been omitted. On the experimental side two important dynamical 
probes have not been discussed, light scattering and magnetic reson- 
ance. Light scattering, in particular magnetic Raman scattering, has 
recently been used successfully for investigating the excitations in low- 
dimensional spin systems [99]. Nuclear magnetic resonance spectroscopy 
gives important insight into local magnetic fields and spin dynamics, 
while nuclear quadrupole resonance spectroscopy can provide valuable 
information about the charge distribution, which is generally very dif- 
ficult to measure by other means [100]. On the theoretical side two 
important recent developments are not included, namely the extension 
of the Renormalization- Group method to many-fermion systems in two 
dimensions (discussed briefly above) , and the progress in numerical tech- 
niques, most notably the Density-Matrix Renormalization Group [101] 
and new Quantum Monte Garlo algorithms [102]. 

For those topics which have been omitted, we trust that the interested 
reader may find due information and inspiration from the references 
cited. For those which have been included, we hope that the following 
12 chapters serve to provide a coherent overview of the fundamental 
issues in contemporary studies of strongly interacting systems in low 
dimensions. 
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Abstract Dynamic correlations in spin systems near quantum phase transitions 
where static long range order vanishes are explored via magnetic sus- 
ceptibility measurements, carried out using inductance coils and in- 
elastic neutron scattering. Experiments on the Ising ferromagnet 
Li(Ho, Y)F4 in a transverse field introduce the concept of a quantum 
critical phase transition with and without disorder. Quantum dis- 
ordered systems examined include the alternating spin chain cop- 
per nitrate, the Haldane spin-1 chain Y2BaNiOs, and frustrated 
Cu2(C5Hi2N2)2Cl4 (CuHpCl). The uniform spin-1/2 chains KCuFg 
and copper benzoate, and the frustrated spinel ZnCr2 04 are studied as 
examples of nearly quantum critical systems. Finally, two square lattice 
spin-1/2 antiferromagnets, La2Cu04 and Cu(DC00)2 • 4D2O (CFTD), 
exemplify renormalized classical systems with strong fluctuations. 
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Introduction 

Conventional magnetic systems develop some form of static order 
at a critical temperature of order the spin-spin interaction strength. 
However, reduced dimensionality[l], competing interactions [2], and in- 
teractions with mobile electrons and holes, can stabilize an essentially 
quantum mechanical many- body state in the limit T ^ 0. These sys- 
tems are of great interest because they represent unique cooperative 
states of matter that can be explored in detail with a range of experi- 
mental techniques [3]. Understanding them might also provide the key to 
understanding several of the main problems of modern condensed mat- 
ter physics, most notably those of high-temperature superconductivity 
and non-Fermi liquids. In this article we shall review experiments that 
probe dynamic correlations at low temperatures in quantum magnets. 
The aim is to give an overview of the variety of phenomena that have 
been found recently in this field rather than to give an exhaustive guide 
to the literature. 

1. Neutron Scattering 

This article focuses on the dynamical magnetic susceptibility. The 
most common probes of this quantity are mutual inductance measure- 
ments of the bulk {Q = 0 ) susceptibility and magnetic neutron scatter- 
ing. The neutron scattering cross section [4] arising from electromagnetic 
interactions between the neutron magnetic dipole moment and the spin 
and orbital magnetic dipole moment of electrons in solids is as follows: 

Sh = (2.1) 

* ap 

Here Q = k; — kf and fito = Ei — Ef are the wave vector and energy 
transfer to the sample in the scattering event, vq = 0.28179 • 10“^^ cm is 
the classical electron radius, 7 = 1.913 and 5 ~ 2 are the spectroscopic 
g-factors of the neutron and the magnetic atom respectively, and F(Q) 
is the magnetic form factor [5]. The interesting part of Eq. (2.1) is the 
Fourier transformed two point dynamic spin correlation function: 

= ^l E('5r(i)'5f (0))e-*Q-(^*-^^) (2.2) 

ij 

5"^(Q,(j) can be related to the generalized spin susceptibility through 
the fluctuation dissipation theorem [4]. 

1 

1 — ’k^qixbY 



5(Q,w) 



(2.3) 
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where (5 = l/ksT and denotes the imaginary part of the susceptib- 
ility. 

The neutron scattering experiments reported in this article were per- 
formed using instruments at the NIST Center for neutron research, the 
now defunct DR3 research reactor of Ris0 National Laboratory, Den- 
mark, and at the ISIS facility in the United Kingdom. The NIST and 
Ris0 facilities are continuous neutron sources based on fission and the in- 
struments used monochromators based on Bragg reflection from graphite 
[6]. The ISIS facility is a pulsed spallation neutron source where time 
of flight is used to determine the energy of the incident and scattered 
beam[7]. 

2. Experiments on Insulating Quantum Magnets 

Low energy theories for insulating magnets are typically based on a 
spin hamiltonian of the form. 

^ = - E - gtiBH E + E (2-4) 

{ij) i i 



are potentially anisotropic exchange constants for spin pairs (ij). 
We have included the Zeeman term describing the effects of an applied 
magnetic field, H, which can induce quantum phase transitions between 
different ground states at T = 0. For spin quantum numbers greater 
than 1/2 there is also a single ion anisotropy term represented by G(Sj). 

The simple ferro-magnetic state with all spins parallel is an eigenstate 
of 7i and it is the ground state for isotropic and uniaxial systems with 
Jij > 0. For a three dimensional bi-partite lattice with inter-sublattice 
interactions Jij < 0, the Neel state with antiparallel nearest neighbor 
spins is an excellent approximation to the ground state and the basis for 
the Neel-Anderson spin wave theory of antiferromagnetism. However, 
there are quantum corrections to the Neel state, which diverge and sig- 
nal its irrelevance when the manifold of putative soft spin waves becomes 
sufficiently large [8]. A well known example is the one dimensional an- 
tiferromagnet where Neel order is replaced by different quantum many 
body states for half odd integer and integer spins[l]. However, we shall 
see that quantum disordered states are also possible in higher dimensions 
when competing interactions disfavor static order. 

2.1 Ising Model in Transverse Field 

The simplest quantum spin model is the Ising magnet in a transverse 
field. The corresponding Hamiltonian is 
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w = + (2.5) 

ij i 

where the cr’s are Pauli spin matrices, are longitudinal exchange 
constants, and Pg is an effective transverse field, perpendicular to the 
Ising axis[9]. In the classical limit where Pg = 0, the commutator of 7i 
and fj vanishes, such that any spin configuration is dynamically stable 
as long as there are no couplings to other degrees of freedom, such as 
phonons. As soon as Pg becomes non-zero, the commutator becomes 
non-zero, with the result that Heisenberg’s equation of motion, 

= (2.6) 

becomes non-trivial. Figure 2.1 provides a very dramatic illustration of 
the quantum speed-up, which occurs [10] on application of a transverse 
field. The material in this case is not low-dimensional, but is instead the 
prototypical Ising insulator Li(Ho, Y)F 4 , which is a diluted ferromagnet 
[11] where the magnetic moments are carried by Ho^"*“ ions. The key 
point is the two orders of magnitude increase in the characteristic(peak) 
relaxation frequency on applying a field of 0.8 T perpendicular to the 
Ising (c) axis of this body centered tetragonal material. 

Once it was realized that Li(Ho,Y)F 4 provides an excellent realiza- 
tion of the transverse field Ising model, a series of experiments was per- 
formed to probe various quantum mechanical aspects of both pure and 
disordered magnets. One particular attraction of this material is that 
classical quenched disorder and quantum fluctuations are independently 
tuneable, the former via random substitution of Y for Ho, and the latter 
via an external magnetic field, Ht. The pure material, LiHoF 4 , has the 
phase diagram[12] shown in Figure 2.2. There is a phase boundary sep- 
arating the ferromagnet with a spontaneous moment along c from the 
paramagnet. For Ht = 0, the boundary terminates at a classical Curie 
point at Tg = 1.53 K, while for T = 0, it ends at a quantum critical 
point at He = 5 T. The solid line through the data corresponds to a 
mean field description, which takes account of both the real crystal field 
level scheme for the electrons attached to the Ho^"*" ions as well as the Ho 
nuclear spins, coupled via the hyperfine interaction to the electrons. It 
is the latter interaction that gives rise to the low-temperature upturn of 
the phase boundary. Mean field theory not only accounts for the phase 
boundary, it also gives an excellent account of the critical properties, 
which were determined with unprecedented accuracy for the quantum 
critical point. Most notably, as shown in Figure 2.3, the susceptibility 
diverges along both thermal (T) and quantum {Ht) trajectories with 
exponent indistinguishable from the mean field value of unity. 




Dynamic correlations in quantum magnets 



25 




Figure 2.1. AC susceptibility data for the Ising magnet LiHoo.i 67 Yo.S 33 F 4 as a func- 
tion of a transverse field (oriented perpendicular to the easy axis). From ref. [10]. 




Figure 2.2. Phase diagram for pure LiHoF 4 in a magnetic field Ht applied perpen- 
dicular to the Ising easy axis. Dashed line is from mean field theory accounting only 
for electronic moments; solid line includes nuclear moments as well. From ref. [12]. 

The experimental findings for pure LiHoF 4 are in accord with long- 
standing theory [13], which equates T = 0 quantum phase transitions 
in d dimensions with thermal phase transitions in d -|- 1 dimensions. 
Actually, due to the long range nature of dipolar interactions which 
dominate the physics of LiHoF 4 , the effective dimensionality[14] for the 
thermal phase transition is four, already implying mean field exponents 
(with logarithmic corrections) for the thermal transition. 
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Figure 2.3. Magnetic susceptibility along thernial(T) and quantum(Ht) trajectories 
near the quantum critical point for LiHoF 4 . From ref. [12]. 
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Figure 2.4. Characteristic relaxation rate /o for magnetization in the disordered 
ferromagnet LiHoo.44Yo.56F4 as a function of 1/T where T is temperature and the 
effective transverse field F, computed from the laboratory transverse field Ht. For 
high T(at left), the relaxation rate follows a thermal activation law, whereas for low 
T, it is dominated by quantum tunneling and becomes T- independent, but susceptible 
to speed-up as quantum fluctuations are enhanced with rising F. From ref. [20]. 
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Upon substitution of a non-magnetic Y for Ho, the behavior of the 
system is still largely in agreement with mean field theory, as long as the 
Y fraction, 1 — x, is not too large and no quantum disorder is inserted via 
a transverse field. Specifically, there is ferromagnetic order which sets 
in sharply at Tc{x) = xTc{x = 1), which for smaller x (e.g. x = 0.167) 
gives way to spin glass order appearing at a not much lower temperature, 
due to the random sign of the dipolar interaction linking nearest Ho 
neighbors placed at random. At lower dilution in zero transverse field, 
and for finite transverse field even in the ferromagnetic regime, there are 
many effects entirely at odds with the mean field approach: 

■ The quantum critical point occurs at a transverse field which is 
unexpectedly low, i.e. Tc does not scale with x in the way in which 
Tc{x) does. 

■ Near its quantum critical point, the disordered ferromagnet(with 
x = 0.44) acquires a broad spectrum of relaxation times not seen 
near its classical critical point[15]. 

■ The paramagnetic-glass boundary[10] for the material which in 
zero transverse field behaves as a classical spin glass, seems to be 
characterized by an exponent for the non-linear susceptibility [16] 
that vanishes as the quantum glass transition is approached. 

■ For a surprisingly high Ho fraction, x = 0.04, the spin glass phase 
gives way to an antiglass state[17, 18] for which the distribution 
of barriers to relaxation narrows rather than broadens on cool- 
ing. This is completely unexpected classically, where for arbitrarily 
small concentrations of dipoles, spin glass behavior always obtains 
[19]. 

A full discussion of the above points would require a separate review 
article. We mention these results here simply to emphasize how the 
interplay of disorder and quantum mechanics produces entirely unex- 
pected phenomena even in a high-dimensional insulator. Before leaving 
the subject, however, we point out that Li(Ho, Y)F 4 in a transverse field 
has also permitted two experiments which in many ways provide key 
justifications for work on quantum magnetism. The first, illustrated 
in Figure 2.4, revealed tunable quantum tunneling[20] of ferromagnetic 
domain walls, while the second[15], illustrated in Figure 2.5, showed 
that quantum processes can be used to anneal complex systems, with 
outcomes different from the classical, thermal annealing proposed by 
Kirkpatrick, Gelatt, and Vecchi[21]. Quantum routes to solving general 
optimization problems are now being applied to problems not only in 
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Figure 2.5. The concept(upper frame)underlying quantum annealing is that a com- 
plex state space can be explored using quantum tunneling instead of or in addi- 
tion to the thermal hopping paradigm promoted by Kirkpatrick, Gelatt, and Vecchi 
[21]. Brooke and collaborators [22] have tested this concept for the disordered fer- 
romagnet LiHo ,44 Yo ,56 F 4 , for which ferromagnetic domain wall tunneling is tune- 
able, as described in Figure 2.4 and its caption. They explored the consequences of 
approaching the same low-T point in Ht — T plane via routes(lower frame) where 
the primary settling from a disordered paramagnetic state was due to thermal(blue) 
and quantum(red) relaxation, respectively. The experiments showed that the states 
reached along the two different trajectories are different, with the quantum trajectory 
favoring a state with intrinsically more rapid fluctnations. 
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physics but also in biology, and already appear to have certain advant- 
ages [22], 

2.2 Magnets with Gapless or nearly gapless 
spectra 

From the highly anisotropic Ising model based on rare earth ions, we 
turn to quasi-isotropic spin systems based on transition metal ions [23]. 
Isotropic magnets with static correlations necessarily have a gapless spec- 
trum due to long wave length excitations that twist the order parameter 
through isotropic spin space[25, 26]. Quantum and thermal fluctuations 
of these (putative) Goldstone modes can destabilize static correlations 
in low dimensional [8] and frustrated systems [2]. In this section we dis- 
cuss renormalized classical and near quantum critical systems [9] where 
the excitation spectrum remains gapless on the scale of the exchange 
constant, J, at low temperatures. 

2.2.1 Spin-1/2 Antiferromagnetic Chain. The uniform 
antiferromagnetic Heisenberg spin- 1/2 chain is gapless and quantum 
critical at T = 0. The exact Bethe ansatz ground state has dynamic 
quasi-long-range order associated with resonating valence bonds on all 
length scales[27, 28]. The excited states are topological excitations called 
spinons[29, 30], uncharged Fermions that carry spin-1/2. Neutrons can 
only create and annihilate spinons in pairs and consequently the exper- 
iment probes the matrix element weighted joint spinon density of states 
rather than the spinon dispersion relation[31, 32, 33]. 

Orbitally anisotropic, the Kramers doublet Cu II ion is naturally pre- 
disposed to forming low-dimensional Heisenberg spin- 1/2 systems. Fig- 
ure 2.6 shows high quality neutron scattering data from the antiferro- 
magnetic spin- 1/2 chain KCuFs obtained using time of flight instrument- 
ation at the ISIS facility[34, 35, 36]. The important qualitative feature is 
that there is a continuum at every wave vector, not a resonant mode that 
would have produce a resolution limited ridge. This confirms that quasi- 
particles cannot be individually created or anihilated as magnons when 
there is static long range order. Previous data from KCuFs has been 
found [34, 35] to be consistent with an approximate two spinon scattering 
cross section due to Muller et al[31, 32]. Recently, the exact two-spinon 
scattering cross section was calculated[37, 33] and it was shown that the 
distinction from the approximate expression is quite subtle[33, 38]. 

The Jordan-Wigner transformation maps the spin-1/2 chain to a one- 
dimensional lattice of spin-less Fermions. For the easy plane spin-1/2 
chain there are no interactions between Fermions so that system maps 
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Figure 2.6. Inelastic magnetic neutron scattering from a single crystal of the anti- 
ferromagnetic spin- 1/2 chain KCuFs. The data was acquired on the time of flight 
spectrometer MAPS at the ISIS spallation neutron source with the chain axis oriented 
perpendicular to the incident beam. Reproduced from Ref. [35, 36]. 
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Figure 2,.l. Constant energy scans for tuo = 0.21 meV for varions magnetic fields at 
T — 0.3 K in the uniform antiferromagnetic spin-1/2 chain, copper benzoate. The 
data provide evidence for incommensurate soft modes in the magnetized state. Solid 
lines show a resolution convoluted model calculation as described in Ref. [42]. 



to a degenerate Fermi gas [39]. The longitudinal term that is added for 
Heisenberg spins corresponds to strong interactions between Fermions. 
Nonetheless, the quasi-particles remain Fermions in a so called Luttinger 
liquid state. Evidence of Fermionic quasi-particles in a spin-1/2 chain 
can be obtained from neutron scattering experiments that probe the 
system in a strong magnetic field. An applied field should shift the Lut- 
tinger liquid away from half filling so low energy excitations with wave 
vector transfers that connect the Fermi points become incommensurate 
[40, 41], 

While the exchange constant is too large to observe such high field 
effects in KCuFs, there are organo-metallic spin- 1/2 systems with ex- 
change constants of order 10 K, where a reduced field as large as, 
qUbH/J ss 1, can be achieved [38]. Figure 2.7 shows low energy constant 
energy cuts through ^(Qjw) for the spin-1/2 chain copper benzoate at 
various applied fields. Upon application of a field, incommensurate peaks 
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Figure 2.8. (a) Field dependence of the incommensurate wave vector for low energy 

spin excitations in the spin-1/2 chain copper benzoate, (b) Field dependence of the 
gap in the excitation spectrum of same material from neutron scattering and specific 
heat data. Reproduced from Ref. [42]. 



indeed split off from the q = tt high symmetry point. The rate of shift 
(see Fig. 2.8(a)) is consistent with the Fermi velocity that can be derived 
from the zero field excitation spectrum[24] or from low temperature spe- 
cific heat data[43]. 

Surprisingly, the field also induces a gap in the excitation spectrum for 
copper benzoate[42]. The gap is due to a residual transverse staggered 
field that grows in proportion to the applied field as a results of a 
staggered Lande g-tensor and staggered Dzyaloshinskii-Moriya interac- 
tions. A staggered field is a relevant operator for the Luttinger liquid 
and drives a phase transition from the zero field quantum critical state, 
to a finite field state with uniform- and staggered-magnetization and a 
gapped excitation spectrum. To lowest order the gap is expected to rise 
as a power-law and it can be shown that in the limit H ^ 0 the power 
is 2/3[44, 45, 46]. The data in Fig. 2.8(b) bears out this parameter free 
results. 

2.2.2 Square Lattice S=l/2 Antiferromagnet. The square 
lattice antiferromagnet has been the subject of perennial study because 
this model is realized by a variety of lamellar materials containing trans- 
ition metal ions such as Ni and Cu. Additional impetus is due to the 
fact that the high-temperature superconductors are derivatives of ma- 
terials that are, for many purposes, well-described as two-dimensional 
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Figure 2.9. Measured dispersion for spin waves in the model two-dimensional Heis- 
enberg antiferromagnet copper formate tetra-deuterate, from ref. [51]. 



5 = 1/2 Heisenberg antiferromagnets. We discuss these materials - more 
properly thought of as Mott-Hubbard insulators - in the next section, 
and describe here recent progress on compounds that come closer to 
the Heisenberg ideal. One disappointment has been how well renormal- 
ized classical theory describes the experiments for these materials. In 
particular, there is a substantial ordered moment ((5^) = 60 % of the 
maximum value for S = 1/2), the dominant excitations at T = 0 are 
spin waves, and warming leads to an exponentially activated - rather 
than linear in T— form for the temperature (T— )dependent magnetic 
correlation length[47, 48, 49, 50]. 

One material that has been extensively characterized within the last 
years is the deuterated (to remove the large incoherent background asso- 
ciated with neutron scattering from hydrogen) analog (CFTD) of copper 
formate tetrahydrate, an organometallic for which the exchange con- 
stants are sufficiently low so that the magnetic properties can be easily 
mapped up to energies and temperatures of order the underlying nearest 
neighbor exchange constant, J = 6.3 meV. We focus[51] first on the ex- 
citations at zero temperature, namely the spin waves, whose dispersion 
is shown in Fig. 2.9. The solid line through the data corresponds to 
the classical prediction. What is especially significant is that since the 
controlling factor in the classical theory is the spatial Fourier transform 
of the pattern of exchange interactions, and this quantity is independent 
of position along the magnetic zone boundary, joining e.g. (vr, 0) and 
(27r,7r), the spin waves should also be dispersionless along the magnetic 
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zone boundary as well. However, when quantum corrections are inser- 
ted, this degeneracy is lifted. This follows because the classical Neel 
state is not the actual ground state for the system, and the real ground 
state wavefunction contains corrections involving spins flipped relative to 
simple unit cell doubling. If a spin displaced along the diagonal from such 
a defect is flipped to build the wavefunction for a spin wave, the energy 
cost remains 4J, as for the undisturbed Neel state. On the other hand, if 
it is displaced along a square edge, the energy cost will be lower because 
reversal lowers the energy of the bond along the displacement by 2 J (see 
Fig. 2.10). Spin waves should therefore be more energetic at (7r/2,7r/2) 
than at (7t,0), as is indeed observed for CFTD. The line of reasoning 
just given can be followed through quantitatively in a series expansion 
[52] away from the Ising limit, and yields the quantum renormalized 
spin wave dispersion indicated by the dashed line in Fig. 2.9. The agree- 
ment of theory and experiment is excellent, as it is also [53] for a square 
sublattice of the much more complex antiferromagnet, Sr 2 Cu 304 Cl 2 . 

Other results for the CFTD include relatively complete images of the 
melting of the magnetic order on warming. Fig. 2.11 summarizes how 
the spin waves soften and broaden on warming. There is no need to 
invoke cross-over to a quantum critical regime at high temperature to 
account for these data[51]. 

2.2.3 Two-dimensional Hubbard Model at half filling. 

The Hubbard model contains key features of the high-temperature su- 
perconductors and reduces to the Heisenberg model in the limit when 
the on-site Coulomb interaction U becomes infinite. For these reasons, 
the two-dimensional 5 = 1/2 Heisenberg model has become very popu- 
lar, and most studies of the parents of the cuprate superconductors have 
been interpreted in the context of the Heisenberg model. Because these 
studies have been extensively reviewed elsewhere [54], we concentrate 
here on a neutron scattering experiment which brings out the difference 
between the Hubbard and Heisenberg models. 

Fig. 2.12 shows the spin wave dispersion [55], together with the spin 
wave intensities, along the major symmetry directions for La 2 Cu 04 . We 
see conventional spin waves with conventional amplitudes, in agreement 
with theory (solid line). Note the diverging amplitude as the magnetic 
zone center at {ttit) is approached; it is this divergence which distin- 
guishes antiferromagnets from ferromagnets, and which results in the in- 
frared catastrophe for the former as d ^ 1. Equally interesting, though, 
is that the spin waves disperse along the zone boundary between (ttO) 
and (37r/27r), but with sign opposite to that for the Heisenberg model 
and CFTD - i.e. the spin waves along the diagonal are less energetic 
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Figure 2.10. Rationale for why spin waves disperse along magnetic zone boundaries 
in quantum cases even though they are not allowed to do so classically for the simple 
Heisenberg antiferromagnet with nearest-neighbor coupling only. In (a) we consider 
the S = 1/2 Heisenberg antiferromagnet with completely localized electrons. The true 
ground state |0) is the classical Neel state |0) with quantum corrections, which can be 
considered as a sum of properly phased spin flips relative to |0). The wavefunctions 
for the magnons are then the classical magnons formed from the Neel state via a set 
of phased spin flips, plus a series of correction terms, the first of which are simply 
the same spin flips applied to the corrections to the ground state. The energy cost 
for the latter will depend on whether the spin wave is moving along (1,0) or (1,-1) 
through the defective spin in the correction to |0); in the former case it will be lower 
by J because one of four “bad” bonds for the single spin flip relative to |0) will be 
healed due to the correction to |0). The upshot is that spin waves will be softer at 
the (1/2,0) zone boundary than at (1/4, 1/4). In (b), we apply similar reasoning to 
the Hubbard model. Here, as long as U is finite, the Neel state is corrected by terms 
which entail pairs of unoccupied and doubly occupied sites. The cost of flipping a spin 
separated along the diagonal from the doubly occupied site is lower than for such a flip 
adjacent to the doubly occupied site on account of the fact that the flipped electron 
can move to the vacant site in the former case, but it would be trapped at its site in 
the latter instance. The discrepancy in quantum confinement energy therefore leads 
to a hardening of the spin waves at (l/2,0)-type zone boundaries relative to those 
at (1/4, 1/4), a result opposite to the effects of quantum corrections on the simple 
Heisenberg {U — > oo) model. 
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Figure 2.11. Images in momentum-energy space of the inelastic structure factor for 
copper formate tetra-deuterate, measured on warming using the HET instrument at 
the ISIS proton-driven pulsed neutron source, (bl) and (b2) show constant— Q and 
constant— i? cuts respectively through the low temperature data in frame (a). From 
ref[51]. 
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Figure 2.12. Spin wave energies and amplitudes measured for La 2 Cu 04 using the 
position sensitive detector bank of HET at ISIS. From ref[55]. 
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than along the edge. Several explanations may be provided, including 
large interactions between pairs of further neighbor copper atoms. How- 
ever, quantum chemical considerations as well as comparison to other 
oxides of copper, including[53] Sr 2 Cu 304 Ci 2 and the ladder compound 
[56], Sri4Cu2404i, indicate that the most likely origin are cyclic four-spin 
exchange interactions [57] around Cu plaquettes. Such interactions Jc, 
in turn, are derivable from a Hubbard model, and come about because 
of fluctuations of the charge state of the magnetic ions. Because the on- 
site Coulomb repulsion, U, is finite, such fluctuations are allowed, and 
give rise to a substantial Jc = 61(8) meV. Indeed, from the measured 
spin wave dispersion relation, it is possible to derive[58] the two para- 
meters for a single-band Hubbard model to describe the Cu02 planes in 
La 2 Cu 04 . The outcome is a bandwidth t = 0.33(2) eV and U = 2.2(4) 
eV, in agreement with values obtained from photoemission [59] and op- 
tical[60] spectroscopies. Thus, a charge neutral probe - spin wave spec- 
troscopy using neutrons - provides two key parameters describing charge 
fluctuations [61]. 

Fig. 2.10 illustrates why the zone boundary dispersion for the Hub- 
bard model is expected to be of opposite sign to that for the Heisenberg 
Hamiltonian. The correction terms to the Neel state in this case must 
also account for doubly occupied sites with unoccupied neighbors. To 
gain understanding, we follow the procedure used to infer the relative 
energies of zone boundary spin waves for the Heisenberg case along the 
zone diagonal and edge, and compare the costs of spin flips next to a 
doubly occupied/unoccupied pair. Attempts to flip the red spin dis- 
placed from the hole along the (1,0) direction will be forbidden due to 
the Pauli principle, while flipping spins along the (1,1) direction (as also 
along the (0,1) direction) will cost 3J. Thus, the zone boundary modes 
along (vr, 0) should be harder than along (vTTr). 

2.2.4 Frustrated Magnets. While the Mermin- Wagner the- 
orem [8] precludes static long range order at finite T in a two dimensional 
square lattice Heisenberg antiferromagnet, the correlation length grows 
exponentially for T < J and long range order therefore develops for 
T ~ 0{J) in materials with finite inter-plane interactions. However, if 
the dominant interactions are frustrated in the sense that no static spin 
configuration can satisfy all interactions [63] then a phase transition to 
long range order may be absent or Tc may be much less than J even 
in three dimensional systems. The experimental signature of a highly 
frustrated magnet is therefore a large value of the frustration index[2], 
/ = \^cw\/Tni and correlations that span two or three dimensions. 
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Figure 2.13. Octahedrally coordinated ”B” sites in a normal spinel AB 2 O 4 . The 
space gronp is Fd3m with chromium atoms in the parameter free 16d positions. The 
magnetic atoms lie on the vertices of a network of cornersharing tetrahedra. Mangetic 
atoms on this type of lattice are also found in the pyrochlore structure[62] . 



Here Qcw is the Curie- Weiss temperature derived by fitting high tem- 
perature susceptibility data to x(T) = C/(T — ©cvk) • 

An intriguing example is provided by spinel oxides where magnetic 
ions can occupy the vertices of a three dimensional network of corner- 
sharing tetrahedra as shown in Fig. 2.13. The spin hamiltonian for anti- 
ferromagnetically interacting spins on this lattice can be written as the 
sum over tetrahedra of the total spin on each tetrahedron. Each spin is 
part of two tetrahedra and this prevents simultaneous singlet formation 
on all tetrahedra. Still it appears that for spin-1/2 the ground state is 
a cooperative singlet [64] . For S' — > 00 there is a degenerate manifold of 
classical spin configurations all characterized by zero magnetization on 
all tetrahedra[65] . For intermediate spin, there is as yet no theoretical 
consensus on the nature of the low temperature spin state. 

Zinc-chromite (ZnCr 204 ) has quasi-isotropic spin-3/2 degrees of free- 
dom on a lattice of corner-sharing tetrahedra with nearest neighbor an- 
tiferromagnetic interactions. The Curie-Weiss temperature is Qcw = 
—390 K[2] and yet the material does not undergo a phase transition until 
T = 12.5 K[66j. The quasi-elastic excitation spectrum with a relaxation 
rate of order ksT/h indicates that the material is close to a quantum 
critical point. The fluctuations in the quantum critical phase of ZnCr 204 
feature a distinct wave vector dependence that is consistent with short 
range antiferromagnetic correlations within hexagonal rings formed by 



40 



Strong interactions in low dimensions 



> 

OJ 

3 



T {q,fiu) (l/meV/Cr) 
0 0.1 0.2 



m 



12 
8 
4 
0 

12 
8 

4 

0 
12 
8 

4 

0 

0 0.5 1 1.5 2 2.5 

Q (A"') 




Figure 2.14. Inelastic magnetic scattering from a powder sample of ZnCr 204 at three 
temperatures surrounding a magneto-elastic transition at Tc = 12.5 K. The transition 
entails a comprehensive rearrangement of the excitation spectrum from quasi-elastic 
scattering for T > Tc to a local spin resonance at Two « J and spin waves with an 
anisotropy gap of approximately 0.5 meV for T <T^. From Ref. [66] 
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adjoining tetrahedra[67]. Thus it appears that one can describe the 
quantum critical phase in terms of weakly interacting hexagonal spin 
directors rather than strongly interacting spins. 

As illustrated in Fig. 2.14, a gap of order the exchange constant, 
J, abruptly opens in the quasi-elastic excitation spectrum at the low T 
phase transition. The first order nature of the transition and a tetragonal 
lattice distortion indicate that this is an inherently magneto-elastic phase 
transition, where frustration associated with the highly symmetric cubic 
phase is relieved at the expense of elastic energy to enable a lower energy 
spin configuration [68, 69]. There is an interesting analogy between this 
phase transition and the spin-Peierls transition for the uniform spin- 1/2 
chain[70j. In both cases a near quantum critical phase is replaced by a 
lower energy spin state by deforming the lattice and in both cases there 
is a prominent finite energy spin resonance. There are also important 
differences, most notably ZnCr 204 achieves long range order while the 
low temperature spin state is quantum disordered in the dimerized spin- 
1/2 chain. If these differences can be accepted as variants, then the 
spin-Peierls phenomenon can be generalized to a much wider class of 
quantum critical spin systems on compliant lattices. 

2.3 Magnets with Gapped Excitation Spectra 

Contrasting with renormalized classical spin systems and separated 
from them by a quantum critical point, are isotropic spin systems with 
an isolated singlet ground state [9]. We discuss experiments probing the 
fundamental excitations in quantum disordered spin systems ranging 
from weakly coupled dimers to a frustrated three dimensional spin-liquid. 
Owing to the finite correlation length, quantum disordered systems have 
a localized response to impurities. The intricate structure of the spin 
polaron that forms around impurities can be probed by inelastic mag- 
netic neutron scattering and an example of such an experiment on a hole 
doped Haldane spin liquid is presented. 

2.3.1 Alternating spin-1/2 chain. As the uniform spin-1/2 
chain is quantum critical, there is a strong response to any so-called 
relevant perturbation. We saw an example in section 2.2.1 where an ef- 
fective staggered field induces staggered magnetization and a spin-gap. 
Bond alternation, that is doubling the unit cell by adjusting the ratio of 
even to uneven bonds, a = J' /J, is a relevant perturbation that creates 
a gap in the excitation spectrum without static spin correlations. Bond 
alternation can occur spontaneously in a “standard” spin-Peierls trans- 
ition where lattice energy is expended to stabilize a quantum disordered 
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Figure 2.15. (a) Inelastic magnetic neutron scattering from copper nitrate at T = 0.3 

K compared to (d) a single mode approximation that takes into account the crystal 
structure, the instrumentation resolution and the first moment sum-rule for 5(Qa)). 
The ellipsoid in (d) indicates the FWHM of the resolution function. The experiment 
was performed on the IRIS backscattering time of flight spectrometer at the ISIS 
pulsed spallation source. Adapted from ref. [71] 

state[70], as observed for example in CuGe03[72]. However, there are 
also spin-1/2 chains with purely structural reasons for bond alternation. 
In the limit of strong bond alternation (a << 1) the origin of the spin 
gap is easy to understand via perturbation theory. Neglecting at first 
the weaker bonds, J/ in comparison to the stronger bonds, J, the spin 
system can be described as a collection of strongly coupled spin pairs 
that do not interact with each other. Each pair of spins with an anti- 
ferromagnetic Heisenberg exchange interactions, J, has a singlet ground 
state with a triplet excited state at an energy J above the ground state. 
Introducing intra spin pair interactions, J/ yields a cosine dispersion 
relation with bandwidth J' as localized triplet excitations become wave 
packets that can propagate along the chain. 

Neutron scattering experiments were performed on the alternating 
spin-1/2 chain copper nitrate[71] (Cu(Ni 3)2 • 2 . 5 D 2 O) and low temper- 
ature data for the dynamic spin correlation function are shown in Fig- 
ure 2.15. The small ratio of single magnon bandwidth to mean singlet- 
triplet transition energy indicates a strongly dimerized system (a = 0.24) 
that should be amenable to perturbation theory from the isolated dimer 
limit. Also shown is the calculated intensity distribution derived from 
perturbation theory and the single mode approximation [83], which is in 
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Figure 2.16. Inelastic magnetic neutron scattering from the alternating spin-1/2 
chain copper nitrate at T = 0.3 K. The data shows both one magnon and two 
magnon scattering. Note the factor one hundred change in scale between the two 
contributions to S(Quj). The data were acquired on the SPINS cold neutron triple 
axis spectrometer at NIST using a horizontally focusing analyzer and a composite 
deuterated Cu(N 03)2 • 2 . 5 D 2 O sample with a total mass of 14.1 g. From Ref. [73] 



good agreement with the experimental data. Note in particular that the 
“incommensurate” wave vector dependence of the intensity is a simple 
consequence of structural dimerization [71]. 

Looking with greater sensitivity at higher energies, a two-magnon 
contribution to the excitation spectrum was identified [73] and it is shown 
in Fig. 2.16. The two magnon cross section is approximately 2 % of the 
one-magnon cross section in copper nitrate, which is also consistent with 
O(a^) perturbation theory. Magnons do have short range interactions 
and it has been predicted that they can form singlet and triplet two- 
magnon bound states for certain ranges of center of mass momentum 
[74]. The experimental data is consistent with a predicted bound state 
at (5// = 3vr though a bound state is not required to account for the 
relatively low-resolution data that is presently available [73]. 

2.3.2 Haldane spin-1 Chain. Experimentally, the distinc- 
tions between a Neel ordered magnet and the spin- 1/2 chain are actually 
quite subtle. This is however not the case for the Haldane spin-1 chain. 
This system has an isolated singlet ground state[75, 76, 1] and the gap, 
A, to excited states produces exponentially activated behavior at low 
temperatures (T << A). Despite its prominent effects on all thermo- 
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Figure 2.17. Dynamic spin correlation function for spin-1 chains in pure and doped 
Y 2 BaNiOs. frame A shows data for a pure sample while frame B is data for 
Y 2 -xCaxBaNiOs with x = 9.5 %. There is a gapped coherent mode in the pure 
sample and much as in a semiconductor, doping introduces bound states in the gap. 
Boxes indicate regions examined in Fig. 2.20. The color bar shows values for dndEf 
in units of mbarn meV“^ per Ni. From Ref. [80] 




magnetic properties, the gap was first discovered theoretically by F. D. 
M. Haldane[75, 76]. The original work was based on a large S map- 
ping of the spin hamiltonian to a continuum field theory, the non-linear 
sigma model. A similar mapping can be undertaken for the spin-1/2 
chain but for half odd integer spins the Lagrangian has a topological 
term that gives rise to gapless ’’instanton” excitations (spinons). The 
nature of the Haldane ground state was elucidated through the discovery 
by Affleck, Kennedy, Lieb, and Tasaki, that the spin hamiltonian for the 
spin-1 chain is closely related to a total spin pair projection operator 
on the spin-2 sector[77j. The ground state for that model is a valence 
bond solid, where the two spin-1/2 degrees of freedom that make up each 
spin-1 form singlets with their counterparts on the two neighboring sites. 
The valence bond solid states can be generalized to higher dimensions 
and may form a useful basis for understanding magnetization plateaus 
in more complicated systems [78, 79]. 

A direct view of the dynamic spin correlation function for the anti- 
ferromagnetic spin-1 chain was obtained through neutron scattering on 
Y2BaNiO5[80] and is shown in Fig. 2.17. The Haldane gap in this mater- 
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ial is approximately 9 meV with a splitting of 2 meV due to crystalline 
anisotropy [81]. A resonant mode extends over much of the Brillouin 
zone and it has been shown to carry most of the spectral weight [82]. 
Consequently the wave vector dependence of the intensity is well ac- 
counted for by the single mode approximation [83]. Conceptually this 
mode can be described as a triplet bound state that propagates coher- 
ently through the singlet ground state. It was recently shown that finite 
temperature properties of the spin-1 chain can be accounted for through 
a semi-classical approximation to interacting triplet wave packets [84]. 

Returning to the absolute zero temperature, for smaller wave vector 
transfer there is a continuum [85] that was recently detected experiment- 
ally[86] through neutron scattering experiments on CsNiCls. Neutron 
scattering experiments have also detected a continuum at higher ener- 
gies for g ~ 7T in this material[87]. This continuum is not expected in 
the one dimensional limit and there are experimental indications that 
inter-chain interactions play a role in producing it [88]. 

2.3.3 Frustrated Magnets with a spin gap. There are 
many organo-metallic spin systems with complex patterns of interacting 
spin-1/2 degrees of freedom and a singlet ground state[89, 90, 91, 92, 
38]. These moment free magnets are of interest for exploring quantum 
critical phase transitions as the spin gap can be closed using a 10 T 
superconducting magnet. The common explanation for the zero field 
gap is singlet formation due to some form of dimerization as in copper 
nitrate (see section 2.3.1). However, closer examination with neutron 
scattering indicates that frustration often plays an important role in 
suppressing Neel order and stabilizing the quantum disordered phase in 
such materials. 

One example is CuHpCl (Cu 2 (C 5 Hi 2 N 2 ) 2 Cl 4 ), which had an early life 
as a spin- 1/2 ladder [93]. The ladder model however turned out to be 
inconsistent with inelastic neutron scattering experiments from a powder 
sample[96, 95] (see Fig. 2.18). A model free analysis of the inelastic 
neutron scattering data based on the first moment sum-rule [83] revealed 
that the ground state features frustrated bonds (see Fig. 2.19). Co- 
analysis of powder and single crystal inelastic scattering data revealed a 
highly complex three dimensional magnetic lattice in CuHpCl [95], which 
can be described as interleaving sheets of distorted Shastry-Sutherland 
[97] spin planes. The molecular spin-1/2 pair that is the central motif 
is frustrated in the ground state, that is the corresponding bond energy 
raises rather than lowers the ground state energy [95]. The molecular 
bond is the third leg in a total of six frustrated spin triangles. Apparently 
localizing frustration to this bond is worth the energy gain from singlet 
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Figure 2.18. Neutron scattering from a powder sample of CuHpCl at (a) T = 0.3 K 
and (b) T = 30 K. The low temperature gap in the excitation spectrum is consistent 
with expectations based on specihc heat and susceptibility data that can be accounted 
for by the spin ladder model[93, 94]. However, the wave vector dependence of the 
neutron scattering data is inconsistent with the spin ladder model, which predicts a 
global maximum in S{Q) at Q = 1.3 A“^. From Ref. [95] 
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Figure 2.19. Wave vector dependence of the first moment h{u})Q = 
f^^ujS°‘°‘{Q,uj)dLO of inelastic magnetic powder neutron scattering from 
CuHpCl. For a spin system described by a Heisenberg spin hamiltonian, this 
quantity is a lattice fourier transform of inter-spin bond energies[83, 82]. The dashed 
line is the prediction for a spin ladder. The dashed dotted line is the best fit with a 
single dominant bond. It fails to acconnt for the large peak to high Q— plateau ratio. 
This feature of the data can be directly related to bond frustration. The solid line 
is the best self consistent fit to powder and single crystal data, which incorporates 
several frustrated bonds. From Ref. [95] 



formation on the surrounding spin pairs. An interesting consequence 
of this is that each molecule in CuHpCl is an effective spin-1 degree 
of freedom that goes on to form a cooperative singlet with neighboring 
molecules. 

PHCC (Piperazinium hexachlorodicuprate) is a quasi-two- 
dimensional example of a complex frustrated singlet ground state 
system [98]. While further theoretical and experimental work is needed 
to understand organic spin-1/2 singlet ground state systems, it is clear 
that they form a considerably more interesting class of materials than 
previously recognized where frustration can play an important role 
despite low symmetry. 

2.3.4 Impurities in Gapped Quantum Magnets. Gapped 
quantum magnets are in many ways the magnetic analogue of semicon- 
ductors. In the pure state at low temperatures the magnetic susceptibil- 
ity is exponentially activated as is the conductivity of a semiconductor. 
And just as impurities enhance the conductivity of a semiconductor, im- 
purities generally enhance the susceptibility of a gapped quantum mag- 
net. The analogy springs from the cooperative singlet nature of both 
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Figure 2.20. Low energy detail of magnetic excitations in (A) pure and (B) 9.5 % 
calcium doped Y 2 BaNi 05 . (A) shows time-of-flight data at T=10K (MARI spectro- 
meter, ISIS pulsed neutron source) while (B) shows data collected at T=1.5K using 
triple-axis spectrometers (SPINS and BT2 at the NIST steady state neutron source 
with hnal energies 5 meV and 14.7 meV respectively). The color bar shows values for 
¥7 cindEf ™ units of mbarn meV”'^ per Ni. From Ref. [80] 

systems and the fact that doping offsets a delicate balance that cancels 
magnetism and charge transport respectively in the clean limit. 

One of the interesting aspects of doped quantum magnets is that 
impurities create complex isolated spin degrees of freedom, not simple 
atomic spins. This cannot be appreciated with standard susceptibility 
measurements where the signature of impurity spin is a low temperature 
1/r up-turn[99] typically denoted a ”Curie-tail” . While such measure- 
ments provide access to the overall density of impurity spin, magnetic 
neutron scattering is required to unravel the detailed structure of the 
corresponding spin polarons. An interesting example was provided by 
experiments on Y 2 _xCaxBaNi 05 . Replacing Ca^^ for creates holes 
on superexchange mediating oxygen atoms that become potentially mo- 
bile ferromagnetic impurity bonds in the Haldane spin-1 antiferromag- 
net[100, 80]. Figure 2.20 provides the low energy detail of S[Quj) for 
pure and Ca-doped Y 2 BaNiOs. As was already apparent from Fig. 2.17, 
calcium doping introduces magnetic excitations below the clean limit 
Haldane gap. In addition, the greater detail of Fig. 2.20, reveals a doubly 
peaked wave vector dependence of the scattering cross section. 
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Figure 2.21. Q— scans, collected using SPINS at NIST, through the sub-gap inelastic 
scattering that develops on Ca doping Y 2 BaNi 05 . Average energy transfer hu = 4.5 
meV and the energy resolution of the spectrometer was 2 meV full width at half 
maximum. The dashed green line in A shows a single impurity model convoluted with 
the instrumental resolution (solid bar in frame A). The red lines take into account 
that neighboring impurities truncate the spin polarization cloud around an impurity. 
Inset in B shows half the distance Sq{x)/n between the peaks of two Lorentzians 
superposed to fit the data. From Ref. [80] 
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Fig. 2.21 shows the wave vector dependence of the sub gap scattering 
for three different samples. The peak positions do not depend on the 
level of doping which indicates a single impurity effect. The proposed 
structure of a single spin polaron is shown in figure 2.22. Surrounding 
the hole is an antiferromagnetic droplet with a central phase shift of 
7T. While the antiferromagnetic correlations call for a peak aX q = tt 
with a half width at half maximum that equals the inverse correlation 
length, K = the central inversion symmetry disallows scattering for 
g = 7T, resulting in a doubly peaked structure factor. In the experiment 
the intensity does not actually vanish between the two peaks. Reasons 
for this include instrumental resolution, neighboring impurities, and the 
hole spin. All these effects can be taken into account and the solid lines 
in Figure 2.21 show the result. The primary parameters are the Haldane 
length and an overall scale factor. The impurity concentration is known 
from neutron activation analysis. Within the proposed model, the data 
place a lower limit of 2 lattice spacings on the hole-spin localization 
length, a number that is consistent with estimates of the hole-charge 
localization length from transport data. 

3. Beyond the metal- insulator transition 

Beyond the metal-insulator transition, the most dramatic phe- 
nomenon that occurs in two-dimensional magnets is high-temperature 
superconductivity. There is a vast literature on the magnetic fluctu- 
ations in the high-Tc materials, and we concentrate here only on aspects 
which are illuminating for quantum magnetism in general. Probably the 
most important result is that doping towards the metallic state actu- 
ally converts the renormalized classical behavior of the insulator into 
quantum behavior in a way that is in surprising agreement with the 
theory of quantum phase transitions for two-dimensional insulators. In- 
deed, this is the only case we are aware of where two of the quantum 
critical exponents expected for a two-dimensional antiferromagnet have 
actually been observed. 

To give more detail, we refer to the schematic phase diagram[101], 
shown in Fig. 2.23, for the cuprates. Here, the variables are doping 
X, chemical pressure y, and temperature, T. There are several phases, 
including the parent antiferromagnet (AFM), the high temperature su- 
perconductor (SC), spin glass (SG), and a longer period antiferromag- 
net commonly referred to as ’striped’. There are then several possible 
quantum critical points, involving for example the cross-over between 
the SG and SC states, and also between the SC and ’striped’ states. 
The first evidence for quantum critical behavior was obtained[102] for 
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Figure 2.22. Schematic of the spin polaron surrounding a hole in a Haldane spin-1 
chain, (a) shows the chain-end composite spin degree of freedom, (b) shows such 
composite chain-end spins coupled ferromagnetically through a hole impurity, (c) 
shows the proposed spin structure corresponding to (b). (d) shows polarons at finite 
concentration. The blue lines in (c) and (d) indicate the strength of a local observable 
(such as a near neighbor singlet operator) inherent to the bulk. 
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Figure 2.23. Schematic phase diagram for La 2 Cu 04 , where the variables are hole 
doping (e.g. via substitution of Sr for La) x, chemical pressure (e.g. via substitution 
of Nd for La) y, and temperature T. The possible phases are simple antiferromagnetic 
(AFM), spin glass (SG), and superconductor (SC). The dark bulge in the center of 
the diagram is the locus long-period striped ordering. From ref[101]. 

the former, and is shown in Fig. 2.24. The key conclusion is that for this 
X = 0.05 sample, which eventually undergoes spin freezing, the imagin- 
ary part of the magnetic susceptibility is well described (for T > 75 K) 
using the simple function, 

= arctan(cu/ro), (2-7) 

where Fq = {ksT /2fi). This function manifestly displays ^^E/T scaling” 
- i.e. on warming the only energy scale is temperature [9]. ‘^E/T scal- 
ing” generically happens below the upper marginal dimensionality for a 
quantum phase transition, and has been seen for a few rare earth and ac- 
tinide compounds in addition to both Ba- and Sr-doped[103] La 2 Cu 04 , 
as well as oxygen deficient YBa2Cu3O6-i-5[104, 105]. 

On increasing the doping to enter the superconducting regime, the 
magnetic fluctuations become incommensurate. The amplitude and 
width in reciprocal space of the corresponding peaks in the magnetic 
structure function have been measured[101] as a function of temperat- 
ure above the superconducting transition. Fig. 2.25 shows the outcome 
for a sample with doping x = 0.14, slightly below optimal. The import- 
ant results are that the magnetic fluctuations here are nearly singular, 
undergoing a nearly two decade rise on cooling from room temperat- 
ure to the superconducting Tc = 35 K. Furthermore, ksT and E added 
in quadrature (with no adjustable relative pre-factor) give the inverse 
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Figure 2.24- Temperature dependence of various quantities related to spin correl- 
ations in Lai, 95 Bao.o 5 Cu 04 . (a) Basal-plane resistivity (inset: elastic neutron scat- 
tering intensity proportional to the spin glass order parameter), (b) Gaussian width 
(standard deviation), a^j, of constant energy scans measured at Tiu = 10 meV, (c) 
magnetic relaxation rate HT, and (d) calculated ratio ksT/hT, which is proportional 
to the nuclear spin-lattice relaxation rate. From ref. [102]. 
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Figure 2.25. Temperature dependence of a variety of parameters characterizing the 
incommensurate peaks for paramagnetic Lar.s 6 Sro.i 4 Cu 04 : (A) measured peak in- 
tensities for polarized and unpolarized neutrons, (B) ratio of imaginary susceptibility 
to frequency obtained at incommensurate positions from data analysis which takes 
instrumental resolution into account, and (C) and resolution-corrected peak widths 
at a variety of energy transfers. From ref. [101]. 
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correlation length, or peak width, as shown in Fig. Fig. 2.26. There- 
fore, the quantum critical point that is regulating the correlation length 
in Lai.86Sro,i4Cu04 is consistent with a dynamical exponent Z = 1. 
We have performed a more detailed analysis, where Z was treated as 
an adjustable parameter, with the outcome that Z = 1.0(2). Having 
identified one exponent, Z, characterizing the quantum critical point 
controlling the magnetic fluctuations in Lai.86Sro.i4Cu04, we attempt 
to identify another. In particular, -y;" /T should be proportional to 
k{uj = 0, T) — d where 6 = {2 — rj + Z)/Z. Thus, re-plotting x ” against 
K should yield d, and therefore the second critical exponent, rj, charac- 
terizing the quantum spin fluctuations in Lai.86Sro.i4Cu04. The inset to 
Fig. 2.26 shows the result of this procedure: 6 = 3.0(3), which together 
with our result for Z implies 77 ~ 0. The conclusion is that metallic 
and (eventually) superconducting Lai.86Sro,i4Cu04 has magnetic fluctu- 
ations with the exponents t] = 0 and Z = \ associated with quantum crit- 
ical points in two-dimensional insulating magnets [106] . Thus its seems as 
if the mobile carriers increase the quantum fluctuations in the same fash- 
ion as, for example, frustration brought about via next nearest neighbor 
interactions; the mobile. Fermionic character of the carriers seems not 
to matter. 




Figure 2.26. Resolution-corrected peak widths plotted against T and energy transfer 
added in quadrature. The solid line corresponds to a Z=1 quantum critical point. 
The upper left inset illustrates why this is a sensible way to plot the data: the 
current experiment resides on the dark plane where the quantum control parameter 
a is fixed by the x=0.14 Sr content of our sample, and Euclidean distances to the 
quantum critical point indicated by the solid circle are the regulator of the dynamic 
susceptibility. The upper right inset shows how the peak response depends on the 
extrapolated zero frequency inverse coherence length. From ref. [101]. 
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4. Conclusions 

We have given a broad, but by no means exhaustive, survey of exper- 
iments on quantum magnetism, especially in less than three dimensions, 
performed over the last decade. In spite of the large activity on many 
fronts, there are still many future opportunities in this field. Firstly, ever 
improving single crystal samples and neutron instruments, and within 
a few more years, the new Oak Ridge Spallation Neutron Source(SNS), 
will provide the definitive overview of magnetic fluctuations in the high 
temperature superconductors. This overview, especially performed as a 
function of variables such as magnetic field and pressure, will help to pin 
down (finally) whether the mechanism for high-temperature supercon- 
ductivity is genuinely magnetic. While the resolution of the cuprate su- 
perconductivity problem will certainly be important, we anticipate even 
more exciting results to emerge from new materials built from other (i.e. 
not copper oxide planes) low-dimensional or frustrated building blocks, 
especially if mobile charge carriers can be inserted into them. This is a 
field with great room for ingenuity and surprise, in disciplines ranging 
from chemical synthesis to quantum many body physics. 
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Abstract This chapter present a review of the determination of the electronic 
structure of the high temperature superconductors by angle resolved 
photoemission spectroscopy, limited to our results on the quasi-two di- 
mensional cuprate Bi2Sr2CaCu208. The review describes the meth- 
odology of data analysis of photoemission spectra in order to obtain 
information on the normal state electronic structure, the Fermi surface, 
the superconducting energy gap, and the pseudogap. 

Keywords: photoemission, high temperature superconductors 



1. Introduction 

Shortly after the high temperature superconductors (HTSCs) were 
discovered, Anderson [1] suggested that they represent a new paradigm 
in condensed matter physics. Although these ideas have not been uni- 
versally accepted, we will use angle resolved photoemission (ARPES) to 
show that these new materials indeed have an excitation spectrum quite 
unlike that of conventional metals. ARPES has played a major role 
in the study of the electronic excitations in the HTSCs, as it directly 
probes the single particle spectral function, and therefore offers a com- 
plete picture of the many body interactions. Here we will concentrate on 
discussing some of the strong interaction aspects of the ARPES results 
on the HTSCs. More extensive reviews are available [2, 3]. 
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2. Basics of Angle-Resolved Photoemission 

We briefly discuss those aspects of the technique which will be useful 
in understanding the HTSCs, as there are more general treatments of 
ARPES in the literature [4] . The simplest model of ARPES is the three 
step model [5] , which separates the process into photon absorption, elec- 
tron transport through the sample, and emission through the surface. 
In the first step, the incident photon with energy hu is absorbed by an 
electron in an occupied initial state, causing it to be promoted to an 
unoccupied final state, as shown in Fig. 3.1a. There is conservation of 
energy, such that 



hu — BE -|- -|- Ejjin (3.1) 

where is the work function, and BE and are the binding and 
kinetic energies of the electron, respectively. We will not discuss the 
subsequent two steps of this model, as they only affect the number of 
emitted electrons, and thus the absolute intensity [4]. 




0.3 0.2 0.1 0 
Energy (eV) 



Figure 3.1. (a) Independent particle approximation view of ARPES; To the right is 

the resulting energy distribution curve (EDC); (b) Experimental EDCs along a path 
in momentum space in Bi2212; (c) Intensity map from these data. 

The kinetic energy of the electrons is measured by an electron energy 
analyzer. If the number of emitted electrons is plotted as a function of 
their kinetic energy, as shown in Fig. 3.1a, peaks are found whenever an 
allowed transition takes place. Eq. (1) then yields the binding energy 
of the electron if the work function is known. Fortunately, for metal- 
lic samples one does not need to know 4>. By placing the sample in 
electrical contact with a good metal (e.g., polycrystalline gold) one can 
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measure the binding energy of states with respect to the chemical po- 
tential (Fermi level Ep) of An. The photoemission signal from An will 
simply be a Fermi function convolved with the experimental energy res- 
olution, and from the mid point of its leading edge one estimates Ep. 
Although the sample surface breaks (discrete) translational invariance 
in the direction normal to the surface, translational invariance in the 
directions parallel to the surface is still preserved, and thus ky , the com- 
ponent of the electron momentum parallel to the surface, is conserved in 
photoemission. This allows us to obtain the in-plane momentum of the 
initial state by identifying it with the parallel momentum of the outgo- 
ing electron emitted along the direction with kinetic energy Flkin) 

as shown in Fig. 3.2a. 




Figure 3.2. (a) Arrangement of the photon beam and detector. The angles refer to 

Eq. 3.2. (b) The Brillouin zone, showing the alignment of the CvAd^ 2 _y 2 orbitals 
hybridized with the 02p orbitals relevant to superconductivity. The thick line is the 
Fermi surface, (c) EDC obtained at hv =22 eV at the (tt, 0) point of the zone. The 
top curve is with the electric vector along the mirror plane shown in (a), while the 
bottom curve has the electric vector perpendicular to that mirror plane. For details 
of these matrix element effects, see Ref. [6]. 



The momentum perpendicular to the sample surface kz is not con- 
served, but this does not concern us since the HTSCs are quasi- two- 
dimensional (2D) materials with no observable fc^-dispersion. We will 
use the symbol k to simply denote the two-dimensional momentum par- 
allel to the sample surface. In the independent particle approximation, 
the ARPES intensity as a function of momentum k (in the 2D Brillouin 
zone) and energy u) (measured with respect to the chemical potential) is 
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given by Fermi’s Golden Rule as 

I{k,uj) oc KV'/I A • p /(w)5(u; - Ek) (3.3) 

where 'ipi and ■0/ are the initial and final states, p is the momentum 
operator, and A the vector potential of the incident photon. f{uj) = 
l/[exp(u;/T) + 1] is the Fermi function at a temperature T in units 
where fi = ks = ^, which ensures the physically obvious constraint that 
photoemission only probes occupied electronic states. 

For noninteracting electrons, the emission at a given k is at a sharp 
energy Ck corresponding to the initial state dispersion, as shown in 
Fig. 3.1b. In going beyond the independent electron picture, the photoe- 
mission process quickly looses this simple interpretation (See for example 
Refs. [7, 8]), unless the experiment remains in the sudden approximation 
regime. This regime takes place when the photoelectron just created by 
the absorption of a photon leaves behind the hole at such high speed 
that the interaction between the two can be ignored. Then, provided 
that one can also ignore the final state lifetime and the background ef- 
fects (described in detail in Ref [3]), equation 3.3 above becomes [9, 10] 

= Io(k)f{uj)A(k,uj) (3.4) 

where Io(k) includes all the kinematical factors and the square of the 
dipole matrix element (shown in Eq. 3.3), and A(k,uj) is the one-particle 
spectral function described in detail below. Randeria et al. [10] have 
shown how one can test for the applicability of the sudden approxima- 
tion, which greatly strengthens the case for a simple A(k, lv) interpret- 
ation of ARPES data in the HTSCs. 

The one-particle spectral function represents the probability of adding 
or removing a particle from the interacting many-body system, and is 
defined as A(k,io) = — (l/7r)ImG(k,a; -|- iO"'') in terms of the Green’s 
function. It can be written as the sum of two pieces A(k, to) = A_ (k, uj)-\- 
A_|_(k, cu), where the spectral weight to add an electron to the system is 
given by A_|_(k, w) = X)m,n “^n); and that 

to extract an electron is A_(k,a;) = X)m,n + 

£n — £m)- Here jm) is an exact eigenstate of the many-body system 
with energy Tm, Z is the partition function and f3 = 1/T. It follows 
from these definitions that A-{k,uj) = f{uo)A{k,uj) and A_|_(k, cu) = 
[1 — f{co)] A(k, cu), where /(w) = l/[exp(/3o;) -|- 1] is the Fermi function. 
Since an ARPES experiment involves removing an electron from the 
system, the simple golden rule Eq. 3.3 can be generalized to yield an 
intensity proportional to A_(k,a;). 
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3. Analysis of ARPES Spectra: EDCs and 
MDCs 

The one-electron Green’s function can be generally written as 
G“^(k, u;) = Gg^(k, w) — S(k, w) where Go(k, (x;) = l/[a; — £k] is the 
Green’s function of the noninteracting system, Ck is the “bare” disper- 
sion, and the (complex) self-energy S(k, u;) = S'(k, cu) -|-iS"(k, cu) en- 
capsulates the effects of all the many-body interactions. Then using its 
definition in terms of ImG, we obtain the general result for a single state 



^(k, io) 



1 S^^(k,c^) 

7T [u; - £k - s'(k,cu)]^ -h [S"(k,a;)]^ 



(3.5) 



We emphasize that this expression is entirely general, and does not make 
any assumptions about the validity of perturbation theory or of Fermi 
liquid theory. 

New electron energy analyzers, which measure the photoemitted in- 
tensity as a function of energy and momentum simultaneously, allow 
the direct visualization of the spectral function, as shown in Figs. 3.1c 
and 3.3a, and have also suggested new ways of plotting and analyzing 
ARPES data. In the traditional energy distribution curves (EDGs, panel 
c), the measured intensity /(k,a;) is plotted as a function of to (binding 
energy) for a fixed value of k. In the new [11, 12] momentum distribu- 
tion curves (MDGs, panel b), /(k, w) is plotted at fixed u; as a function 
of k. 

We now describe why in strongly correlated systems one should be 
very careful with the traditional EDG analysis. Note that the EDG 
lineshape is non-Lorentzian. This is due to (a) The asymmetry intro- 
duced by the Eermi function /(w) which chops off the positive to part 
of the spectral function, and (b) The self energy has non-trivial lv de- 
pendence. This makes even the full A(k, a;) non-Lorentzian in ui as seen 
from Eq.(3.5). Thus one is usually forced to model the self energy and 
make fits to the EDGs. At this point one is further hampered by the 
lack of detailed knowledge of the additive extrinsic background which 
itself has w-dependence. (Although, as we shall see, the MDG analysis 
gives a new way of determining this background). 

The MDGs have certain advantages in studying gapless excitations 
near the Fermi surface [12, 13, 14]. In an MDG, the intensity is plotted 
as a function of k varying normal to the Fermi surface in the vicinity of 
a fixed ki?(0), where 6 is the angle parametrizing the Fermi surface. For 
k near kp we may linearize the bare dispersion ek — Vp{k — kp), where 
Vp{6) is the bare Fermi velocity. From Fig. 3.3b we find that the MDG 
can accurately fit to a Lorentzian lineshape, which together with Eq(3.5, 




68 



Strong interactions in low dimensions 



MDC - Momentum Distribution Curve 




Figure 3.3. (a) The ARPES intensity as a function of k and lo at hu=22eY and 

T=40K. main is the main band, and SL a superlattice image, (b) A constant u> cut 
(MDC) from (a), (c) A constant k cnt (EDC) from (a). The diagonal line in the zone 
inset shows the location of the k cut; the curved line is the Fermi surface. 



implies that (i) the self-energy S is essentially independent of k normal 
to the Fermi surface, but can have arbitrary dependence on 0 along the 
Fermi surface, and (ii) the pre-factor /o(k) does not have significant k 
dependence over the range of interest. The MDC is a Lorentzian centered 
at k = kF + [uo — T,'{uj)]/vp, and has width (HWHM) Wm = 

Thus the MDC peak position gives the renormalized dispersion, while 
its width is proportional to the imaginary self energy. Experimentally, 
excellent Lorentzian fits are invariably obtained (except when one is very 
near the bottom of the “band” or in a gapped state[15]). 

Finally, note that the external background in the case of MDCs is 
also very simple. One can fit the MDC (at each lv) to a Lorentzian 
plus a constant (at worst Lorentzian plus linear in k) background. From 
this one obtains the value of the external background including its lv 
dependence. Now this w-dependent background can be subtracted from 
the EDC also. Note that estimating this background was not possible 
from an analysis of the EDCs alone. 

4. The Valence Band 

The basic unit common to all cuprates is the copper-oxide plane, 
Cu02- Some compounds have a tetragonal cell, a = b, such as the Tl 
compounds, but most have orthorhombic cells. There are two notations 
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used in the literature for the reciprocal cell. The one used here, appropri- 
ate for Bi2212 and Bi2201, has T — M along the Cu — O bond direction, 
with M = (tt, 0), and T — X{Y) along the diagonal, with Y = (tt, tt). The 
main effect of the orthorhombicity in Bi2212 and Bi2201 is the super- 
lattice modulation along the b axis, with Qsl parallel to T — T. Except 
when referring to this modulation, we will assume tetragonal symmetry 
in our discussions. For a complete review of the LDA-electronic structure 
of the cuprates, see Ref. [16]. 

The Cu ions are four fold coordinated to planar oxygens. Apical 
(out of plane oxygens) exist in some structures (LSCO), but not in oth- 
ers. Either way, the apical bond distance is considerably longer than 
the planar one, so in all cases, the cubic point group symmetry of the 
Cu ions is lowered, leading to the highest energy Cu state having da, 2 _j ^2 
symmetry. As the atomic 2>d and 2p states are nearly degenerate, a char- 
acteristic which distinguishes cuprates from other 3d transition metal 
oxides, the net result is a strong bon ding- antibonding splitting of the 
Cu 2>d^2_y2 and O 2p a states, with all other states lying in between. 
In the stoichiometric (undoped) material, Cu is in a dP configuration, 
leading to the upper (antibonding) state being half filled. According to 
band theory, the system should be a metal. But in the undoped case, 
integer occupation of atomic orbitals is possible, and correlations due 
to the strong on-site Coulomb repulsion on the Cu sites leads to an in- 
sulating state. That is, the antibonding band “Mott-Hubbardizes” and 
splits into two, one completely filled (lower Hubbard band), the other 
completely empty (upper Hubbard band) [17]. 

On the other hand, for dopings characteristic of the superconducting 
state, a large Fermi surface is observed by ARPES[18, 19]. Thus, to a 
first approximation, the basic electronic structure in this doping range 
can be understood from simple band theory considerations. The simplest 
approximation is to consider the single Cu 3d^2_y2 and two O 2p (x,y) 
orbitals. This dispersion is shown in Fig. 3.4(a) 

In Fig. 3.4(b) we show an ARPES spectrum obtained at the (vr, 0) 
point of the Brillouin zone for Bi2212. Three distinct features can be 
observed: the bonding state at roughly -6eV, the antibonding state near 
the Fermi energy, and the rest of the states in between. This rest consists 
of the non-bonding state mentioned above, as well as the remainder of 
the Cu 3d and O 2p orbitals, plus states originating from the other 
(non Cu-0) planes. It is difficult to identify all of these “non-bonding” 
states, as their close proximity and broadness causes them to overlap 
in energy. The overall picture of the electronic structure of the valence 
band has the structure predicted by the simple chemical arguments given 
above, as shown in Fig. 3.4(c). The most important conclusion that one 




70 



Strong interactions in low dimensions 



(a) (b) ^ ^ (c) 




Binding energy (eV) 



Figure 3.4- (a) Simple three band estimate of the electronic structure of the Cu-0 

plane states; (b) EDC showing the whole valence band at the (tt, 0) point; c) Intensity 
map of the whole valence band obtained by taking the second derivative of spectra 
such as the one in (b). The orbitals in (b) are based on the three band model, where 
black and white lobes correspond to positive and negative wavefunctions. 



can derive from Fig 3.4 is the early prediction by Anderson [1], namely 
that there is a single state relevant to transport and superconducting 
properties. This antibonding state is well separated from the rest of 
the states, and therefore any reasonable theoretical description of the 
physical properties of these novel materials should arise from this single 
state. 

Despite these simple considerations, correlation effects do play a major 
role, even in the doped state. The observed antibonding band width is 
about a factor of 2-3 narrower than that predicted by band theory [19]. 

5. Normal State Dispersion and the Fermi 
Surface 

The first issue facing us is how do we define the Fermi surface in a sys- 
tem at high temperatures where there are no well-defined quasiparticles. 
Clearly, the traditional T = 0 definition of a Fermi surface defined by 
the jump discontinuity in n(k) is not useful here. First, the HTSCs 
are superconducting at low temperatures. But even samples which have 
low Tc’s have normal state peak widths at Ep which are an order of 
magnitude broader than the temperature[20, 14]. 

It is an experimental fact that in the cuprates ARPES sees broad 
peaks which disperse as a function of momentum and go through the 
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Figure 3.5. Dispersion (a) and Fermi snrface (b) obtained from normal state meas- 
urements. The thick lines are obtained by a tight binding fit to the dispersion data of 
the main band with the thin lines (0.2l7r, 0.217 t) umklapps and the dashed lines (tt, tt) 
umklapps of the main band. Open circles in (a) are the data. In (b), filled circles 
are for odd initial states (relative to the corresponding mirror plane), open circles for 
even initial states, and triangles for data taken in a mixed geometry. The inset of (b) 
is a blowup of TX. 



chemical potential at a reasonably well-defined momentum, as shown 
in Fig. 3.1c. We can thus adopt a practical definition of the “Fermi 
surface” in these materials as “the locus of gapless excitations”. The 
first attempts to determine the Fermi surface in cuprates were made on 
YBCO [18], however, surface effects as well as the presence of chains 
appear to complicate the picture, so we will focus principally on Bi2212. 

We begin with the results obtained by using the traditional method of 
deducing the dispersion and Fermi surface by studying the EDC peaks. 
This method was used for the cuprates by Campuzano et a(.[18], Olson 
et a(.[19], and Shen and Dessau [21], culminating in the very detailed 
study of Ding et a(.[22]. Even though the use of EDC peak dispersion 
has some limitations, it has led to considerable understanding of the 
overall electronic structure, Eermi surface, and of superlattice effects in 
Bi2212. It is therefore worthwhile to review these results first, which are 
summarized in Eig. 3.5. Eig. 3.5a shows the dispersion of all the peaks 
observed in the EDCs. The Eermi surface crossings corresponding to 
these dispersing states are estimated from the k-point at which the EDC 
peak positions go through the chemical potential when extrapolated from 
the occupied side. The kp estimates are plotted as open symbols in 
Eig. 3.5(b). 

The thick curve in Eig. 3.5(a) is e(k), a tight-binding fit [23] to the 
dispersion data in the T-quadrant; this represents the main Cu 02 state. 
The thin curves in Eig. 3.5(a) are e(k±Q) umklapps, obtained by shifting 
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the main band fit by ±Q respectively, where Q = (0.217T, 0.217 t) is the 
superlattice (SL) vector known from structural studies [24]. A lack of 
understanding of these SL effects has led to much confusion regarding 
such basic issues as the Fermi surface topology and the anisotropy of the 
SC gap (see Section 8). These SL bands arise from the diffraction of the 
outgoing photoelectron off the structural superlattice distortion (which 
lives primarily) on the Bi-0 layer, thus leading to “ghost” images of the 
electronic structure at ek±Q, as shown in Fig. 3.5c. We also have a few 
data points lying on a dashed curve e(k + K^) with K^r = (vr, vr); this 
is the “shadow band”, first observed by Aebi et al. [11]. The physical 
origin of these “shadow bands” is not certain at the present time [3] . The 
thick curve in Fig. 3.5(b) is the Fermi surface contour obtained from the 
main band fit, while the Fermi surfaces corresponding to the SL bands 
are the thin lines and that for the shadow band is dashed. The main 
Fermi surface is a large hole-like barrel centered about the (vr, vr) point 
whose enclosed area corresponds to approximately 0.17 holes per planar 
Cu. One of the key questions is why only one CuO main band is found 
in Bi2212 which is a bilayer material with two CuO planes per unit cell. 
We discuss this important issue at the end of this Section 7. Other 
methodologies were subsequently developed for the determination of the 
Fermi surface, discussed in detail by Mesot, et al.[6] and in our recent 
review[3]. Of these, we describe the most straightforward determination 
of kp and the neai-Ep dispersion based on the MDCs. As shown in 
Section 3, the MDC peak position in the vicinity of the Fermi surface, 
i.e, near (k = kir,a; = 0) is given by: k = kp + [io — S'(u;)]/u^. Thus 
kp is determined by the peak location of the MDC at u; = 0, as shown 
in Fig. 3.3b. After plotting the MDC at u; = 0, one simply reads kp 
from the position of the peak. The fully renormalized Fermi velocity 
vp = Vp/[1 — dTi'/duj] is given by the slope of the MDC peak dispersion. 
We note that the factor arising from the fc-dependence of the self-energy 
is already included in Uj, so that = Uj^‘'®[l -|- dTi' /dey^. (To see this, 
note that the analysis of Section 3 can be easily generalized to retain 
the first order term dYi' /d£\^ without spoiling the Lorentzian lineshape 
of the MDC provided this fc-dependence does not enter S"). 

The significance of this approach is that, as emphasized by Kaminski 
et al.[14], the dispersions of the EDC and MDC peak positions are actu- 
ally different in the cuprates. This difference arises due to the non-Fermi 
liquid nature of the normal state, so that the EDC peak dispersion is 
not given by the condition to — Vp{k — kp) — S' = 0 but also involves in 
general S". In contrast the MDC peak dispersion is rigorously described 
by the expression described above, and is much simpler to interpret. 
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Figure 3.6. a) EDCs for an OD sample with Tc = 87K at T=100K, along the Fermi 
surface points indicated in the inset. The top curve corresponds to the nodal direction, 
while the bottom curve corresponds to the anti- nodal direction, b) Spectra at the Icf 
in the normal and superconducting states. 



6. Absence of Quasiparticles in the Normal 
State 

We now look in more detail at normal state spectra at the chemical 
potential for a near optimally doped sample with Tc = 87k. As can be 
seen in Fig. 3.6, these spectra are quite unusual, in that their widths 
are an order of magnitude larger than the temperature, and therefore 
controlled by many body interactions. Although, as discussed earlier, 
an MDC analysis is required to accurately determine the lifetime of the 
electron’s initial state [14, 12], an order of magnitude estimate can be 
obtained from the uncertainty principle AEAt > h using the width 
of the EDC at the Fermi energy along the diagonal (the top curve in 
Fig. 3.6a), where there is no SL contamination. We find that the electron 
does not live much longer than a few femtoseconds. Although these 
spectra were obtained at lOOK, where perhaps one would not expect 
long electron lifetimes, similar widths are obtained for the normal state 
of optimally doped samples with low Tc, such as Bi2201 [14]. One can 
then estimate the inelastic mean free path using the measured velocity 
dk/de from Fig. 3.1 (~ 2 x 10^ cm/s), to be of the order of 2-3 unit cells. 
Consequently, one should not think of quasiparticles as the elementary 
excitations in the normal state of optimally doped HTSCs, in sharp 
contrast to usual metals, where one would find some long-lived electrons 
at the Fermi surface. The short lifetime of excitations in the HTSCs is 
indicative of strong many body interactions, which cause the electrons 
to loose their coherence. 
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Figure 3. 1. (a) Intensity versus momentum and energy for an OD sample with Tc = 

52K at T=100K, along (7t,0) ^ (n,pi), with plots centered at (7t,0). (b) Data in (a) 
divided by the Fermi function, (c) EDCs at (tt, 0) (divided by the Fermi function) 
at various temperatures. All curves are overlapped in (d) to demonstrate lack of 
temperature dependence of the lineshape above 250K; (e) Spectrum at (tt, 0) (divided 
by the Fermi function) for an optimally doped (Tc = 89K) sample, (g) Raw data at 
(tt, 0) at two different photon energies for an overdoped (Tc = 52K sample) and an 
optimally doped (Tc = 89K) sample at T — lOOK. 



7. Bilayer Splitting 

On very general grounds, one expects that the two Cu02 layers in a 
unit cell of B12212 should hybridize to produce two electronic states, a 
bonding (B) and an antibonding (A) combination, which are even and 
odd, respectively, under reflection in a mirror plane mid-way between the 
layers. Electronic structure calculations [25] find that the intra-bilayer 
hopping as a function of the in-plane momentum k is of the form [26, 27] 
= —tz{coskx — cos ky)'^. Thus the two bilayer states are degen- 
erate along the zone diagonal. However they should have a maximum 
splitting at M = (tt, 0) of order 0.25 eV, which may be somewhat re- 
duced by many-body interactions. As described at great length above, 
and consistent with the fact that the electronic states at the chemical 
potential in normal state are not coherent, we did not find evidence for 
two states crossing the Fermi surface along (vr, 0) — (tt, tt) for the near 
optimal doped sample. 

However, in the heavily overdoped Bi2212 samples, several authors 
[28, 29, 30] have recently found evidence of bilayer splitting, and we 
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have characterized this splitting as a function of doping and temperature 
[31]. In panel (a) of Fig. 3.7 we plot raw ARPES data for an overdoped 
(OD) sample (Tc =52K) at T=100K, along a momentum cut centered 
at the (tt, 0) point of the Brillouin zone. In addition, in panel (b) we 
plot the data divided by the Fermi function, which approximates the 
true spectral function. The data reveal two dispersing bands due to the 
bilayer splitting, with the antibonding A band close to, and the bonding 
B band well below the chemical potential. In panel (c) we show the 
temperature dependence of the EDCs (raw data divided by the Fermi 
function). The bilayer splitting can clearly be seen at lOOK, however 
above 250K the two bands are no longer observed. The sample was 
temperature-cycled when taking the data to ensure that the observed 
effect is intrinsic and not due to the sample aging (the numbers in the 
legend indicate the order of measurement). At lOOK, one sees clearly 
the presence of two peaks, a sharp A peak near the chemical potential, 
and a broader B peak at about 100 meV below. As the temperature 
is increased, the peaks broaden and lose intensity, until only a single 
broad peak remains at 250K. In panel (d), we plot the curves for all 
temperatures without an offset to show that lineshape changes occur 
only up to 250K. Based on this, we argue that above 250K the system no 
longer exhibits coherent excitations, both in regards to inverse lifetime 
(spectral peak widths) and bilayer splitting (appearance of two separate 
spectral peaks). 

We can contrast this behavior with that of an optimally doped sample 
(Tc = 89K) shown in panel (e), where the intensity plots do not indicate 
the presence of bilayer splitting, even at lOOK. At lOOK, only a single 
broad peak is seen, with no presence of bilayer splitting, indicating inco- 
herent behavior. Instead, a pseudo-gap (to be discussed in detail below) 
is seen, centered at the chemical potential, which fills in as the temper- 
ature is increased. An important check can be made by analyzing the 
photon energy dependence of the data. It has been recently observed 
that the spectral lineshape changes as a function of photon energy for 
overdoped samples due to the relative weighting of the A and B peaks 
[28, 29]. This is clearly seen in panel (f), where data for the overdoped 
sample of (b) is shown for two different photon energies. In contrast, for 
the optimal doped sample, only a very small change with photon energy 
is observed, indicating the absence of bilayer splitting. 

In summary, bilayer splitting is observed in the overdoped samples, 
indicating coherent electron behavior. However, this coherent behavior 
again disappears at higher temperatures. 
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8. The Superconducting State 

Remarkable changes occur in the spectral lineshape as the HTSCs 
enter the superconducting (SC) state. In Fig. 3.6(b) we show ARPES 
spectra for near-optimal B12212 (Tc = 87 K) at along (vr, 0) to (vr, tt) 
at two temperatures: T = 13 K, which is well below Tc, and T = 95 
K, which is in the normal state. The T-dependent changes in the line 
shape may be understood as follows. At 95K one has a very broad 
A(\iF,Lv), with a maximum at w = 0, which is cutoff by the Fermi 
function. For T < Tc a gap begins to open up and spectral weight shifts 
down to negative energies iv = — |A(k)|. See ref. [32] for a detailed 
analysis of the 13 K data along these lines. Another striking feature of 
the data is the sharpening of the peak with decreasing T. This indicates 
that the scattering rate S” of the quasiparticles, which determines the 
line width of A(k, w), drops sharply in the superconducting state in 
qualitative agreement with analysis of optical and microwave data [33]. 
Finally note that with decreasing linewidth there is a large increase in 
the peak intensity due to conservation of spectral weight. This then is 
a consequence of the strong T-dependence of S” as the gap opens up. 

ARPES is the only available technique for measuring the momentum 
dependence of the energy gap, and complements phase-sensitive tests 
of the order parameter symmetry [34]. Thus ARPES has played an 
important role [35], [36] in establishing the d-wave order parameter in 
the high Tc superconductors [34]. 

We start by recalling particle-hole (p-h) mixing in the BCS framework 
(even though, as we have discussed, there are aspects of the data which 
are dominated by many body effects beyond weak coupling BCS theory). 
The BCS spectral function is given by 

A(k, .;) = uIt/ttHu; - + P^) + u^P/7r((a; + + P^) (3.6) 

where the coherence factors are = 1 — = ^(1 — Ck/.E'k) and 

P is a phenomenological linewidth. The normal state energy Ck is 
measured from Ep and the Bogoliubov quasiparticle energy is Tk = 
-|- j A(k)]2, where A(k) is the gap function. Note that only the 
second term in Eq. 3.6, with the Uk-coefficient, would be expected to 
make a significant contribution to the EDCs at low temperatures. 

In the normal state above Tc, the peak of A(k, to) is at cu = Ck as can 
be seen by setting A = 0 in Eq. 3.6. In ARPES we would see a spectral 
peak which disperses through zero binding energy as k goes through k^?. 
In the superconducting state, the spectrum changes from Ck to Tk; see 
Fig. 3.8. As k approaches the Fermi surface the spectral peak shifts 
towards lower binding energy, but no longer crosses Ep. Precisely at k^? 
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Figure 3.8. (a) Schematic dispersion in the normal (thin line) and superconducting 

(thick lines) states following BCS theory. The thickness of the superconducting state 
lines indicate the spectral weight given by the BCS coherence factors u and v. (b) 
Superconducting state and (c) normal state EDO’s for a near optimal Tc = 87K 
B12212 sample for a set of k values (in units of 1/a) shown in the Brillouin zone at 
the top. Note the different binding energy scales in panels (b) and (c). (d) Normal 
state dispersion (closed circles) and SC state dispersion (open circles) obtained from 
EDO’s of panels (b) and (c). Note the back-bending of the SC state dispersion for 
k beyond kF which is a clear indication of particle-hole mixing. The SC state EDC 
peak position at kF is an estimate of the SC gap at that point on the Fermi surface. 



the peak is at w = |A(kir)|, which is the closest it gets to Ep. This is the 
manifestation of the gap in ARPES. As k goes beyond kj?, in the region 
of states which were unoccupied above Tc, the spectral peak disperses 
back, receding away from Ep, although with a decreasing intensity (see 
Eq. 3.6). This is the signature of p-h mixing. 

In Eig. 3.8b and c we show experimental evidence for particle-hole 
mixing [37]. Spectra for Bi2212 are shown for k’s along the cut in the 
inset. In the normal state in panel (c) we see the electronic state dispers- 
ing through Ep: the k’s go from occupied (top of panel) to unoccupied 
states (bottom of panel). The normal state dispersion is plotted as 
black dots in Eig. 3.8d. We see from Eig. 3.8b that the SC state spectral 
peaks do not disperse through the chemical potential, rather they first 
approach uj = 0 and then recede away from it. The dispersion of the SC 
state is plotted as open circles in Eig. 3.8d, and the difference between 
the normal and SC state dispersions is just as in the cartoon in panel 
(a). 
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There are three important conclusions to be drawn from Fig. 3.8d. 
First, the bending back of the SC state spectrum for k beyond is 
direct evidence for p-h mixing in the SC state. Second, the energy of 
closest approach to a; = 0 is related to the SC gap that has opened 
up at the Fermi surface, and a quantitative estimate of this gap will 
be described below. Third, the location of closest approach to cu = 0 
(“minimum gap”) coincides, within experimental uncertainties, with the 
ki? obtained from analysis of normal state data. 

In fact by taking cuts in k-space which are perpendicular to the normal 
state Fermi surface one can map out the “minimum gap locus” in the SC 
state, or for that matter in any gapped state (e.g., the pseudogap regime 
to be discussed later). We emphasize that particle-hole mixing leads to 
the appearance of the “minimum gap locus” and this locus in the gapped 
state gives information about the underlying Fermi surface. (By this we 
mean the Fermi surface on which the SC state gap appears below Tc). In 
fact, the observation of p-h mixing in the ARPES spectra is a clear way of 
asserting that the gap seen by ARPES is due to superconductivity rather 
than of some other origin, e.g., charge- or spin-density wave formation. 

The quantitative extraction of the gap at low temperatures (T <C Tc), 
which we now summarize, was discussed by Ding et al.[36]. In Eig. 3.9, 
we show the T = 13K EDCs for an 87K Tc sample for various points on 
the main band ES in the T-quadrant. Each spectrum shown corresponds 
to the minimum observable gap along a set of k points normal to the 
FS, obtained from a dense sampling of k-space. Details can be found in 
Ref. [32]. 




Binding energy (meV) FS angle 



Figure 3.9. Bi2212 spectra (solid lines) for an 87K Tc sample at 13K and Pt spectra 

(dashed lines) versus binding energy (meV) along the Fermi surface in the Y quadrant. 
The photon polarization and BZ locations of the data points are shown in inset in 
the right panel. 
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We model the SC state data in terms of spectral functions [32, 36], 
avoiding the need to know the details of the self-energy and background 
by modeling only the leading edge of the spectra. We argue as fol- 
lows: in the large gap region near (vr, 0), we see a linewidth collapse for 
frequencies smaller than ~ 3 A upon cooling well below Tc- Thus for 
estimating the SC gap at the low temperature, it is sufficient to look 
at small frequencies, and to focus on the coherent piece of the spectral 
function with a resolution-limited leading edge. (Note this argument 
fails at higher temperatures, e.g., just below Tc). This coherent piece is 
modeled by the BCS spectral function, Eq. 3.6. 

The other important question is the justification for using a coherent 
spectral function to model the rather broad EDC along and near the zone 
diagonal. As far as the early data being discussed here is concerned, such 
a description is self-consistent [32, 36], though perhaps not unique, with 
the entire width of the EDC accounted for by the large dispersion (of 
about 60 meV within our k-window) along the zone diagonal. More 
recent data taken along (0, 0) to (vr, vr) with a momentum resolution of 
(5k ~ O.Olvr/a* fully justifies this assumption by resolving coherent nodal 
quasiparticles in the SC state[20]. 

The gaps extracted from fits to the spectra of Fig. 3.9a are shown as 
filled symbols in Fig. 3.9b. For a detailed discussion of the error bars 
(both on the gap value and on the Fermi surface angle), and also of 
sample-to-sample variations in the gap estimates, we refer the reader 
to Ref. [36]. The angular variation of the gap obtained from the fits 
is in excellent agreement with jcos(A:a;) — cos(/cy)j form. The ARPES 
experiment cannot of course measure the phase of the order parameter, 
but this result is in strong support of (1^2 _y 2 pairing [34]. Moreover, the 
functional form of the anisotropy we find is consistent with electrons in 
the Cooper pair residing on neighboring Cu sites. That is, ARPES gives 
information on the spatial range of the pair interaction which is difficult 
to obtain from other techniques. 

Upon varying the doping, the simple d-wave gap A = Aocos(2i^) 
(Fig. 3.9b) is modified by the addition of the first harmonic A^ = 
A ma^ [T cos(2(^) -|- (1 — R) cos(6(/>)], with 0 < R < 1, as shown in 
Fig. 3.10[38]. Note that the cos(6i;/)) term in the Fermi surface har- 
monics can be shown to be closely related to the tight binding function 
cos(2fca:) —cos(2ky), which represents next nearest neighbors interaction, 
just as cos(2(/>) is closely related to the near neighbor pairing function 
cos{kx) —cos{ky). From Fig. 3.10 we find that while the overdoped data 
are consistent with R ~ 1, the parameter R decreases as a function of 
underdoping. 
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Figure 3.10. Values of the superconducting gap as a function of the Fermi surface 
angle 0 obtained for a series of Bi2212 samples with varying doping[38]. Note two 
different UD75K samples were measured, and the UD83K sample has a larger doping 
due to sample aging[44]. The solid lines represent the best fit using the gap function: 
Afc = Amax[.5 cos(2(/>) + (1 — 5) cos(60)] as explained in the text. The dashed line in 
the panel of an UD75K sample represents the gap function with B=l. 



9. Pseudogap 

We now describe one of the most fascinating developments in the 
study of high Tc superconductors: the appearance of a pseudogap above 
Tc in the underdoped side of the cuprate phase diagram. Briefly the 
“pseudogap” phenomenon is the loss of low energy spectral weight in a 
window of temperatures < T < T*; see Fig. 3.11. The pseudogap 
regime has been probed by many techniques like NMR, optics, trans- 
port, tunneling, /xSR and specific heat; for reviews and references, see 
Refs. [39, 40]. ARPES, with its unique momentum-resolved capabilit- 
ies, has played a central role in elucidating the pseudogap phenomenon 
[41, 42, 43, 44, 45]. 

9.1 Pseudogap near (7t,0) 

In the underdoped materials, Tc is suppressed by lowering the carrier 
(hole) concentration as shown in Fig. 3.11. In the samples used by our 
group [43, 44, 45] underdoping was achieved by adjusting the oxygen 
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Figure 3.11. T* (triangles for determined values and squares for lower bounds) and 
Tc (dashed line) as a function of hole doping x. The x values for a measured Tc were 
obtained by using the empirical relation = 1 — 82.6(x — 0.16)^ [46] with 

rjnmax _gg Also showu is the low temperature (maximum) superconducting gap 
A(0) (circles). Note the similar doping trends of A(0) and T* . 



partial pressure during annealing the float-zone grown crystals. These 
crystals also have structural coherence lengths of at least 1,250 A as seen 
from x-ray diffraction, and optically flat surfaces upon cleaving, similar 
to the slightly overdoped Tc samples discussed above. We denote the 
underdoped (UD) samples by their onset T^. the 83K sample has a 
transition width of 2K and the highly underdoped 15K and lOK have 
transition widths > 5K. Other groups have also studied samples where 
underdoping was achieved by cation substitution [41 , 42] . 

We now contrast the remarkable properties of the underdoped samples 
with the near-optimal Bi2212 samples which we have been mainly focus- 
ing on thus far. We will first focus on the behavior near the (vr, 0) point 
where the most dramatic effects occur, and come back to the very in- 
teresting k-dependence later. In Fig. 3.12 [47] we show the T-evolution 
of the ARPES spectrum at the (tt, 0) — > (vr, vr) Fermi crossing for an 
UD 83K sample. At sufficiently high temperature, the leading edge of 
the UD spectrum at and the reference Pt spectrum coincide, but 
below a crossover temperature T* ~ 180K the leading edge midpoint 
of the spectrum shifts below the chemical potential. One can clearly 
see a loss of low energy spectral weight at 120K and 90K. It must be 
emphasized that this gap-like feature is seen in the normal (i.e., non- 
superconducting) state for Tc = 83A < T <T* = 180A. 
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Figure 3.12. a) ARPES spectra at the dot in the inset of (b) for an 83 K underdoped 
sample at various temperatures (solid curves). The thin curves in each panel are 
reference spectra from polycrystalline Pt used to accurately determine the zero of 
binding energy at each temperature, b) Momentum dependence of the gap estimated 
from the leading-edge shift in samples with TFs of 87K (slightly overdoped), 83K 
(UD) and lOK (UD), measured at 14K. For the sake of comparison between samples 
we made vertical offsets so that the shift at 45° is zero[43]. The inset shows the 
Brillouin zone with the large Fermi surface. 



The doping dependence of the temperature T * , below which a leading- 
edge pseudogap appears near (vr,0), is shown in Fig. 3.11. Remarkably, 
T* increases with underdoping, in sharp contrast with Tc, but very sim- 
ilar to the low temperature SC gap, a point we will return to at the end 
of the Section. The region of the phase diagram between and T* is 
called the pseudogap region. The trends of gap and T* are in qualitative 
agreement with those obtained from other probes (see Ref. [39, 40]). 

The T-dependence of the leading-edge midpoint shift appears to be 
completely smooth through the SC transition Tc. In other words, the 
normal state pseudogap evolves smoothly into the SC gap below Tc. 
Nevertheless, there is a characteristic change in the lineshape in passing 
through Tc associated with the appearance of a sharp feature below 
Tc in Fig. 3.12. This can be identified as the coherent quasiparticle 
peak for T <C Tc- The existence of a SC state quasiparticle peak is 
quite remarkable given that the normal state spectra of UD materials 
are even broader than at optimality, and in fact become progressively 
broader with underdoping. In fact, the low temperature SC state spectra 
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near (vr, 0) in the UD systems are in many ways quite similar to those at 
optimal doping, with the one crucial difference that the spectral weight 
in the coherent quasiparticle peak diminishes rapidly with underdoping 
[48, 49]. 

9.2 Anisotropy of the Pseudogap 

We have already indicated that the pseudogap above Tc near the (vr, 0) 
point of the zone evolves smoothly through Tc into the SC gap below Tc, 
and thus the two also have the same magnitude. It is then interesting 
to know if the pseudogap above Tc has the same d-wave anisotropy as 
the SC gap below Tc. 

The first ARPES studies [41, 42, 43] showed that the pseudogap is 
also highly anisotropic and has a k-dependence which is very similar to 
that of the SC gap below Tc- Later work [45] further clarified the situ- 
ation by showing that the anisotropy has a very interesting temperature 
dependence. 

In Fig. 3.12b [43] we plot the leading edge shifts for three samples at 
14K: the slightly overdoped 87K and UD 83K samples are in their SC 
states while the UD lOK sample is in the pseudogap regime. The gap 
estimate for each sample was made on the minimum gap locus. There is 
a flattening of the gap near the node, a feature that we discussed earlier 
for the SC gap in UD samples. The remarkable conclusion is that the 
normal state pseudogap has a very similar k-dependence and magnitude 
as the SC gap below Tc- 

9.3 Fermi Arcs 

The T-dependence and anisotropy of the pseudogap was investigated 
in more detail in Ref. [45] motivated by the following question. Nor- 
mal metallic systems are characterized by a Fermi surface, and optim- 
ally doped cuprates are no different despite the absence of sharp quasi- 
particles (see Section 5). On the underdoped side of the phase diagram, 
however, how does the opening of a pseudogap affect the locus of low 
lying excitations in k-space? 

In Fig. 3.13 we show ARPES spectra for an UD 83K sample at three 
k points on the Fermi surface for various temperatures. The supercon- 
ducting gap, as estimated by the position of the sample leading edge 
midpoint at low T, is seen to decrease as one moves from point a near 
(tt, 0) to b to c, closer to the diagonal (0, 0) ^ (vr, vr) direction, consistent 
with a d^ 2 _y 2 order parameter. At each k point the quasiparticle peak 
disappears above Tc as T increases, with the pseudogap persisting well 
above T^ as noted earlier. 
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Figure 3.13. (a,b,c): Spectra taken at three k points in the Y quadrant of the zone 

(shown in (d)) for an 83K underdoped Bi2212 sample at various temperatures (solid 
curves). The dotted curves are reference spectra from poly crystalline Pt (in electrical 
contact with the sample) used to determine the chemical potential (zero binding 
energy). Note the closing of the spectral gap at different T for different k’s, which is 
also apparent in the plot (e) of the midpoint of the leading edge of the spectra as a 
function of T. Panels (f) show a schematic illustration of the temperature evolution 
of the Fermi surface in underdoped cuprates. The d-wave node below Tc (top panel) 
becomes a gapless arc above Tc (middle panel) which expands with increasing T to 
form the full Fermi surface at T* (bottom panel). 



The striking feature which is apparent from Fig. 3.13 is that the 
pseudogap at different k points closes at different temperatures, with 
larger gaps persisting to higher T’s. At point a, near (vr, 0), there is 
a pseudogap at all T’s below 180K, at which the Bi2212 leading edge 
matches that of Pt. As discussed above, this defines T* above which the 
the largest pseudogap has vanished within the resolution of our exper- 
iment, and a closed contour of gapless excitations - a Fermi surface - 
is obtained. The surprise is that if we move along this Fermi surface to 
point b the sample leading edge matches Pt at 120K, which is smaller 
than T* . Continuing to point c, about halfway to the diagonal direction, 
we find that the Bi2212 and Pt leading edges match at an even lower 
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temperature of 95K. In addition, spectra measured on the same sample 
along the Fermi contour near the (0, 0) ^ (tt, tt) line shows no gap at 
any T (even below Tc) consistent with d^ 2 _y 2 anisotropy. One simple 
way to quantify the behavior of the gap is to plot the midpoint of the 
leading edge of the spectrum; see Fig. 3.13(e). We note that a leading 
edge midpoint at a negative binding energy, particularly for k point c, 
indicates the formation of a peak in the spectral function at u; = 0 at 
high T. Further, we will say that the pseudogap has closed at a k point 
when the midpoint equals zero energy, in accordance with the discussion 
above. A clearer way of determining this will be presented below when 
we discuss the symmetrization method, but the results will be the same. 

From Fig. 3.13, we find that the pseudogap closes at point a at a 
T above 180K, at point b at 120 K, and at point c just below 95 K. 
If we now view these data as a function of decreasing T, the picture of 
Fig. 3.13f clearly emerges. With decreasing T, the pseudogap first opens 
up near (tt, 0) and progressively gaps out larger portions of the Fermi 
contour. Thus one obtains gapless arcs which shrink as T is lowered, 
eventually leading to the four point nodes of the d-wave SC gap. 

We next turn to a powerful visualization aid that makes these res- 
ults very transparent. This is the symmetrization method introduced in 
Ref. [45] , which effectively eliminates the Fermi function / from ARPES 
data and permits us to focus directly on the spectral function A. Given 
ARPES data described by[10] I{uj) = X)k -^o/(<^)^(k, w) with the sum 
over a small momentum window about the Eermi momentum kp, we 
can generate the symmetrized spectrum Making the reas- 

onable assumption of particle-hole (p-h) symmetry for a small range 
of uj and Ck, we have A(ck,a;) = A(— Ck, — w) for |u;|,|e| less than few 
tens of meV. It then follows, using the identity /(— cu) = 1 — /(cu), that 
= X)k -^o^(k, w) which is true even after convolution with 
a (symmetric) energy resolution function; for details see the appendix 
of Ref. [6] . The symmetrized spectrum coincides with the raw data for 
UJ < —2.2Teff, where 4.4Te// is the 10%-90% width of the Pt lead- 
ing edge, which includes the effects of both temperature and resolution. 
Non-trivial information is obtained for the range |u;| < 2.2Te//, which is 
then the scale on which p-h symmetry has to be valid. We have extens- 
ively checked this method, and studied in detail the errors introduced by 
incorrect determination of the chemical potential or of k^? (which lead 
to spurious narrow features in the symmetrized spectra), and the effect 
of the small (1° radius) k- window of the experiment (which was found 
to be small). 

In Pig. 3.14 we show symmetrized data for the 83K underdoped sample 
corresponding to the raw data of Pig. 3.13. To emphasize that the 
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Figure 3.14- Symmetrized spectra corresponding to the raw spectra (a,b,c) of 
Fig. 3.13. The gap closing in the raw spectrum of Fig. 3.13 corresponds to when 
the pseudogap depression disappears in the symmetrized spectrum. Note the appear- 
ance of a spectral peak at higher temperatures in c. 



symmetry is put in by hand, we show the a; > 0 curve as a dotted 
line. At k point a near (vr, 0) the sharp quasiparticle peak disappears 
above Tc but a strong pseudogap suppression, on the same scale as the 
superconducting gap, persists all the way up to 180K (T*). Moving to 
panels b and c in Fig. 3.14 we again see pseudogap depressions on the 
scale of the superconducting gaps at those points, however the pseudogap 
fills up at lower temperatures: 120K at b and 95K at c. In panel c, 
moreover, a spectral peak at zero energy emerges as T is raised. All of 
the conclusions drawn from the raw data in Fig. 3.13 are immediately 
obvious from the simple symmetrization analysis of Fig. 3.14. Near 
the (vr, 0) point the gap goes away with increasing temperature with the 
spectral weight filling-in, but with no perceptible change in the gap scale 
with T. On the other hand, at kj? points halfway to the node, one sees 
a suppression of the gap scale with increasing temperature. 

We conclude this discussion with a brief mention of the implications of 
our results. We believe that the unusual T-dependence of the pseudogap 
anisotropy will be a very important input in reconciling the different 
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crossovers seen in the pseudogap regime by different probes. The point 
here is that each experiment is measuring a k-sum weighted with a dif- 
ferent set of k-dependent matrix elements or kinematical factors (e.g., 
Fermi velocity). For instance, quantities which involve the Fermi ve- 
locity, like dc resistivity above Tc and the penetration depth below Tc 
(superfluid density), should be sensitive to the region near the zone di- 
agonal, and would thus be affected by the behavior we see at k point c. 
Other types of measurements (e.g. specific heat and tunneling) are more 
“zone-averaged” and will have significant contributions from k points a 
and b as well, thus they should see a more pronounced pseudogap effect. 
Interestingly, other data we have indicate that the region in the Bril- 
louin zone where behavior like k point c is seen shrinks as the doping 
is reduced, and thus appears to be correlated with the loss of super- 
fluid density [50]. Further, we speculate that the disconnected Fermi 
arcs should have a profound influence on magnetotransport given the 
lack of a continuous Fermi contour in momentum space. 

9.4 Origin of the Pseudogap? 

We conclude with a summary of ARPES results on the pseudogap 
and a brief discussion of its theoretical understanding. 

As described above, the low-energy (leading edge) pseudogap has the 
following characteristics. 

• The magnitude of the pseudogap near (tt, 0), i.e., the scale of which 
there is suppression of low energy spectral weight above Tc, is the 
same as the maximum SC gap at low temperatures. Further, both 
have the same doping dependence. 

• There is a crossover temperature scale T* above which the full 
Fermi surface of gapless excitations is recovered. The pseudogap 
near (vr, 0) appears below T*. 

• The normal state pseudogap evolves smoothly through Tc into the 
SC gap as a function of decreasing temperature. 

• The pseudogap is strongly anisotropic with k-dependence which 
resembles that of the d-wave SC gap. The anisotropy of the 
pseudogap seems to be T-dependent leading to the formation of 
disconnected Fermi arcs below T* . 

• The pseudogap is “tied” to the Fermi surface, i.e., the minimum 
gap locus in the pseudogap regime coincides with the Fermi surface 
above T* and the minimum gap locus deep in the SC state. 
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The simplest theoretical explanation of the pseudogap, qualitatively 
consistent with the ARPES observations, is that it arises due to pairing 
fluctuations above Tc [51, 40]. The SC gap increases with underdoping 
while Tc decreases. Thus in the underdoped regime Tc is not controlled 
by the destruction of the pairing amplitude, as in conventional BCS 
theory, but rather by fluctuations of the phase [51, 52] of the order 
parameter leading to the Uemura scaling Tc ~ Ps [50]. Even though SC 
order is destroyed at Tc, the local pairing amplitude survives above Tc 
giving rise to the pseudogap features. A natural mechanism for such a 
pseudogap coming from spin pairing in a doped Mott insulator exists 
within the RVB framework [53] , with the possibility of additional chiral 
current fluctuations [54]. 

More recently the pairing origin of the pseudogap has been challenged. 
Some experiments [55] have been argued to suggest a non-pairing ex- 
planation with a competition between the pseudogap and the SC gap. 
A specific realization of this scenario is the staggered flux or d-density 
wave mechanism [56] in which T* is actually a phase transition below 
which both time-reversal and translational invariance are broken. A 
more subtle phase transition with only broken time-reversal has also 
been proposed [57] as the origin of the pseudogap. 

Although a qualitative understanding of some of the characteristics 
of the pseudogap within the non-pairing scenarios is not clear at this 
time, these theories make sharp predictions about broken symmetries 
below T* which can be tested. A very recent ARPES study [58] of 
circular dichroism finds evidence in favor of broken time reversal, thus 
casting some doubt on the pairing fluctuation ideas. The last word has 
clearly not been said on this subject, theoretically or experimentally, 
and the origin of the pseudogap remains one of the most important 
open questions in the field of high Tc superconductors. 
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Abstract This chapter reviews the theoretical description of interacting fermions 
in one dimension. The Luttinger liquid concept is elucidated using the 
Tomonaga-Luttinger model as well as integrable lattice models. Weakly 
coupled chains and the attempts to experimentally verify the theoretical 
predictions are discussed. 

Keywords: Luttinger liquids, Tomonaga model, bosonization, anomalous power 
laws, breakdown of Fermi liquid theory, spin-charge separation, spec- 
tral functions, coupled chains, quasi-one-dimensional conductors 



1. Introduction 

In this chapter we attempt a simple selfcontained introduction to the 
main ideas and important computational tools for the description of 
interacting fermions in one spatial dimension. The reader is expected 
to have some knowledge of the method of second quantization. As in 
section 3 we describe a constructive approach to the important concept 
of bosonization, no quantum field-theoretical background is required. 
After mainly focusing on the Tomonaga-Luttinger model in sections 2 
and 3 we present results for integrable lattice models in section 4. In 
order to make contact to more realistic systems the coupling of strictly 
Id systems as well as to the surrounding is addressed in section 5. The 
attempts to experimentally verify typical Luttinger liquid features like 
anomalous power laws in various correlation functions are only shortly 
discussed as this is treated in other chapters of this book. 
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2. Luttinger liquids - a short history of the ideas 

As an introduction the basic steps towards the general concept of 
Luttinger liquids are presented in historical order. In this exposition the 
ideas are discussed without presenting all technical details. This is done 
in section 3 by disregarding the historical aspects aiming at a simple 
presentation of the important practical concepts like the “ bosonization 
of field operators” . 

2.1 Bloch’s method of “sound waves” (1934) 

In a paper on incoherent x-ray diffraction Bloch [1] realized and used 
the fact that one-dimensional (d = 1) noninteracting fermions have the 
same type of low energy excitations as a harmonic chain. The following 
discussion of this connection is very different from Bloch’s own present- 
ation. 

The low energy excitations determine e.g. the low temperature spe- 
cific heat. Debye’s famous T^-law for the lattice contribution of three 
dimensional solids reads in d = 1 

where c* is the sound velocity. At low temperatures the electronic con- 
tribution to the specific heat in the “Fermi gas” approximation of Pauli 
is also linear in T and involves the density of states of the non-interacting 
electrons at the Fermi energy. This yields for spinless fermions in d = 1 

4 ““ = (^) . 

where vp is the Fermi velocity. With the replacement Cg ^ vp the 
results are identical. This suggests that apart from a scale factor the 
(low energy) excitation energies and the degeneracies in the two types 
of systems are identical. For the harmonic chain the excited states are 
classified by the numbers of phonons in the modes whith tak- 
ing integer values from zero to infinity. The excitation energy is given 
by E{{nkJ\) - Eq = Foi' small wave numbers km the 

dispersion is linear uik^ ~ Cg \ km \ ■ Therefore the excitations energies are 
multiples of hcg{2p/L) for periodic boundary conditions and multiples 
of = fiCgp/L for fixed boundary conditions. The calculation of the 
partition function is standard textbook material. This is also true for 
noninteracting electrons but there the calculation involves fermionic oc- 
cupation numbers which take values zero and one. The two textbook 
calculations yield Eqs. (4.1) and (4.2), but through the “clever” use of 
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the grand canonical ensemble in order to simplify the fermionic calcu- 
lation the identity (apart from Cg ^ vp) remains mysterious. A deeper 
understanding involves two steps: 

1) Linearization of the kinetic energy Sk = fi‘^k‘^/{2m) of the free fer- 
mions around the Fermi point kp for fixed boundary conditions or both 
Fermi points ±kp for periodic boundary conditions. As the argument is 
simplest for fixed boundary conditions [2] which lead to km = Tnir jL we 
discuss this case for the moment. Then the energies Ek„ — £p are integer 
multiples of = Tivpp/L where vp is the Fermi velocity. 

2) Classification of any state of the Fermi system by the number Uj of 
upward shifts by j units of Ap with respect to the ground state. As the 
fermions are indistinguishable the construction of the {nj} shown in Fig. 
4.1, where the highest occupied level in the excited state is connected 
with the highest occupied level in the ground state and so forth for the 
second, third . . . highest levels, completely specifies the excited state. 
As the Uj can run from zero to infinity like bosonic quantum numbers 
and the excitation energy is given by J2jU^F)nj the canonical partition 
function for the noninteracting fermions has the same form as the ca- 
nonical partition function for the harmonic chain apart from Ap Ap 
if one assumes the Fermi sea to be infinitely deep [3]. 

As we have linearized uik for small k as well as around kp this 
equivalence only holds for the low temperature specific heats {kpT <C 
hujjnax, kpT <C £p). 

If we denote the creation (annihilation) operator of a fermion with 
kn = npjL by cj^(cn) and assume a strictly linear dispersion = hvpkn 
for all kn > 0 a more technical formulation of the discussed equivalence 
can be given by the exact operator identity 



T = ^ hvpkr 



Cr) 



n=l 



flVpP 

L 



^ b\ bi -I- -M {M + 1 ) 



U=l 



where the operators bi with I > 1 are defined as 



— /7 ^ ' ^m^m+l 

V t m=l 



(4.3) 



(4.4) 



and M = cl^Cn is the fermionic particle number operator. The 

proof of the “Kronig identity” (4.3) is simple (see Ref. [4]) . The oper- 
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Figure 4-F Example for the classification scheme for the excited states in terms of 
the numbers Uj of upward shifts by j units of Af- In the example shown the nonzero 
Uj are ny = 1, «4 = 2, ns = 1 and ni = 2. 



ators bi obey commutation relations [bi, bg] = 0 and for I > I' 



k,bl 



rrrj ^ ^ 



(4.5) 



For all Ai-particle states = 0^=1 ™ which the M(< N) 

lowest one-particle levels are all occupied one obtains 



biX 






(4.6) 



for I, I' < M, i.e. these operators obey boson commutation relations 
\bi,b\,] = digl in this subspace of all possible Af-particle states. 

Later it turns out to be useful to work with T = T — (T)o — FqM, where 
(T)o = ApnF{nF+l)/2 is the ground-state energy, /xq = Air(ni?+l/2) is 
the chemical potential of the noninteracting fermions and N = N — np^- 
Then T is of the form as the rhs of Eq. (4.3) with + 1) replaced 

byA^2_ 




Luttinger liquids: The basic concepts 



97 



2.2 Tomonaga (1950): Bloch’s method of sound 
waves applied to interacting fermions 

When a two-body interaction between the fermions is switched on, 
the ground state is no longer the filled Fermi sea but it has admix- 
tures of (multiple) particle-hole pair excitations. In order to simplify 
the problem Tomonaga studied the high density limit where the range 
of the interaction is much larger than the interparticle distance, using 
periodic boundary conditions [5]. Then the Fourier transform v{k) of 
the two-body interaction is nonzero only for values \k\ < kc where the 
cut-off kc is much smaller than the Fermi momentum kc kp. This 
implies that for not too strong interaction the ground state and low en- 
ergy excited states have negligible admixtures of holes deep in the Fermi 
sea and particles with momenta \k\ — kp kc ■ In the two intermedi- 
ate regions around the two Fermi points dn.kp, with particle-hole pairs 
present, the dispersion Sk is linearized in order to apply Bloch’s “sound 
wave method” 



k ~ i/ci? : £]^ = ep dr: vp{k ^ kp\ (4-7) 

Tomonaga realized that the Fourier components of the operator of the 
density 



Pn 




(4.8) 



where c\^{cn) creates (annihilates) a fermion in the state with momentum 
kn = plays a central role in the interaction term, as well as the 
kinetic energy. Apart from an additional term linear in the particle 
number operator [4], which is usually neglected, the two-body interaction 
is given by 



V = v{kn)PnP-n + 



n^O 



2L 



(4.9) 



Tomonaga’s important step was to split for \kn\ ^ kp into two parts, 
one containing operators of “right movers” i.e. involving fermions near 
the right Fermi point kp with velocity vp and “left movers” involving 
fermions near —kp with velocity —vp 



Pn — 



n'>0 



’+n + X! 

n ^<0 



Pn,+ + Pn,- 



(4.10) 
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where the details of the splitting for small \n'\ are irrelevant. Apart from 
the square root factor the pn,a are similar to the bi defined in Eq. (4.4). 
Their commutation relations in the low energy subspaee are 



[Pm,a: Pn,/3\ — nl- 

If one defines the operators 



(4.11) 



_ 1 J pn,+ for n > 0 

~ VW\ I forn < 0 



(4.12) 



and the corresponding adjoint operators 6)^ this leads using „ = P-n,a 
to the bosonic commutation relations 



[bnibm] — 0, [^ri) 



(4.13) 



Now the kinetic energy of the right movers as well as that of the left 
movers can be “bosonized” as in Eq. (4.3). The interaction V is bilinear 
in the pn as well as the pn,a- Therefore apart from an additional term 
containing particle number operators the Hamiltonian for the interaeting 
fermions is a quadratie form in the boson operators 



H 



hkn 

n>0 






+ ^ + VjJ^ 



Hb + 



(4.14) 



where M = A/+ + A/"_ is the total particle number operator relative to 
the Eermi sea, H = A/+ — A/"_ the “current operator” , and the velocities 
are given by vn = vp + v{0)/Trh and vj = vp. Here vn determines the 
energy change for adding particles without generating bosons while vj 
enters the energy change when the difference in the number of right and 
left movers is changed. Similar to the discussion at the end of section 1.1 
we have defined H = H — Eq — {pQ + v{t))nQ]M , where Eq is the Hartree 
energy and no the particle density. As the particle number operators Na 
commute with the boson operators bm{b\yf) the two terms Hp and H jq- j 
in the Hamiltonian eommute and can be treated separately. Because of 
the translational invariance the two-body interaction only couples the 
modes described by and b-n- With the Bogoliubov transformation 
= ^nbh — Snb-n the Hamiltonian Hp can be brought into the form 



Hp = Ti^nOilian + const., 

n^O 



(4.15) 
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where the uon = VF\kn\\/l + v{kn) follow from 2x2 eigenvalue 
problems corresponding to the condition For small 

kn one obtains for smooth potentials v{k) again a linear dispersion ~ 
Vc\kn\i with the “charge velocity” Vc = ^/vnvj, which is larger than vf for 
ii(0) > 0 . The expression for the coefficients Cn and Sn with = 1 

will be presented later for the generalized model Eq. (4.17) . For fixed 
particle numbers and N-, the excitation energies of the interacting 
Fermi system are given by with integer occupation numbers 

0 < Um < oo. For small enough excitation energies the only difference 
of the excitation spectrum for fixed particle numbers with respect to the 
noninteracting case is the replacement vf ^ Ve- 
in his seminal paper Tomonaga did not realize the anomalous decay 
of correlation functions of the model because in his discussion of the 
density correlation function he missed the 2/cir-contribution discussed in 
section 3. 




k/kp 



Figure 4-2- Energy dispersion as a function of momentum. The dashed curve shows 
the usual “nonrelativistic” dispersion and the full curve the linearized version used 
(apart from a constant shift) in Eq. (4.3) for k > 0 for fixed boundary conditions. 
The dot-dashed parts are the additional states for kg = —l.Bkp. The model discussed 
by Luttinger corresponds to kg —oo. 
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2.3 Luttinger (1963): no discontinuity at the 
Fermi surface 

Luttinger, apparently unaware of Tomonaga’s work, treated spinless, 
massless fermions (in the relativistic sense, but c vp) in one dimen- 
sion, i.e. two infinite branches of right and left moving fermions with 
dispersion ±vpk [6]. As Luttinger himself made an error with the fact 
that his Hamiltonian is not bounded from below, it is useful to switch 
from Tomonaga’s to Luttinger’s model keeping a band cut-off ko such 
that k > ko = 2TTm.QfL with mo < 0 for the right movers and corres- 
pondingly for the left movers (see Fig. 4.2). Fortunately Luttinger’s 
error had no influence on his inquiry if a sharp Fermi surface exists in 
the exact ground state of the interacting model. After a rather complic- 
ated calculation using properties of so-called “Toeplitz determinants” 
Luttinger found that the average occupation (nfc,+) in the ground state 
for k ^ kp behaves as 

1 k — kip 

{^k,+) - 2 ~ sign(fcF - k), (4.16) 

where ap depends on the interaction strength (see below) [7]. “Thus, 
in this model, the smallest amount of interaction always destroys the 
discontinuity of (n^) at the Fermi surface” [6]. This can be related to 
the fact that the equal time correlation functions decay as 

in the interacting system in contrast to {f)]^{x)'ifafid)) l/\x\^ 

(with d = 1) in the noninteracting case. Therefore ap is called the 
“anomalous dimension” [8]. 

Apart from the different dispersion Luttinger also used a different in- 
teraction. In contrast to Tomonaga he only kept an interaction between 
the right and left movers but not the term ~ v {kn){blbn + b^_nb-n) in Eq. 
(4.14) . In the limit of a delta interaction of the right and left movers 
his model is identical to the massless Thirring model (1958) [9] at that 
time not well known in the solid state physics community. 

2.4 Towards the “Luttinger liquid” concept 

Luttinger’s treatment of the Dirac sea was corrected in a paper by 
Mattis and Lieb (1965) [10] which also offered a simpler way to calcu- 
late (np^a)- The time dependent one-particle Green’s function for the 
spinless Luttinger model was calculated by Theumann (1967) [11] by 
generalizing this method. She found power law behaviour in the cor- 
responding spectral function p{k,uo), especially p{kp,co) ~ ap\u}\°^^~^ ^ 
i.e. no sharp quasiparticle for k = kp consistent with Luttinger’s result 
for the occupation numbers (Fig. 4. 3). For a delta interaction her res- 
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ults agreed with an earlier calculation for the massless Thirring model 
by Johnson (1961) [12]. Later the time dependent one-particle Green’s 
function was calculated by various other methods, e.g. using Ward iden- 
tities (Dzyaloshinski and Larkin (1974) [13]) as well as the important 
method of the ’’hosonization of the field operator” (Luther and Peschel 
(1974) [14]) which will be addressed in detail in section 3. It was first 
proposed in a different context by Schotte and Schotte (1969) [15]. 
What is now usually called the “Tomonaga-Luttinger (TL) model” is 
the following generalization of Eq. (4.14) 

Htl = ^E«|(»f + ^) + 

+ + b-nbn) | + ^ + VjJ^j , ( 4 . 17 ) 

where vjv = VF + (g4(0) +g2(0)) 1 ‘ 1 'nh and vj = (< 74 ( 0 ) — 52(0)) 

The interaction parameters 52 (^ 77 ) and 54 (fc„) are allowed to be different. 
As Tomonaga’s original model the TL model is exactly solvable, i.e. 
it can also be brought into the form of Eq. (4.15). The eigenvector 
components in a}^ = Cnb}^ — Snb-n are given by 

Cn = 2(v^+^)i ^- = 2 (^"7^) 

with Kn = y/vj{kn)/vN{kn), where Vj(^]q){kn) = VF + [g 4 {kn) T 

9'2(^n)]/2vr7i. The frequencies are given by iAjn = \kn\\/vj{kn)v]\f{kn) = 
\kn\vc{kn). The TL-Hamiltonian corresponds to a fermionic Hamiltonian 
that eonserves the number of right and left movers. 

A more general model including spin and terms changing right movers 
into left movers and vice versa is usually called the “(/-ology model” . An 
important step towards the general Luttinger liquid concept came from 
the renormalization group (RG) study of this model. It was shown that 
for repulsive interactions (see section 3) the renormalized interactions 
flow towards a fixed point Hamiltonian of the TL-type unless in lattice 
models for commensurate electron fillings strong enough interactions (for 
the half filled Hubbard model discussed in section 4 this happens for ar- 
bitrarily small on-site Goulomb interaction U) destroy the metallic state 
by opening a Mott-Hubbard gap. The RG approach is described in detail 
in reviews by Solyom (1979) [16] and Shankar (1994) [17]. These results 
as well as insight from models which allow an exact solution by the Bethe 
ansatz led Haldane [18, 19] to propose the concept of Luttinger liquids 
(LL) as a replacement of Eermi liquid theory in one dimension, which 
“fails because of the infrared divergence of certain vertices it assumes 
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i^-KVK 



Figure 4-3- The full line shows the average occupation {nk,+) for ^ TL model with 
aL = 0.6. The dashed line shows the expectation from Fermi liquid theory, where 
the discontinuity at kp determines the quasi-particle weight Zkp in p+{kF,u}). As 
discussed following Eq. (4.48) this can also be realized in a TL model with <?2(0) = 0. 
There also the details of the interaction are specified. 



to remain finite” [19] . At least for spinless fermions Haldane was able 
to show that “the Bogoliubov transformation technique that solves the 
Luttinger model provides a general method for resumming all infrared 
divergences present” [19]. Similar to Fermi liquid theory in higher di- 
mensions this new LL phenomenology allows to describe the low energy 
physics in terms of a few constants, two for the spinless case: the “stiff- 
ness constant” K = Kq = ^/vjJvn (also called g in various publications) 
and the “charge velocity” Vc = y/vjVM- In his seminal paper Haldane 
showed explicitly that the LL relations survive in not exactly soluble 
generalizations of the TL model with a non-linear fermion dispersion. 
He also gave a clear presentation how to calculate general correlation 
functions and e.g. the occupancies shown in Fig. 4.3 for the TL model. 
The technical details are addressed in section 3. 

Before we do this two additional important aspects of LL-behaviour 
should be mentioned. The first concerns the strong influence of impur- 
ities on the low energy physics [20, 21, 22, 23, 24, 25], especially the 
peculiar modification of the electronic properties of a LL when a single 
impurity with an arbitrarily weak backscattering potential is present. 
For a spinless LL with a repulsive two-body interaction, i.e. A < 1 a 
perturbative bosonic RG calculation [25] shows that the backscattering 
strength Vg is a relevant perturbation which grows as when the 

flow parameter A is sent to zero. This leads to a breakdown of the per- 
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turbative analysis in Vb- On the other hand a weak hopping between 
the open ends of two semi-infinite chains is irrelevant and scales to zero 
as . Assuming that the open chain presents the only stable fixed 

point it was argued that at low energy scales even for a weak impurity 
physical observables behave as if the system is split into two semi-infinite 
chains. This leads to a conductance which vanishes with a power law in 
T at low temperatures [25]. A more technical discussion is presented in 
section 3. 

Electrons are spin one-half particles and for their description it is ne- 
cessary to include the spin degree of freedom in the model. For a fixed 
quantization axis the two spin states are denoted by a =|, J,. The fermi- 
onic creation (annihilation) operators cl^ ^ ^{cn,±,a) carry an additional 
spin label as well as the Pn,±,a and the boson operators hn^a which in a 
straightforward way generalize Eq. (4.12). The interactions gv{k) with 
u = 2,4 in Eq. (4.17) become matrices in the spin labels. If they 
have the form g^^ (k) = Sf^yg,y\\{k) + gu±{k) it is useful to switch 
to new boson operators bn, a with a = c,s 

^n,c — (^n,t + bn,l) 

bn,s — (^n| ~ bn,l) , (4.19) 

which obey [ba,n,ba',n'] = 0 and ba,n,b[,y = <5aa'<^nn'i- The kinetic 
energy can be expressed in terms of “charge” (c) and “spin” (s) boson 
operators using bl^ -^bn,-\ + bl^^bni = bl^ J)n,c + bh gbn,s- If one defines the 
interaction matrix elements gv,a{o) via 

9u,c{q) = 9u\\{q) + 9uL{q) 

9u,s{q) ^ 9v\\{q) - 9uL{q) , (4.20) 

and defines Ma,c(s) = (-^o,T 4= Ma,i)/V^ one can write the TL- 
Hamiltonian for spin one-half fermions as 

= Htl,c + Htl,s , (4.21) 

where the HTL,a are of the form Eq. (4.17) but the interaction matrix 
elements have the additional label o. The two terms on the rhs of Eq. 
(4.21) eommute, i.e. the “charge” and “spin” excitation are completely 
independent. This is usually called “spin-charge separation”. The 
“diagonalization” of the two separate parts proceeds exactly as before 
and the low energy excitations are “massless bosons” U0n,a ~ Va\kn\ 
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with the charge velocity Vc = and the spin velocity 

Vs = {vj^yNsY^"^ ■ The corresponding two stiffness constants are given 
by Kc = {vj^/vnY)^^"^ and Kg = {vjJvNsY^"^- Because of Eq. (4.21) 
the dependence of the velocities on the interaction strength (4.20) is 
obtained using the results for the spinless model following Eq. (4.18). 



The low temperature thermodynamic properties of the TL model in- 
cluding spin, Eqs. (4.17) and (4.21), can be expressed in terms of the 
four velocities uj^, vNs-,vj^ or the four quantities Vc, Kc,Vs, Kg. Due 
to spin-charge separation the specific heat has two additive contributions 
of the same form as in Eqs. (4.1) and (4.2). If we denote, as usual, the 
proportionality factor in the linear T-term by 7 one obtains 



- = ^(— + — ), 

70 2 \vc VgJ 



(4.22) 



where 70 is the value in the noninteracting limit. To calculate the spin 
susceptibility Xs one adds a term —hJ\fg to . Then by minimizing 

the ground state energy with respect to Ng one obtains (A/’s) h/vNs, i.e. 
Xs is inversely proportional io v^s- If one denotes the spin susceptibility 
of the noninteracting system by Xs, 0 ) this yields for the zero temperature 
susceptibility 



Xs _ VF _ VF 
Xs,0 VNg ^ Vg 



(4.23) 



Eor spin rotational invariant systems one has Kg = 1 [26]. The zero 
temperature compressibilty k is proportional to {d‘^EQ/dN‘^)~[^ which 
using Eqs. (4.17) and (4.21) leads to 



Jl. - YZ. - K — 

Kq vn, " Vc ' 



(4.24) 



A simple manifestation of spin-charge separation occurs in the time 
evolution of a localized perturbation of e.g. the the spin-up density. The 
time evolution an,a{t) = for a = c,s implies 



bn,a{Y 





b—n,a^'n,a^n,a 





(4.25) 

If the initial state of the system involves a perturbation of right movers 
only, i.e. {bn, a) = 0 for n < 0 and the perturbation is sufficiently smooth 
{{bn, a) / 0 for 0 < n <C ric only) the initial perturbation is split into 
four parts which move with velocities ±Uc and without changing 
the initial shape. If only the initial expectation values of the bn,'i are 
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different from zero one obtains for 5(/9|(x, 0)) = F(x) using Eq. (4.12) 



6{p^{x,t)) 



^-^^^F{x-Vat) + ^—^F{x + Vat) 



(4.26) 



For the spin rotational invariant case Kg = 1 there is no contribution 
which moves to the left with the spin velocity. Already for the pure 
(/4-model with Kc = I but Vc 7^ Vg “spin-charge separation” of the dis- 
tribution occurs. For the spinless model with <72 7^ 0 the initial distribu- 
tion splits into one right- and one left-moving part, which is often called 
“charge fractionalization” [27, 28]. Note that the splitting described in 
Eq. (4.26) is independent of the details of F(x) like the corresponding 
total charge. An additional comment should be made: spin-charge sep- 
aration is often described as the fact that when an electron is injected 
into the system its spin and charge move independently with different 
velocities. This is very misleading as it is a collective effect of the total 
system which produces expectation values like in Eq. (4.26). 

The easiest way to understand the important manifestation of spin- 
charge separation in the momentum resolved one-particle spectral func- 
tions [29, 30] is to make use of the bosonization of the electronic field 
operators discussed in the next section. 

3. Luttinger liquids - computational tools 

In section 2 many of the important features of LL’s like the absence 
of a discontinuity at the Fermi surface were presented without giving 
any details how these properties are actually determined. As the most 
important tool the bosonization of the field operators is presented in 
detail in this section. This method is then used to calculate correlation 
functions like the one-particle Green’s function and the 2/cir-density re- 
sponse function. In the second part of this section the TL model with 
additional interactions and (or) a one particle potential with a “backs- 
cattering” contribution is discussed. The model is no longer exactly 
solvable and RG arguments play an important role [16, 17, 25]. 

3.1 Bosonization of the field operator 

In the following a selfcontained presentation of the bosonization of a 
single fermion operator including a straightforward construction of the 
particle number changing part (“Klein factor”) is given. We present the 
bosonization of the field operator for the right movers described by the 
and just mention the corresponding result for the left movers. 
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The starting point are the commutation relations the q^_|_ obey for m > 0 



[^m;Q,+] , — Q+m,+ ) [^m) ^^,+] t — ^l—m,+ ■ (4.27) 

y/m y/m 

If (after taking the limit tuq — oo) one introduces the 27r-periodic 

auxiliary field operator '0_|_(u), where v later will be taken as 27 tx/L 

OO 

^+(u) = ^ , (4.28) 

/ = — OO 

it obeys the simple commutation relations 

[b^Mv]] = -^e-*->+(u) ; [bl,^+{v)] = -^e*->+(u) . 
y/m yj'ni 

(4.29) 

Products of exponentials of operators linear in the boson operators 

= \J)l ; = Y^ Unbn (4.30) 

n^O n^O 

with arbitrary constants Xn and Hn obey similar commutation relations 
[6„,e^+e^-] = A^e^+e^- ; [bl^,e^+e^~] = -firne^+e^- , (4.31) 

which follow from [bm,e^^'^] = We therefore make the ansatz 

^+{v) = 6+(u)e*'^+(^)e*'^+(’'), (4.32) 

where the operator i(f>^(v) is given by [19] 

OO inv 

i(j)+{v) = ^-i=bn ■ (4.33) 

1 V ^ 
n=l '' 

Then the operator 0+(u) commutes with all the bm and We next 
construct 0+(u) such that both sides of Eq. (4.32) yield identical matrix 
elements. 

As '>p+{v) reduces the number of right movers by one, the operator 0+(u) 
also must have this property. In order to determine 0+(u) we work with 
the eigenstates of the noninteracting system ( the limit mo ^ — oo is 
implied and ni? is an arbitrary positive integer later related to kp) 



(iX^rni 

|{mz},,iV+,iV_) = n 4 ^ 



( np+N- 

n 

n=mo 



n,— 




(4.34) 
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It is easy to see that O+(w)|{0}f,, Al_) has no overlap to excited 
states 

{{mi}b,N+-l,N-\d+{v)\{0}b,N+,N_) = 

({0}fe,iV+-l,iV_inM=O+(r;)|{0}b,iV+,iV_) . (4.35) 

y/mi\ 

As 0+(w) commutes with the bi the rhs of Eq. (4.35) vanishes unless all 
mi are zero. This implies 

O+(r;)|{0}b,iV+,iV_) = c+(iV+,iV_,^;)|{0H,iV+-l,iV^ , (4.36) 

where c+(Ai_|_, N - , -u) is a c- number. In order to determine c+(A^+, N - , v) 
we calculate ({0};,,iV_|_ — 1, iV_ |^^_i_(r;)|{0}f,, iV+, iV_) using Eq. (4.28) as 
well as Eq. (4.32). In the calculation of the matrix element with the 
fermionic form Eq. (4.28) we use Eq. (4.34) which yields 

({0}fe,iV+-l,iV_|Q,+ |{0},,iV+,iV_) = (-l)^-<5,_„^^^ (4.37) 

The factor (— l)-^- occurs because we have to commute c;^_|_ through 
the product of N- = —mo + 1 + np + IV- fermionic operators of the 
left movers if we assume —mo + ni? to be odd. We note that no such 
factor occurs for the corresponding matrix element of the left movers. 
The calculation of the ground state to ground state matrix element of 
ip+{v) using Eq. (4.32) is simple as both exponentials involving the boson 
operators can be replaced by the unit operator and the matrix element 
is just c+(A^_i_, A"-, u). The comparison therefore yields 

c+{N+,N-,v) = (_i)V-gMnF+A+) 

and c_(iV+, A_, u) = _ Together with Eq. (4.34) and the 

definition A/’q, = Ma — (—mo + 1 + ni?)l this implies 

d+(u)e-'('^^+^+>(-l)^i{0}fe,A+,iV_) = |{0}b,iV+ - 1,A_) . (4.39) 

If we apply the operator 0 +(u)c“V»^f+A'+)v|'_]^^A'- states in Eq. 

(4.34) and use again that 0+(u) commutes with the boson operators we 
obtain 

0+(u)e-*('^^+^+>(-l)^-|{ma,,A+,iV_) = |{ma,,A+ - 1,A_) . 

(4.40) 

This shows that the operator C/+ = 0+(u)e“*(”^"'''^+^’^(— 1)'^“ is inde- 
pendent of V and given by 

U+= Y. Y\i^i}b,N+-hN-){{mi}b,N+,N-\ . (4.41) 

N+,N- {mi} 
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It follows immediately that is unitary, i.e. U^U\. = U\_U^ = i. From 
Eq. (4.41) one can infer that for arbitrary functions / of the number 
operator A/"+ one has t/+/(A/’+) = /(A/+ + 1)17+. 

To summarize we have shown that 

6+{v) = . (4.42) 

In 0-{u) = [/_e-d^F+^-)« no factor (— 1)-^+ appears and therefore 
0+(u) and 0-{u) anticommute, which is necessary to enforce anticom- 
mutation relations between ip+{v) and It is an easy exercise 

to show that e.g. the anticommutation relations [lp+{v),^p^{u)]+ = 0 
are fulfilled. In the calculation the properties of 0+(u) as well as 
the factor in Eq. (4.32) involving the boson operators enter. If one 
replaces the operators by “Majorana fermions” rja 

which commute with the boson operators and obey the anticommuta- 
tion relations [rja,f]/ 3 ]+ = 25q,^ 1, as often done in the literature, this 
yields [ijja{v),ipa{u)]+ = [1 — cos (rt — i.e. a viola- 

tion of the correct anticommutation relations. This implies that the Ua 
have to be properly treated. In many publications they are written as 
Ua = where the phase operators 6a are assumed to obey the ca- 
nonical commutation relations (CCR) [Ma-, 6a\ = *1 [19]. We do not use 
this concept here because no phase operator can be constructed which 
obeys the CCR as an operator identity [4, 31, 32, 33, 34]. 

In the following we will always use the “normal ordered” form (all 
boson annihilation operators to the right of the creation operators) of 
the bosonization formula Eqs. (4.32, 4.33). Alternatively one introduces 
a convergence factor whith A ^ 0 and works with the Hermitian 

Bose fields 4 >q,(u) = c/)q,(u) -|- </>]j,(u) as well as the fields 4>+ ± The 
derivatives of the latter fields are related to the total current and the 
deviation of the total charge density from its average value [35]. As we 
work with an interaction cut-off kc the introduction of A is not necessary 
and because of the space limitation this field-theoretic formulation is not 
used here. 

3.2 Calculation of correlation functions for the 
TL model 

In order to calculate correlation functions of the TL model with nonzero 
interactions it is necessary to express the field operator Eq. (4.32) 

in terms of the instead of the bn,b}^ because the former have a 

simple time dependence and for the temperature dependent expectation 
values one has («J„q;„) = 6mnnB{<^n), where nB{oj) = — 1) is 
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the Bose function. For the ground state calculation all one needs is 
«n|^o) = 0 without using the explicit form of the interacting ground 
state |d>o). 

For periodic boundary conditions one has bm = CmC(m + SmC(Lm where 

the operators am and commute. Therefore (and 

in Eq. (4.32) can be written as a product of two exponentials with the 
annihilation operators to the right. After once using the Baker-Hausdorff 
formula, if the operators A and B commute with 

[A,B], in order to complete the process of normal ordering one obtains 
for the physical field operator V'a(x) = '0Q,(27rx/L)/\/L for a system of 
finite length L with periodic boundary conditions [36] 

Mx) = (4.43) 

with 

iXa{x) = Y. - SmS-^^-^a.m) , (4.44) 

m^O V 

E oo 2 / 

»=i and 0(x) is the unit step function. 

This is a very useful formula for the calculation of properties of one- 
dimensional interacting fermions. For the special choice = s(0)e“”/”‘' 
where ric = kcL /2ti is determined by the interaction cut-off, A{L) can be 
calculated analytically using jn = — log {1 — z). For Uc 3> 1 this 

yields A{L) = (dvr/ZccT)® which shows that the prefactor in Eq.(4.44) 
has an anomalous power law proportional to ( 1 /L) 2 +^ 1^1. This implies 
that the Cn^a scale like (1/L)^^(^). 

The time dependent operator follows from Eq. (4.44) by re- 
placing am and a_m by and and C/+ in 0+ by 

C/+(t). Various kinds of time dependent correlation functions can quite 
simply be calculated using this result. Here we begin with iG^(x,t) = 
(V'+(0,0)V'+(x,t)). 

As C/+ commutes with the bosonic operator the particle number changing 
operators lead to a simple time dependent factor 

ulu+{t)\^Q{N+,N_)) = e-*['®o(^+’^-)-'®o(^+-i’^-)]*|$o(iV+,iV_)). 

(4.45) 

As 'il^+{x) in Eq.(4.43) is normal ordered in the a’s one has to use the 
Baker-Hausdorff formula only once to normal order ^/)^_(0, O)'0+(a;, t)- 
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This yields with kp = ^puplL 

(4.46) 

L 

^ ^ikpx ^ i[e-»(''"^-“»‘)+2s2(cos(fc„a;)e‘“"*-l)] 

L 

where /x = Eq(N^, N-) — Eq(N^ — 1, N-) is the chemical potential. The 
analytical evaluation of the sum (integral in the limit L oo) in the 
exponent in Eq. (4.46) is not possible. An approximation which gives 
the correct large x and t behaviour [37] is to replace uon by Ucfc„. This 
yields for L ^ oo with the exponential cut-off for the Sn used earlier [14] 



ie*^*G<(x,t) = — ^ (- 

2p X — Vet — i\) [X — Vet — ir) [X -|- Vet -|- tr) 

(4.47) 

where r = 2/ke- As (?/)^_(0, O)'0+(x, 0)) for large x decays proportional 
to the anomalous dimension for the spinless model is given 

by 

ap = 2s^(0) = {K- lf/2K. (4.48) 



Luttinger’s result for (nfc^_i_) follows by performing the Fourier 
transform with respect to x. The full line in Fig. 4. 3 was calcu- 
lated with = 0.3e“^^"/^“, while the dashed curve corresponds 
to = 0.6(/c,i/A:c)e“^^"/^‘=. The latter example corresponds to an 
interaction with g 2 {k ^ 0) ^0 which leads to a vanishing anomalous 
dimension ap. In this case the occupancies (ufc,+) have a discontinuity 
at fci? as in a Fermi liquid [38]. An efficient numerical algorithm to 
calculate (nfc^+) for arbitrary forms of is described in the appendix 
of reference [2]. 



The spectral function p^{k, ui) relevant for describing angular resolved 
photoemission is obtained from Eq. (4.47) by a double Fourier transform 

p<{k,u;) = {c{j[uj + {H-Eo{N+-l,N_))]ck,+) (4.49) 

1 POO POO 

= — / dte^^^ / 

2'7T J — oo J — oo 

As Eq. (4.47) is reliable in the large x and t limit its use in Eq. (4.49) 
correctly describes the spectral function for k os kp and u; ss 0 [39]. Using 
the variable substitutions Uzp = x^ Vet the double integral factorizes and 
with the additional approximation iO ^ ir on the rhs of Eq. (4.47) one 
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obtains [11, 14] 

p^{kF+k,(jj) ~ 6{—uj—Vc\k\){—uj+kvc)~^ ^{—uj — kvc)~ . (4.50) 

Without the additional approximation there is an additional 
weak dependence on a; + kvc [29]. The complete spectral 
function pF{k,uo) = p^{k,(jj) + p^{k,uj), where p^{k,uj) is 

defined via iG^{x,t) = ('0+(a:, t)'0+(0, 0)) can be obtained using 
p+ikp + k,uj) = p^ikp — k,—(jj) which follows from the particle-hole 
symmetry of the model. The absence of a sharp quasi-particle peak is 
manifest from pj^ikp^uj) ~ 

In order to calculate correlation functions of the spin one-half TL 
model the operators hn,a which appear in the generalization of the bo- 
sonization formula Eqs. (4.32) and (4.33) have to be replaced by the 
spin and charge bosons bn, a = {bn,c + o'&n,s)/\/2- Because of the expo- 
nential occurence of the boson operators in Eq. (4.32) and spin-charge 
separation Eq.(4.21) the Green’s function G^ g.(x, t) factorizes into a 
spin and a charge part, which both are of the form as the square root 
of the function on the rhs of Eq. (4.47) . This square root results from 
the factors l/\/2 in the expression for the bn, a- In the spin factor the 
charge velocity Vc is replaced by the spin velocity Vg- For the average 
occupation numbers one again obtains Luttinger’s result Eq. (4.16) with 
OIL = s1{D) -\- 'Ss(O) = ac + otg. The individual contributions can be ex- 
pressed in terms of the Ka = {vj,a/vN,aY^‘^ as eta = {Ka ~ l)^/(47iia)- 
As in the spinless model the fermionic (creation) annihilation operators 
Cn,a,o- scale like (1/L)“^/^. For spin rotational invariant systems one has 
Kg = 1, i.e. no contribution to the anomalous dimension ul from the 
spin part of the Hamiltonian [26]. For the momentum integrated spec- 
tral functions one obtains pa,a{^^) ~ as in the spinless model [40]. 

The fc-resolved spectral functions pa,a{k,oj) on the other hand show a 
drastic difference to the model without spin. The delta peaks of the 
noninteracting model are broadened into one power law threshold Eq. 
(4.47) in the model without spin and two power law singularities (see 
Fig. 4.4) in the model including spin [29, 30, 37] (for aL < 1/2 in the 
case of a spin independent interaction). The “peaks” disperse linearly 
with k — kp. 

It is also straightforward to calculate various response functions for 
the TL model. We discuss the density response function R{q, z) = 
— {{pq] p-q))z/L of the spinless model for qra D and q ^ dc.2kp, where 

{{A-B))z = ([A(t),H])e-*dt (4.51) 
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Figure 4-4- Spectral function p+^,j{kF+k, u>) as a function of normalized frequency for 
k = — fcc/10 for the TL- model with a spin independent interaction. The parameters 
are chosen such that Vc = 2 vf and an = l/8. 



involves the retarded commutator [41] and 2: is a frequency above the 
real axis. From the decomposition [42] ip{x) ~ V’+(t) +V’-(t) of the 
field operator t/^(x) in the original Tomonaga model it is obvious that 
the operator p{x) = il)^{x)ip{x) of the density (see Eq. (4.8) ) has two 
very different contributions 

p{x) ss p+{x) + p-{x) + (^i;\_{x)'ilj-{x) + h.c.^ (4-52) 

= Mx)+P2kF{x). 



The spatial Fourier transform of pQ is linear in the boson operators 
Eq. (4.12) and the (7 ~ 0 contribution of the density response func- 
tion [i?(g, z)]o defined with the operators {po)q follows using the (linear) 
equations of motion for the bn{t) as 



[R{q,z)]o = 



1 q'^vjjq) 

nh [qvc{q)]‘^ - 2 :^ 



(4.53) 



This exact result for the g ~ 0 contribution agrees with the RPA result 
for the original Tomonaga model. This fact, not mentioned in Tomon- 
aga’s paper [5] as the RPA paper by Rohm and Pines [43] was not yet 
published, was “discovered” many times in the literature. For the spin 
1/2-model [ii((7,2)]o has an additional factor 2 and one has to replace 
vj by vj^. 

The real part of the {q = 0) frequency dependent conductivity a{u! + 
iO) follows from [i?(g, w-|-iO)]o by multiplication with ie^u)/q^ and taking 
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{h/e^)Kea{ui + iO) = vj5{ui) = Kvc6{uj) (4.54) 



For the Galilei invariant Tomonaga model Eq. (4.14) one has vj = vp, 
i.e. the weight D of the zero frequency “Drude peak” is independent 
of the interaction, as expected. As D apart from a constant is given 
by the second derivative of Eq{^)/L with respect to the magnetic flux 
through the Id ring [44], K (or Kc) can be obtained from a ground state 
calculation for microscopic lattice models using = {Dk/ ^ 
where n is the compressibility discussed in Eq. (4.24). The anomal- 
ous decay of the correlation functions for these models, which are more 
difficult to calculate directly, can then be quantitatively predicted if 
Haldane’s LL concept is taken for granted. For a weak two-body in- 
teraction the result for — 1 linear in the interaction follows from 
first order perturbation theory for the ground-state energy, which in- 
volves the (non-selfconsistent) Hartree and Fock terms. As they are 
independent of the magnetic flux, D/Dq has no term linear in v, i.e. 
Kc ~ = {vp/visf^y^'^ , which holds exactly for Galilei invariant 

continuum models [45]. Performing the second derivative of E^\n) 
with respect to N yields [46] 



Kc = l- 



2v{0) -v{2kF) 
2'KhVF 



+ 0{v^ 



(4.55) 



In the spinless case the factor 2 in front of u(0) is missing in the result 
for K. Instead of as the second input besides n one can obtain Vc 
directly by calculating the lowest charge excitation energy (see section 

4 )- 

The easiest way to calculate the q ^ ±2kp contribution to the density 
response is to use the bosonization of the field operators [14] . The first 
step is to normal order ip\_{x)ip-{x) using Eq. (4.43) . This gives a factor 

g[x+(a;),x_P)] using [x+(x), x_(a^)] = ~‘2''^rn>o'^mSml'ni together 

with the factor A^{L) leads to 



'4)\_{x)ll)-{x) 



L \ kcL J L L 



with 



^X{x) = x+{x) - x-{x) 
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Here ao is a dimensionless constant of order unity and the exponent K—1 
of the second factor on the rhs follows using + 2cmSm = — 1- 

The importance of this factor for impurity scattering in Luttinger li- 
quids was first pointed out by Mattis (1974) [21] and will be dis- 
cussed later. The calculation of the two terms of the commutator 
{[^\_{x, 0)V'+(0, 0)1) is then straightforward and one ob- 

tains for the spectral function of the q ~ ±2kp response function the 
power law behaviour [14] 



lm[R{±2kF + Q,(x)] 2 kp ~ sign(u;)6'(u;^ 



2 /^ 2 ^ 



VcQ 



up' — 
vlkl 



K-l 



(4.57) 

The static ±2kp + Q response diverges proportionally to which 

has to be contrasted with the logarithmic singularity in the noninteract- 
ing case. In the model including spin the exponent 2K — 2 is replaced 
by Kc + Kg- 2. 

The pair propagator P{q, to) resulting from the response function 
for A = p\_{x)p^_{x) and B = ■0_(O)^+(O) was found by Luther and 
Peschel to be the same as the 2/cir-density response, provided the sign 
of the interaction is reversed [14]. An attractive interaction leads to a 
power law divergence in P{q = 0, u; = 0) as the temperature is lowered, 
indicative of large pairing fluctuations. 



3.3 The TL model with additional interactions 
and perturbations 

The exact solution of the TL model essentially depends on the fact 
that the numbers of right and left movers are conserved. This symmetry 
can be destroyed by a one-particle potential with ±2fci?-Fourier com- 
ponents or by interaction terms which change the individual particle 
numbers, like 2/cir-“backscattering” terms or Umklapp-terms for a 
half-filled band. With such additional terms the model is in general no 
longer exactly solvable. Important insights about the influence of such 
terms have come from a (perturbational) RG analysis [16, 25]. 



3.3.1 Impurity in a spinless TL model . We begin with 
the spinless model with an additional impurity which is described by 



V7 




[Vf{x)po{x) + VB{x)p2kp{x)] dx = VF + Vb 



(4.58) 
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where Vp describes the forward and Vb the backward scattering due to 
the impurity and the two different operators for the densities are defined 
in Eq. (4.52). As the forward scattering term is linear in the boson op- 
erators it can be treated in an exact way. The backscattering term has 
the property [Es, A/’a] / 0 and the model can no longer be solved exactly 
(except for K = 1/2 and a special assumption about Vb, as discussed 
below). For a zero range impurity it follows directly from Eq. (4.56) that 
Vb scales as {1/L)^ while Htl in Eq. (4.17) scales as 1/L. Therefore the 
influence of Vb depends crucially on the sign of the two-body interaction 
[21, 22]. For repulsive interactions one has K <1 which shows that Vb 
is a relevant perturbation. For K > 1, i.e. an attractive interaction, 
Vb is irrelevant. A detailed RG analysis of the problem was presented 
in a seminal paper by Kane and Fisher [25]. For a zero range backs- 
cattering potential and two-body interaction they mapped the problem 
to a loeal bosonic sine-Gordon model [25, 35, 47]. The subsequent RG 
analysis shows that the backscattering amplitude scales as A-^“^ when 
the flow parameter A is sent to zero [48], as can be anticipated from 
Eq. (4.56) . This leads to the breakdown of the perturbational analysis 
in Vb for repulsive interactions. As already mentioned in section 2 this 
analysis was supplemented by a RG analysis of a weak hopping between 
two semi-infinite chains. The weak hopping scales to zero like A"® for 
repulsive interactions, where — 1 is the boundary exponent. It 

describes e.g. the different scaling p{x,uj) ~ of the local spectral 

function near a hard wall boundary of a LL [25, 49, 50]. These scaling 
results together with the asumption mentioned in section 2 leads to the 
“split chain scenario” in which even for a weak impurity the observ- 
ables at low energies behave as if the system is split into two chains 
with fixed boundaries at the ends. Within the bosonic field theory this 
assumption was verified by quantum Monte Garlo calculations [51] and 
the thermodynamic Bethe ansatz [52]. 

This implies e.g. for the local density of states p{x,uo) ~ jwj"® for 
small \lv\ and x near the impurity like in a LL near a hard wall. The 
transmission through the impurity vanishes near kp proportional to ~ 
\k — which leads to a conductance G{T) which vanishes with 

temperature T in power law fashion G{T) T2as [25], 

Additional insight comes from the analysis for the special value 
A = 1/2 [25, 35, 32] . For Vb{x) = Vb6{x) the expression for 
Ax(0) in Eq. (4.56) can be written in terms of new boson operators 
ctm = (ttm— «-m) / V^- If One neglects the momentum dependence of Km 
in Eq. (4.56) and puts Km = 1/2 one obtains iAx(O) = X)m>i 
as in the bosonization of a single field operator Eqs. (4.32) and (4.33) . It 
is then possible to refermionize the K = 1/2-TL model with a zero range 
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impurity. Even the Klein factors can properly be handled [32] and one 
obtains a model of “shifted noninteracting Fermi oscillators” which can 
be solved exactly introducing an auxiliary Majorana fermion [35, 32], 
Unfortunately the local densities of states cannot be calculated exactly 
because of the complicated nonlinear relationship between the original 
fermion operators and the fermion operators which diagonalize the shif- 
ted Fermi oscillator problem [32]. Additional results for the transport 
through a spinless LL containing one impurity were obtained by map- 
ping the problem onto the boundary sine-Gordon model and using its 
integrability [53]. 

In order to bridge the two regimes treated by Kane and Fisher one can 
use a fermionic RG description bearing in mind that it is perturbational 
in the two-body interaction [54, 55] . It shows that the long range oscillat- 
ory effective impurity potential is responsible for the “splitting” , for site 
impurities as well as for hopping impurities of arbitrary strength. For 
realistic parameters very large systems are needed to reach the asymp- 
totic open chain regime [55]. Hence only special mesoscopic systems, 
such as very long carbon nanotubes, are suitable for experimentally ob- 
serving the impurity induced open boundary physics. 

For a discussion of the impurity problem in the TL model including 
spin see also reference [56]. 

3.3.2 The TL- model with additional two-body interac- 
tions. Tomonaga was well aware of the limitations of his approach 
for more generic two-body interactions ( “In the case of force of too short 
range this method fails” [5]). We therefore first discuss Tomonaga’s con- 
tinuum model in this short range limit kc ^ kp opposite to the one 
considered in section 2. Then low energy scattering processes with mo- 
mentum transfer ~ ±2kp are possible and have to be included in the 
theoretical description of the low energy physics. 

In the “(/-ology” approach one linearizes the nonrelativistic dispersion 
around the two Fermi points and goes over to right- and left-movers as 
in section 2. Then the “2A:i?”-processes are described by the additional 
interaction term 

a, a' 

(4.59) 

For a spin-independent two particle interaction one has (/in = gi± = gi. 
For the zero range interaction assumed in Eq. (4.59) one has to introduce 
band cut-offs to regularize the interaction term. The RG flow equations 
for the cut-off dependent interactions on the one-loop level are quite 
simple [16]. If s runs from zero to infinity in the process of integrating 
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out degrees of freedom one obtains for spin-independent interactions 



dgijs) 

ds 

dg2{s) 

ds 



1 



TrhvF 

1 



2'KhvF 



al{s) 

alis) 



(4.60) 



and 54 is not renormalized. Obviously gi{s) can be obtained from the 
first equation only 

= 1 I f 

' ^ ttTlvf 

where 51 is the starting value. It is easy to see that 51 (s) — 252(5) = 
gi ~ 252 holds by subtracting twice the second equation from the first in 
Eq. (4.60) . In the following we use the notation g* = g^(s 00). Now 
one has to distinguish two cases: 

For 5i > 0 one renormalizes to the fixed line gl =0, g^ =52—51/2 
and the fixed point Hamiltonian is a TL model which shows the generic 
importance of the TL model for repulsive interactions. In this case 
the 5i-interaction is called marginally irrelevant. For the nonrelativistic 
continuum model with a spin independent interaction one has 52c = 
2i;(0) — v{2kF) and g^g = 0 and for the stiffness constant Kc = [{2fvf + 
54c-52c)/(27tuf+54c+52c)]^'^^ ~ 1 - [2i)(0) -u(2/cir)]/(27T^i;ir) and Kg = 
1. Due to the approximations made, also here only the result for Kc — 1 
linear in v is reliable. The agreement with the direct calculation Eq. 
(4.55) shows explicitly to leading order in the interaction that Haldane’s 
Luttinger liquid concept is consistent. 

For 5i < 0 the solution (4.61) shows that 51 (s) diverges at a finite 
value of s. Long before reaching this point the perturbational analysis 
breaks down and all one can say is that the flow is towards strong eoup- 
ling. In this case the 51- interaction is called marginally relevant. In 
order to obtain an understanding of the strong coupling regime it 
is useful to bosonize the additional interaction in Eq. (4.59) [57]. 
The term proportional to 5i|| is of the form of a 52 y -interaction and 
therefore bilinear in the boson operators Eq. (4.19) . For the 5ij_-term 
one uses the bosonization of the field operators Eqs. (4.32) and (4.33) 
with additional spin labels. As the 5ij_-term contains field operators 
'0Q|(x)'0Qj,(a:) of opposite spin it only involves “spin bosons” Eq. (4.19), 
which implies “spin-charge separation” also for this model [58]. The 
charge part stays trivial with massless charge bosons as the elementary 
interactions. Luther and Emery showed that for a particular value of 
5i|| the 5ij_-term can be written as a product of spinless fermion field 
operators and the exact solution for the spin part of the Hamiltonian is 
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possible using refermionization [57], discussed earlier in connection with 
the backscattering impurity. The diagonalization of the resulting prob- 
lem of noninteracting fermions is simple and shows that the spectrum for 
the spin excitations is gapped. It is generally believed that these proper- 
ties of Luther-Emery phases are not restricted to the solvable parameter 
values. 

Strong coupling phenomena which lead to deviations from LL- 
properties with gapped phases are discussed in detail in section 4 for 
lattice models. There in case of commensurate filling Umklapp processes 
can become important, e.g. for half filling where two left movers from 
the vicinity of the left Fermi point are scattered into two right movers 
near the right Fermi point or vice versa. As G = 4/cir is a reciprocal lat- 
tice vector such a scattering process is a low energy process conserving 
quasi-momentum. In the ^r-ology model such processes are described by 
an additional term 

a, a' 

+H.C.] dxdy (4.62) 

Umklapp processes for a = o' are only possible for nonzero interaction 
range. 

4. Results for integrable lattice models 

As mentioned in subsection 2.4, results for integrable models which 
can be solved exactly by the Bethe ansatz played a central role in the 
emergence of the general “Luttinger liquid” concept [18]. It is there- 
fore appropriate to shortly present results for the two most important 
lattice models of this type, the model of spinless fermions with nearest 
neighbour interaction and the Id-Hubbard model. (We put fi = l\n this 
section.) 

4.1 Spinless fermions with nearest neighbour 
interaction 

The one-dimensional single band lattice model of spinless fermions 
with nearest neighbour hopping matrix element t{> 0), and nearest 
neighbour interaction U (often called V in the literature) is given by 

H = -tY, (c]s+i + ^ + (4.63) 

j j 

where j denotes the sites and the hj = are the local occupation 
number operators. In the noninteracting limit U = 0 one obtains for 
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lattice constant a = 1 the well known dispersion = — 2t cos k. For the 
following discussion of the interacting model {U ^ 0) we mainly focus 
on the half filled band case kp = vr/2 with vp = 2t. In contrast to the 
(continuum) Tomonaga model Umklapp terms appear when the interac- 
tion term in Eq. (4.63) is written in the /c-representation. As discussed 
below they are irrelevant at the noninteracting {U = 0) fixed point [17]. 
Therefore the system is a Luttinger liquid for small enough values of 
\U\. The large U limit of the model is easy to understand: For U t 
charge density wave (CDW) order develops in which only every other 
site is occupied thereby avoiding the “Coulomb penalty” . For large but 
negative U the fermions want to be as close as possible and phase separ- 
ation occurs. For the quantitative analysis it is useful that the model in 
Eq. (4.63) can be exactly mapped to a 5 = 1/2-Heisenberg chain with 
uniaxially anisotropic nearest neighbour exchange (“AAZ” model) in 
a magnetic field by use of the Jordan-Wigner transformation [59]. For 
U > 0 this model is also called the antiferromagnetic Heisenberg-Ising 
model. The point U = Uc = 2t corresponds to the isotropie Heisenberg 
model. For U > 2t the Ising term dominates and the ground state is a 
well defined doublet separated by a gap from the continuum and long 
range antiferromagnetic order exists. For —2t < U < 2t there is no 
long range magnetic order and the spin-excitation spectrum is a gapless 
continuum. The mapping to the XXZ-model therefore suggests that 
the spinlesss fermion model Eq. (4.63) in the half filled band case is a 
Luttinger liquid for \U\ < 2t. 

Before we present the exact results for the Luttinger liquid parameters 
K and Vc from the Bethe ansatz solution [18, 60], we shortly discuss 
the RG approach to the model. A perturbative RG calculation around 
the free fermion fixed point is discussed in detail in Shankar’s review 
article [17]. The first step is to write the four fermion matrix elements 
of the interaction U in Eq. (4.63) in the ^-representation. This yields 
for a chain of N sites with periodic boundary condition and values kj = 
2pjfN in the first Brillouin zone 

{kl,k 2 \U\k 3 ,k 4 ) = ^ ^ ^ <^fci+fc2,fc3+fc4-|-27rm (4.64) 

The m = 0 term on the rhs of Eq. (4.64) represents the direct 
scattering terms and the m = ±1 terms the Umklapp processes. 
The matrix element antisymmetrized in k^ and /c 4 is proportional to 
sin [(fci — A:2)/2] sin [(fcs — /c 4)/2]. Therefore the low energy Umklapp 
Hamiltonian scales like (1/L)^ which shows that it is strongly irrelevant 
at the free field fixed point [17]. This analysis confirms the Luttinger li- 
quid behaviour for small values of U, but gives no hint about the critical 
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value Uc for the CDW transition. With the separation U = C/o+t^Umkiapp 
implied by Eq. (4.64) one can do better by first treating T + Uq hy bo- 
sonization and then perform the RG analysis around the corresponding 
TL fixed point to get information for which value of U the Umklapp 
term starts to be a relevant perturbation. For this analysis it is easier 
to work directly with the unsymmetrized matrix elements in Eq. (4.64). 
As /ci — /c 3 ~ ±7T for the low energy Umklapp processes this leads after 
extending the (linearized) dispersion of the right and left movers from 
— oo to oo to a ^rs-interaction with a range of order r = a. The scal- 
ing dimension of the corresponding follows using bosonic normal 
ordering as in Eq. (4.56). For x — y of order r or smaller one obtains 

X {x,y) ^iB{x,y) ^ 

where B{x,y) = X-{x) + X-iv) ~ X+{x) - x+iv) with Xa{x) defined 
in Eq. (4.44). The first factor on the rhs is due to the Pauli principle 
and describes the same physics as the two sin-factors mentioned above 
for small arguments. Therefore the second factor has to provide more 
than two powers of L to make the Umklapp term a relevant perturbation, 
which happens for K < 1/2. As discussed below, the exact Bethe ansatz 
result for K yields Uc = 2t. If one uses the simple linear approximation 
for A — 1 in Eq. (4.55) one obtains with Eq. (4.64) = 1 — U/{'nt) 

for the critical value = 7t/2, not too bad an approximation. 

Exact analytical results for the Luttinger liquid parameters for the 
half filled model can be obtained from the Bethe Ansatz solution 
[18, 60, 61]. It is not necessary to address the anomalous decay of 
the correlation functions directly, but one can use a ground state prop- 
erty and the lowest charge excitation to extract the parameters, as 
was dicussed in connection with Eq. (4.55). This yields for the stiff- 
ness constant A = 7 t /[2 arccos (— A/2t)j and for the charge velocity 
Vc = yrti/l — (t//2t)^/[7r — arccos (— A/2t)j. For repulsive interactions 
A > 0 the value of A decreases monotonously from the noninteracting 
value A = ltoA = l/2 for U = 2t, which corresponds to an anomalous 
dimension = (A -|- ljK)j2 — 1 = 1/4. For attractive interactions 
A diverges when U approaches —2t, and the charge velocity Vc goes to 
zero. Results for the Luttinger liquid parameter A for less than half 
filled bands are shown in Fig. 4.5 [62]. The limit a ^ 0 and n ^ 0 
corresponds to the continuum limit. As the interaction goes over to a 
contact interaction its effect vanishes because of the Pauli principle and 
A goes to 1. For small enough values of U the linear approximation 
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Figure 4-5- Luttinger liquid parameter K from the Bethe ansatz solution as a func- 
tion of the band filling n for different values of [7 (t = 1). The short dashed curve 
shows the infinite U result (1/2 + \n — 1/2|)^. 



Eq. (4.55) = 1 — U sin (mr) / ttI provides a good approximation for 

all values of n, in contrast to the Hubbard model discussed below. In 
the infinite U limit the Bethe Ansatz equations simplify considerably 
and the ground-state energy as well as low lying excited states can be 
calculated analytically [61]. With these results it is easy to show that 
K = (1 — n)^ holds for 0 < n < 1/2, i.e. K = 1/4, is the lower bound for 
K in the LL regime of the model [18]. The corresponding upper bound 
of the anomalous dimension is ol = 9/8. In order to achieve larger val- 
ues of ap the model in Eq. (4.63) has to be generalized to include longer 
range interactions [63]. 

4.2 The Hubbard model 

As there exists an excellent review on the LL behaviour in the Id- 
Hubbard model [64], the following discussion will be rather short. As the 
model includes spin the on-site interaction between electrons of opposite 
spins is not forbidden by the Pauli principle. This is taken as the only 
interaction in the model. The Id Hubbard Hamiltonian reads 

H = -tJ2 (4<TCi+L<^ + (4-66) 

j 

In the extended Hubbard model a next nearest interaction term 
VJ2j'^j'^j+i with Hj = -|- fij^i is added [65]. In order to show the 

important difference to the spinless model Eq. (4.63) we again first dis- 
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cuss the half-filled band case, which is metallic for [7 = 0. For U t the 
“Coulomb penalty” is avoided when each site is singly occupied. Then 
only the spin degrees of freedom matter. In this limit the Hubbard 
model can be mapped to a spin-1/2 Heisenberg antiferromagnet with 
an exchange coupling J = /U . In the charge sector there is a large 

gap Ac ~ U while the spin excitations are gapless. The Id Hubbard 
model can also be solved exactly using the Bethe ansatz [ 66 ] and prop- 
erties like the charge gap or the ground-state energy can be obtained 
by solving Lieb and Wu’s integral equation. In contrast to the spinless 
model described in the previous subsection the charge gap in the Hub- 
bard model is finite for all U > 0. While for U ^ t it is asymptotically 
given by U it is exponentially small, Ac ~ (St/vr) A/tT/t exp (— 27rt/t/), 
for 0 < U <C t. This shows that the Umklapp term is no longer irrelev- 
ant at the free field fixed point. The Pauli principle factor of Eq. (4.65) 
is missing as the interaction is between electrons of opposite spin. The 
Umklapp term is therefore a marginal perturbation. The RG analysis 
[16] shows that the Umklapp term is marginally relevant while the 2kp- 
backscattering (“ 51 ”) interaction is marginally irrelevant for t/ > 0 as 
discussed following Eq. (4.60). 

When the band is not half filled Umklapp is not a low energy process 
and the Hubbard model is a Luttinger liquid with Kg = 1. The LL 
parameters Kc and Va can be obtained by (numerically) solving Lieb 
an Wu’s integral equation [67]. Even for 0 < U t the perturbative 
result Eq. (4.55) works well only for intermediate filling n = Ng.i/N ~ 
0.5, where N^i is the number of electrons (half filling corresponds to 
n = 1) . In the limit n ^ 0 the Fermi velocity vp = 2 tsin( 7 rn/ 2 ) goes 
to zero but 27(0) — vifikp) = U stays finite and the correction term 
increases with decreasing n in contrast to the spinless model. The Bethe 
ansatz results show that Kc ^ 1/2 for n ^ 0 as well as n ^ 1 for all 
U > 0. For U ^ 00 it leads to Kc 1/2 for all fillings n different 
from 1. In this limit the velocities are given by Vc = 2 tsin( 7 rn) and 
Vg = (27rt^/[/)[l — sin (27rn)/(27rn)], i.e. the spin velocity goes to zero 
[64, 67]. The U = 00 results for Vc and Kc can be understood without 
the Bethe ansatz solution. Double occupancies of the lattice sites are 
forbidden and the system behaves like a system of noninteraeting spinless 
fermions with kp replaced by 2kp [64]. The spin degrees of freedom play 
no role and any configuration of the spins gives an eigenfunction of the 
same energy. This immediately explains the result for Vc mentioned 
above. For a TL model with spin one obtains (for fixed ~ from 
Eqs. (4.17) and (4.21) L((9 ^£'o/9A^)l = PVN^j2, while the factor 1/2 
is missing in the spinless case. The formula for the spinless case can 
be used to calculate L{d‘^EQ/dN‘^)p for U = 00 with vn replaced by 
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VF{2kF), using the spinless fermion analogy. This yields = 2vc i.e. 

Kc = 1 / 2 . 

As the calculation of correlation functions not only requires excitation 
energies but also many electron matrix elements which are difficult to 
evaluate using the Bethe ansatz, various numerical methods have been 
used to study e.g. the manifestation of spin-charge separation in the one- 
particle spectral function [68, 69]. The Bethe ansatz approach simplifies 
in the infinite U limit [70]. After earlier work [71, 72] the frequency de- 
pendent optical conductivity of the Id Hubbard model was also studied 
using Bethe ansatz methods [73, 74], as well as the dynamical density- 
matrix renormalization group [74]. 

5. Weakly coupled chains: the Luttinger to 
Fermi liquid transition 

Strictly one-dimensional systems are a theoretical idealization. Apart 
from this even the coupling to an experimental probe presents a non- 
trivial disturbance of a Luttinger liquid. Unfortunately the weak coup- 
ling of a Id system to such a probe as well as the coupling between 
several LLs is theoretically not completely understood [26]. The coup- 
ling between the chains in a very anisotropic 3d compound generally, 
at low enough temperatures, leads to true long-range order. The order 
develops in the phase for which the algebraic decay of the correponding 
correlation function of the single chain LL is slowest [64] . This can lead 
e.g. to charge-density wave (CDW), spin-density wave (SDW) order or 
superconductivity. 

In the following we shortly address some important issues of the 
coupled chain problem, which are a prerequisite for the theoretical de- 
scriptions of the attempts to experimentally verify LL behaviour. In the 
first part of this section theoretical aspects of the problem of an infinite 
number of coupled chains are addressed. This is followed by a short dis- 
cussion of the (approximate) experimental realizations of LLs. As there 
are other chapters in this book addressing this question the discussion 
will be rather short. 

5.1 Theoretical models 

We consider a system of N_\_ coupled chains described by the Hamilto- 
nian 



Ni_ 

*=1 



(ee) 

ij 



+ 



EE 

n,(o-) t,j 






(4.67) 
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iee) 

where the Hi are the Hamiltonians of the individual chains, the ' 
represent the two-body (Coulomb) interaction of electrons on differ- 
ent chains and the last term describes the hopping between the 

chains with t±^ij the transverse hopping matrix elements and the j 
the (creation) annihilation operators of one-particle states with quasi- 
momentum kn along the chain i and spin a (if spin is included in the 
model). The individual Hi can be TL-Hamiltonians Eq. (4.17) or lattice 
Hamiltonians like in Eqs. (4.63) or (4.66). 

We address the question if LL physics survives in such a model. The 
second and the third term on the rhs of Eq. (4.67) describe different 
types of couplings between the chains. If the transverse hopping is neg- 
lected (t_L = 0) the model can be solved exactly for special assumptions 
about the two-body interaction and the Hi. If the individual chains 
are described by TL-Hamiltonians Eq. (4.17) and the interaction H^j^^ 
can be expressed in terms of the densities Pn,(a),a,i the exact solution 
is possible by bosonization [75, 76]. This is important when the long 
range Coulomb interaction is taken into account. Eor a single chain the 
corresponding one-dimensional Eourier transform v{q) (which has to be 
regularized at short distances) has a logarithmic singularity for g ^ 0. 
This leads to iL(c) = 0 and the divergence of the anomalous dimension, 
i.e. the system is not a LL. The Akp harmonic of the density-density 
correlation function shows a very slow decay almost like in a Wigner 
crystal [77]. The Coulomb coupling between the chains removes this 
singularity and a three-dimensional extended system of coupled chains 
is a LL [75] . The corresponding anomalous dimension can be calculated 
and leads to values of order unity for realistic values of the coupling 
constant e^ /{' kUvf) [76]. If 2/cir-scattering terms of the interaction are 
kept the model can no longer be solved exactly and a more complicated 
scenario emerges in the parquet approximation [78]. 

The inclusion of the transverse hopping presents a difficult problem 
even if the inter-chain two-body interactions are negleeted. This is re- 
lated to the fact that the transverse hopping is a relevant perturbation 
for ctl < 1 [79, 80, 81]. This can easily be seen if the individual chains 
are described by TL-Hamiltonions Eq. (4.17), scaling like 1/L. As dis- 
cussed in section 3 the , • scale like (1/L)“^/^. As involves 

products of creation and annihilation operators on different chains no 
further boson normal ordering is necessary and scales as (1/L)"^. 

This suggests “confinement” for ai > 1: if an extra electron is put 
on the j-th chain it stays there with probability close to 1 even in the 
long time limit. This conclusion can be questioned as RG calculations 
perturbative in t± demonstrate that the hopping term generates new 
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and relevant interchain two-particle hoppings. These calculations show 
that the system flows to a strong-coupling fixed point which cannot be 
determined within the approach [81, 82]. 

If inter-chain two-body interactions are included the relevance of hop- 
ping terms can be different. When only density-density and current- 
current interactions between the wires are included, as discussed above 
[75, 76], the possible relevance around this Gaussian model, recently 
called sliding LL [83, 84, 85], can be different. If the single chains 
are in the spin-gapped Luther-Emery regime [57] single-particle hop- 
ping between the chains is irrelevant and the coupled system can show 
power-law correlations characteristic of a Id-LL [83, 85]. For the spin- 
less model single particle and pair hoppings can be irrelevant for strong 
enough forward interactions [84]. 

In the following we concentrate on the Luttinger to Fermi liquid cros- 
sover. In order to get a quantitative picture it is desirable to study 
models which allow controlled approximations. The simple perturbative 
calculation in t± for the calculation of the one-particle Green’s func- 
tion by Wen [80] discussed below is unfortunately only controlled in the 
rather unphysical limit when the transverse hopping is independent of 
the distances of the chains = i±)[86]. The (retarded) one-particle 

Green’s function G is expressed in terms of the selfenergy S 



G{k\\,k±,z;t±) 



1 



(4.68) 



where e. r denotes the energy dispersion for the noninteracting model 

/C|| ,/Cj_ 

and z = (jj + it) \s the frequency above the real axis. For small t±_ the 
dispersion can be linearized around k\\ = dn.kp near the open noninter- 
acting Fermi surface. This yields )c.VF{k\\ T^f) + ^±(fc±)- In the 

context of Fermi liquid theory the selfenergy is studied in (all orders) 
perturbation theory in the two-body interaction v around the noninter- 
acting limit. This can be done using standard Feynman diagrams. In 
the present context one wants to study how the LL behaviour for fi- 
nite two body interaction and finite anomalous dimension is modified by 
the transverse hopping. Similar to perturbation theory for the Hubbard 
model around the atomic limit nonstandard techniques have to be used 
[87]. The simplest approximation, which corresponds to the “Hubbard 
I” approximation for the Hubbard model, is to replace S in Eq. (4.68) 
in zeroth order in t± by the selfenergy z) of a single chain 
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[80]. This approximation first used by Wen reads for k\\ ks kp 

G{kii,k±,z]t±)wen = ^ (4.69) 

[G+{k\\,z)\ -tj_{k_i_) 

where G+ is determined by the spectral function pp discussed following 
Eq. (4.50) via a Hilbert transform. In the asymptotic low-energy regime 
this yields Gp{kp + k\\,z) = Ho[(fe||/A:c)^ — {z/ujc)^]'^^^'^ /{z — Vck\\) for 
spinless fermions, with ujc ^ kcVc and Aq = vrai/psin (7raL/2)j. Wen’s 
approximate Green’s function leads to a spectral function with the same 
range of continua as /3+(/c|| , cu). In addition there can be poles at 

determined by setting the denominator in Eq. (4.69) equal to zero. The 
poles located at ~ 0 determine the Fermi surface A;||(A:_l) of the 

interaeting coupled system. From Eq. (4.69) and the simple form of G+ 
one obtains Ho(fe||/A;c)^^“"^^ = t±{k±), which shows that the reduction 
of warping of the Fermi surface (FS) by the interaction is proportional 
to [t±{k±) / uJc]°^z/(^-o^l) _ This is shown in Fig. 4.6 for a two dimensional 
system of coupled chains. If one writes t±{k±) = t±c{k±), with c{k±) 




kx/kp 



Figure 4-6. Fermi surface “flattening” in Wen’s approximation for coupled chains for 
different values of the the anomalous dimension ol for a single chain. The dotted 
lines show the noninteracting FS, the long dashed curves correspond to ol ~ 0.125 
and the full ones to ol = 0.6. At ol = 1 the FS degenerates to two parallel lines as 
without interchain coupling, called the “confinement transition” . 

a dimensionless function, the new effective low energy scale is given by 
teff = _ The weights of the poles for k values on 

the Fermi surface are also proportinal to [t±{k±)/uJc]'^z/i'^-'^L) _ Wen’s 
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approximate solution has the Fermi liquid type property of quasi-particle 
poles with nonzero weight on the Fermi surface, except at the special 
points where t±{k±) vanishes. The improved treatment by Arrigoni 

[88] shows that this peculiar vanishing of the quasi-particle weights is 
an artefact of Wen’s approximation. The new idea involved is to let 
the number of “perpendicular” dimensions “d — 1” go to infinity. This 
extends the original idea of the “dynamical mean field theory” (DMFT) 

[89] , where one treats the Hubbard model in infinite dimensions as an 
effective impurity problem to the case of a chain embedded in an effective 
medium. Results are obtained by carrying out a resummation of all 
diagrams in the tj_-expansion which contribute in this large dimension 
limit [88]. This approach shows explicitly how the leading order Wen 
approximation is uncontrolled at low energies. For the case of weakly 
coupled one-dimensional Mott insulators one expects the approximation 
to be better controlled [90]. 

Despite the Fermi liquid like properties at energy scales much smaller 
than teff the coupled chain system can nevertheless show LL like prop- 
erties for energy scales larger than teff if there is a large enough energy 
window to the high energy cutoff lOc which describes the regime where 
the asymptotic LL power laws hold for a single chain. Then for tem- 
peratures lower than Coc but higher than teff the system behaves like a 
LL. The integrated spectral functions P™bed by angular integ- 

rated photoemission, for example, show approximate power law beha- 
viour ~ (— for temperatures larger than teff in the energy window 
ksT < —CO < tOc- Unfortunately little is known about the value of tOc 
for microscopic models. An exception is the Tomonaga model Eq. (4.14) 
with a constant v{k) up to the cutoff kc, where the high energy cutoff 
LOc equals tOc = imn{vc,Vs)kc [4]. This implies for the integrated spectral 
function for the very large U Hubbard model with periodic boundary 
conditions that the power law only holds in a narrow energy win- 

dow ~ Vs, which vanishes proportional to 1/U in the U ^ oo limit [65]. 
Another example is the Hubbard model at boundaries where cDc can be 
very small for small U [50]. 

As an alternative way to treat the “anisotropic large dimension model” 
[88] one can try to solve the resulting chain-DMFT equations numeric- 
ally, using e.g. a quantum Monte Carlo algorithm [91]. In this reference 
the Hi were chosen as Hubbard Hamiltonians (4.66) with chain lengths 
of 16 and 32 sites. The results for a partly filled band as a function 
of temperature indicate in fact a crossover from a LL to a FL at the 
estimated crossover scale as the temperature is lowered. In agreement 
with Arrigoni [88] the authors find that the quasi-particle weight is more 
uniform along the Fermi surface than suggested by Wen’s approximation 
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Eq. (4.69). At half filling and low but finite temperatures the cross- 
over from the Mott insulator to FL was examined (the intermediate 
LL regime was too narrow to be visible). In the future it is to be ex- 
pected that this method applied to longer chains and additional nearest 
neighbour interaction will provide important results which allow a more 
realistic comparison with experimental work. 

Because of space limitations the interesting field of a finite number of 
coupled chains cannot be discussed here [92] . 

5.2 On the experimental verification of LL 
behaviour 

There exist several types of experimental systems where a predomin- 
antly Id character can be hoped to lead to an (approximate) verification 
of the physics of Luttinger liquids. In the following we present a short 
list of the most promising systems and discuss some of the experimental 
techniques which have been used. As these topics are also discussed in 
other chapters of this book we do not attempt a complete list of refer- 
ences but only refer to most recent papers or to review articles on the 
subject. 

The following systems look promising: 

■ Highly anisotropic “quasi-one-dimensional” conductors 

There has been extensive work on organic conductors, like the 
Bechgaard salts [93, 94], as well as inorganic materials [95, 96]. 

■ Artificial quantum wires 

Two important types of realizations are quantum wires in semi- 
conductor heterostructures [97, 98] or quantum wires on surface 
substrates [99, 100]. 

■ Carbon nanotubes 

The long cylindrical fullerenes called quantum nanotubes are also 
quantum wires but have been listed separately because of their spe- 
cial importance in future applications like “molecular electronics” 
[lOI, 102]. Using the peculiar band structure of the vr-electrons of 
a single graphite plane it was shown that single wall “armchair” 
nanotubes should show LL behaviour with ~ 0.2 — 0.3 down 
to very low temperatures [103, 104], despite the fact that two low 
energy channels are present. 

■ Fractional quantum Hall fluids 

Electrons at the edges of a two-dimensional fractional quantum 
Hall system can be described as a chiral Luttinger liquid [105]. The 
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power law tunneling density of states observable in the tunneling 
current-voltage characteristics shows power laws of extraordinary 
quality [106] . The theoretical predictions for general filling factors 
between the Laughlin states u = 1 and = 1/3 [107, 108] are not 
borne out by experiment [109]. As in these chiral LLs the right- 
and left-movers are spatially separated the edge state transport is 
quite different from the case of quantum wires and FQH fluids are 
not further discussed in the following. 

Promising experimental techniques to verify LL behaviour are: 

■ High resolution photoemission 

One of the earliest claims of possible verification of Luttinger li- 
quid behaviour was from angular integrated photoemission of the 
Bechgaard salt (TMTSF) 2 PF 6 , which showed a power law supres- 
sion at the chemical potential with an exponent of order 1 over 
an energy range of almost one eV [110]. There are serious doubts 
that this suppression can be simply explained by the LL power 
law behaviour [94]. Therefore a large number of other quasi-one- 
dimensional conductors were examined [94, 95, 96, 111]. In addi- 
tion periodic arrays of quantum wires on surface substrates were 
studied by angular resolved photoemisssion (ARPES), but the in- 
terpretation of a two peak structure as spin-charge separation [99] 
was questioned [100]. Spin-charge separation was shown to occur 
in the Id Hubbard model also at higher energies on the scale of 
the conduction band width [69, 70, 73]. Recent ARPES spectra 
of TTE-TCNQ were interpreted with the Id Hubbard model at 
finite doping to show signatures of spin-charge separation over an 
energy scale of the conduction band width. As for the Hubbard 
model Kc >1/2 for n ^ 1 which implies ap < 1/8 for the anom- 
alous dimension the experimentally found nearly linear spectral 
onset at low energies cannot be explained within the same model. 
ARPES data for the “Li purple bronze” seem to compare favorably 
to the LL lineshape [96]. Eor the quasi-one-dimensional antiferro- 
magnetic insulators SrCu02 and Sr 2 Cu 03 ARPES spectra have 
been interpreted to show evidence of spin-charge separation [112]. 
Eor a more in depth discussion see the chapter by Grioni in this 
book. 

■ Transport 

As discussed in section 3 even a single impurity has a drastic effect 
on the conductance of a LL, which vanishes as a power law with 
temperature. Another issue is the “conductance puzzle” of a clean 
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LL. There has been an extended discussion whether the quantized 
value /h for noninteracting electrons in a single channel is modi- 
fied by the interaction to jh [113, 114]. Apparently the answer 
depends sensitively on the assumptions made about the contacts, 
a very delicate theoretical as well as experimental problem [115]. 
Experimental results are available for cleaved edge overgrowth 
quantum wires [97] as well as carbon nanotubes [116, 117, 118]. 
In the nanotubes the authors observe approximate power laws of 
the conductance which seem to be consistent with LL behaviour. 
A detailed dicussion of transport through quantum wires is presen- 
ted in the chapter by Yacoby. For a recent theoretical discussion of 
experimental results on the interchain transport in the Bechgaard 
salts see references [119, 120]. There the question of energy scales 
and the importance of the proximity of the incipient Mott insulator 
are addressed. 

■ Optical properties 

Optical properties have long been used to investigate electronic 
properties of quasi-one-dimensional systems [121]. The optical be- 
haviour of different Bechgaard salts was analyzed recently using 
LL concepts [122]. At low energies, smaller than about ten times 
the Mott gap, the importance of dimerization and interchain hop- 
ping was pointed out [123]. As there is a separate chapter about 
the optical response in chains and ladders it will not be discussed 
further here. 

Obviously neither the list of systems nor that of methods is coming 
close to being complete. They were presented to show that there are 
intensive experimental activities in the attempt to verify the elegant 
LL concept put forward by theoreticians. Further work on both sides is 
necessary to come to unambiguous conclusions. 
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Abstract Photoelectron spectroscopy, both in the momentum-integrated (PES) 
and momentum-resolved (ARPES) modes, is a direct probe of single 
particle excitations in solids. This Chapter presents a brief review of 
high- resolution PES and ARPES data on quasi-one dimensional (ID) 
materials. On a broad (~eV) energy scale, band mapping experiments 
reveal the expected features of translational periodicity and of coexisting 
potentials. On a smaller scale, the spectral properties of ID systems are 
incompatible with those of conventional (3D) metals. They suggest that 
strong interactions, and possibly the peculiar correlations predicted by 
theory, shape their electronic structure. Characteristic signatures of 
the transitions to non-metallic broken-symmetry states develop from 
the unusual spectral lineshapes. 



Keywords: Photoemission, quasi one-dimensional systems, Peierls transition 



1. Introduction 

There is more than one good reason to be interested in the electronic 
structure of one-dimensional solids. At a very fundamental level, these 
systems provide the simplest playground to test elementary ideas on the 
formation of extended states and periodic bands which are at the heart 
of solid state physics [1] , without the unnecessary geometrical complica- 
tions of a three-dimensional material. And yet, as discussed throughout 
this book, life in ID is actually much more interesting than a simple 
independent-particle band picture might suggest. Due to the unique 
Fermi surface (FS) topology in ID - two points - and the consequent 
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perfect nesting, several electronic instabilities oppose and ultimately des- 
troy the metallic state, giving rise to an extremely rich variety of broken 
symmetry phases [2] . The peculiarities of the ID behavior are of course 
not limited to the non-metallic ordered phases. The ‘normal’ state is 
shaped by singular correlations, which reflect the dramatically reduced 
phase space. The nature of this correlated state, and its properties, are 
qualitatively different from those of conventional ‘3D’ metal [3, 4, 5]. 
One dimensional systems therefore give us one of the simplest examples 
of non-Fermi liquid behavior. 

Photoelectron spectroscopy - photoemission, in short - is one of the 
best experimental techniques available to address the various aspects of 
the ID phenomenology [6]. It is traditionally associated with the study 
of electronic states in solids, and ARPES band mapping experiments 
provide us with striking demonstrations of the reality of the concept 
of bands. ARPES is also a direct probe of the ES, complementary to 
traditional magnetotransport techniques. Compared to other probes of 
the electronic structure of solids, it presents the crucial advantage of a 
remarkable selectivity and freedom in the choice of the energy and mo- 
mentum of the electronic state under investigation. Einally, photoemis- 
sion is sensitive in various ways to correlations. Here again, its most 
appealing feature is the immediate connection between experiment and 
the fundamental single particle properties which can be calculated by 
theoretical models of strongly correlated materials. 

The last decade has witnessed a general surge of interest for the spec- 
tral properties of ID systems, and the beginning of a consistent re- 
search activity based on photoemission. The availability of high-quality 
single crystals of real quasi-one-dimensional compounds has played a 
major role. These anisotropic materials built from ID structural build- 
ing blocks - infinite linear chains of transition metal atoms or stacks 
of flat organic molecules [7, 8], exhibit genuine one-dimensional prop- 
erties, namely open Eermi surfaces. In the following, with a common 
abuse of language, we will simply refer to them as ‘ID’. Several ID com- 
pounds, both inorganic and organic, have already been synthesized in 
sizes (~ mm) compatible with the stringent requirements of photoemis- 
sion or optical experiment. More recently, ARPES experiments have 
also been performed on ordered artificial ID structures grown at the in- 
terface with a suitable substrate. The rapid development of the whole 
held has also been fostered by parallel rapid improvements in the energy 
and momentum resolution of ARPES, and by the inhationary growth of 
‘gap spectroscopy’ [9]. 

We give here a synthetic overview of the main results and of the open 
questions raised by these experiments. Some of these issues have been 
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previously discussed in a broader perspective in a recent review [10]. 
The Chapter is organized as follows. Section 2 discusses some specific 
aspects of an ARPES experiment in ID, and the spectral signatures of 
translational periodicity. Section 3 briefly describes the spectral features 
of normal interacting systems (Fermi liquids). The unusual properties 
of quasi-lD materials are compared with the ID spectral properties pre- 
dicted by theory in Section 4. Section 5 describes the changes in the 
electronic structure associated with the transitions to broken symmetry 
states. Finally, the growing evidence for strong electron-phonon inter- 
actions in ID Peierls materials is illustrated in Section 6. 

2. Tracking the ID bands 

The experimental set-up, interpretation, and limitations of a PES or 
ARPES have been presented in many excellent reviews, e.g. in [6, 11, 12] 
and some specific aspects are discussed in other Chapters of this book [9] , 
and will not be discussed here. For the present purposes it is sufficient 
to remember here few basic notions. 

In a photoemission experiment photoelectrons are generated by the 
interaction of a solid with a monochromatic photon beam. Photoelec- 
trons are collected either within a narrow emission angle (ARPES) or 
after integration over a broad angular range (PES), and their kinetic en- 
ergy is then measured. Since energy and momentum are conserved in the 
interaction, a measurement of these quantities for the photoelectron con- 
tains information on the energy and momentum of the electron inside the 
solid. Systematic measurements as a function of the emission angles in 
principle allow one to reconstruct the electron dispersion relation E{k). 
In reality, mapping the bands of a 3D solids is not straightforward, be- 
cause the component of the electron wavevector perpendicular to the 
surface (A:_l) is undetermined, unless the discontinuity of the crystal po- 
tential at the surface is known, or special measurement strategies are 
used. Luckily, the uncertainty on /cj_ is not a limitation for D<3, e.g. in 
two-dimensional systems, like surfaces or the 2D high-Tc cuprates [9, 13]. 
For the same reason, band mapping is particularly easy in ID systems, 
provided that the ID ‘chain’ direction lies within surface. Simple inspec- 
tion shows that the in-chain momentum /cy is uniquely determined by 
measuring the photoelectron emission angle off the surface normal 9 and 
the kinetic energy by /cy = (2m£K/^^)^'^^ sin0. The initial state energy 
e{k) and photoelectron kinetic energy are related by = e{k) -\-Huj — (f>, 
where fuv is the photon energy, (j) is the spectrometer’s work function, 
and the energy zero coincides with the Fermi level Ep. 
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The expected output of an ideal ARPES experiment on a ID metal 
with a single conduction band has a simple structure. The spectrum 
consists of a single peak, which disperses in energy and emission angle 
- i.e. wavevector - reproducing the band dispersion up to the Fermi 
wavevector kp, where the peak position coincides with Ep. Such a Fermi 
level erossing, which identifies a point of the FS, is the typical ARPES 
fingerprint of a metal. Integration of the photoelectron signal over the 
whole Brillouin zone (BZ) as in a PES experiment, yields a quantity 
which is closely related to the momentum-integrated energy dependent 
density of states (DOS). In the PES spectrum, the DOS is modulated 
by dipole transition matrix elements and possibly distorted due to the 
strong surface sensitivity - few atomic layers - of the measuement. It is 
also weighted by the Fermi-Dirac function, which generates a metalUe 
Fermi edge. The resolution- or temperature-limited edge centered at 
Ep, is the characteristic PES signature of a metal. 




Wavevector 




Binding Energy (eV) 



Figure 5.1. ARPES spectra of TTF-TCNQ from Ref. 15 showing dispersion along 
the ID ‘chain’ direction (left) but not in a perpendicular direction (right). 



For an experimentalist this simple picture provides a convenient 
guideline, supported by ARPES experiments on various metallic quasi- 
ID systems, like the organic compound TTF-TCNQ (Fig. 5.1) [14]. TTF- 
TCNQ is a ID metal due to charge transfer between the weakly-coupled 
segregated stacks of flat TTF and TCNQ molecules [8]. The ARPES 
intensity map reproduces the expected ID dispersion, with the donor 
(TTF) and acceptor (TCNQ) bands crossing at the Fermi wavevector 
kp, as required by overall charge neutrality. The absence of dispersion 
in a direction perpendicular to the chains (Fig. 5.1, right) confirms the 
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essentially ID character of the electronic structure. Any effects of trans- 
verse coupling must be quite small and masked by the intrinsic linewidth. 

The peculiar FS topology of a ID material can be revealed by a more 
thorough sampling of the reciprocal space [15, 16], as in Fig. 5.2 for 
another typical ID material, {TaSe/C) 2 l[n]- The angular intensity map 
shows nearly flat and parallel FS sheets, in the first and higher BZs. 
The data, which demonstrate the existence of an open FS were actually 
recorded below (0.25 eV) Ep. Contrary to intuition, and unlike the case 
of a normal metal, the definition of the FS would be much worse in a 
map acquired exactly at Ep. This is a puzzling and crucial aspect of 
the spectroscopy of ID metals, which we will reconsider below. 




Figure 5.2. ARPES intensity map of (Ta5'e4)2l from Ref. 18. The map, acquired 250 
meV below Ep, shows the almost flat sheets of the open Fermi surface, perpendicular 
to the chain direction ‘z’, and their replicas in higher Brillouin zones 



Due to their geometrical simplicity ID compounds are ideal model 
systems to study periodic bands in solids. Elementary considerations 
[1] show that bands can be equivalently described in the extended, re- 
peated, or reduced-zone pictures, taking advantage of the equivalence of 
Bloch states whose wavevectors differ by a reciprocal lattice vector G. 
It is legitimate to ask whether this ambiguity would carry over to an 
ARPES band mapping experiment, leading to the observation of rep- 
licas (or shadows) of the main band. The multiple images of the ES of 
Eig.5.2 suggest in a very pictorial way that this must be the case. The 
issue becomes more subtle when electrons are simultaneously subject to 
coexisting periodic potentials, as in charge-density-wave (CDW) materi- 
als. There, electrons feel both the periodic potential of the unperturbed 
lattice, and an additional potential with wavevector Qcdw due to the 
modulation of the atomic positions. This problem has a simple solu- 
tion when the two periodicities are commensurate, i.e. when the ratio 
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{G /Qcdw) is a rational number, because in that case the whole band 
structure can be folded into a common reduced BZ. 




Wave vector 



Figure 5.3. ARPES band dispersion 
for the ID insulator {NbSeA)^! from 
Ref. 20, showing the effect of a 
doubled periodicity. 




Wave vector 

Figure 5.4. Calculated bands for a 
situation analogous to that of Fig. 3. 
The line thickness is proportional to 
the spectral weight. 



The insulating ID compound {NbSei)^,! offers a practical realization 
of an electronic stystem subject to two commensurate potentials. The 
valence band maxima coincide with the boundaries {k = ±(7t/c)) of the 
BZ determined by the periodicity along the ID Nb chains, but a struc- 
tural motif around the chains effectively doubles the spatial periodicity, 
and halves the BZ [18]. The ARPES map of Fig. 5. 3 shows a dispers- 
ing band, with maxima at k = ±(7t/c), which is repeated in the second 
and higher BZs, but with a reduced intensity. It also shows a second 
weaker shadow band, offset by G" = (vr/c), consistent with a folding of 
the main band at k = ±(7t/2c), the boundaries of the reduced BZ. The 
experimental band dispersion clearly shows signatures of both period- 
icities, but the ambiguity built in the definition of the wavevectors is 
lifted, because the ARPES intensities do not exhibit the full periodicity 
of the total potential. The data of Fig. 5. 3 [19] show that it is neces- 
sary to distinguish between the band energies, i.e. the eigenvalues of 
the periodic Hamiltonian, which are not directly accessible, and the ex- 
perimentally observable spectral weight. A simple model clarifies this 
point. Figure 5.4 illustrates the calculated dispersion of a tight-binding 
band s{k)= -2t cos(/crc), with periodicity G = (27t/c), subject to an ad- 
ditional potential of periodicity G' = (vr/c) and strength V' = 0.2 t. 
The thickness of the lines is proportional to the spectral weight, i.e. for 
each k and band index, to the squared modulus of the corresponding 
eigenvector. As in the experiment, the spectral weight is piled up along 
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the ‘main band’, and only a small fraction goes to the shadow band. 
Increasing V' has two effects: i) the energy gaps at /c = ±(7r/2c) widen, 
and ii) spectral weight is progressively transferred to the shadow bands. 
Clearly, periodicity alone cannot determine the solution of the problem, 
which critically depends on the strength of the perturbing potential. 

A more intriguing case is that of two incommensurate potentials, 
where the ratio GjG' is not a rational number. This is actually the 
rule in CDW systems, where the periodicity of the CDW is dictated 
by the size of the FS {Qcdw = 2A:f), and is therefore independent of 
the lattice periodicity [2]. Now the problem has no obvious solution, 
because the two potentials do not admit a common reduced BZ, and 
it is not possible to fold bands in a consistent way at zone boundar- 
ies. Strictly speaking the solid is not periodic: the band structure could 
present a fractal character, with an infinite hierarchy of exponentially 
small gaps [20]. The issue has a fundamental interest even if the case 
of two incommensurate potentials would be indistinguishable from that 
of suitable commensurate approximants in real materials and at finite 
temperature, and even at T=0 if the zero point motion of the ions were 
taken into account. 

The ARPES data of Fig. 5.5 for thePeierls system (To5e4)2/ indicate 
the solution of this puzzle. This material is similar to {NbSei)^,! con- 
sidered above, but kp is slightly bigger than the zone boundary 
{kp ~ 1 . 0857 t / c ), and the CDW is incommensurate with the lattice [21]. 
Even here, the main band and and its shadow in the higher BZs, are 
readily identified and the dispersion appears to be periodic. Actually, a 
closer inspection of the top of the band reveals traces of both underlying 
incommensurate periodicities [22], again reflecting the uneven distribu- 
tion of spectral weight over the - strictly nonperiodic - eigenvalues. This 
problem is harder to model than the commensurate case, and cannot be 
solved analytically. Numerical solutions however deliver a clear physical 
message: the weights of higher order umklapp processes decrease expo- 
nentially, so that only the first-order shadow bands and gaps - and not 
the full underlying fractal bandstructure - are experimentally observable 
s[22]. 

In summary, this Section has shown that bands and Fermi surfaces 
with strong one-dimensional character have been observed by ARPES 
in real ID compounds. Notice however that the observation of spec- 
tral features dispersing with the expected periodicity is not sufficient to 
conclude that a simple band picture would adequately describe these ma- 
terials. Actually, the spectral properties of ID systems are complex and 
suggest strong, and possibly peculiar interactions, which distinguish ID 
systems from conventional 3D materials, as discussed in the next section. 
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Figure 5.5. ARPES band dispersion for the incommensurate CDW system 
{TaSei) 2 l from Ref. 23. 



3. The spectral function 

The previous discussion implicitely assumed the validity of an inde- 
pendent particle picture. Such an assumption is questionable in the 
presence of strong interactions, and is certainly inadequate in ID, where 
correlations deeply modify the nature of the electronic states. It is there- 
fore necessary to resort to a more general view of ARPES in interacting 
systems. 

Landau’s Fermi liquid theory [23] is the paradigm for electrons in 
solids. It is based on the one-to-one correspondence between non- 
interacting electrons and weakly interacting quasiparticles (QPs), the 
elementary excitations of the correlated system. Residual interactions 
between the QPs limit their lifetime (r), but their fermionic character 
imposes that the scattering rate tends asymptotically to 0 at Ep: 
T~^ ~ (E — Ep)"^. The QPs are therefore well defined excitations near 
the Fermi surface. 

The one-to-one correspondence between noninteracting particles and 
QPs is reflected in the spectral properties. QP bands can be mapped 
by ARPES, even if the dispersion e(/c), the spectral width AF and the 
spectral weight of the QPs are renormalized by the interactions. In 
particular, the typical fingerprints of a metal - Fermi level crossings and 
a metallic Fermi edge - survive in the interacting system.. 

Formally, the ARPES spectrum J(/c, a;) is proportional - via transition 
matrix elements - to the spectral density function A{k, ui) [24] , where to = 
{E — Ep). A{k,uj) is a fundamental theoretical quantity derived from 
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the one-particle Green’s function of the interacting system: A{k,oj) = 
— (l/7r)/m[G(/c, cu)], and: 



G{k,uj) 



1 

uj — e{k) — S(A:, oj) 



(5.1) 



Here e{k) represents the ideal dispersion of the independent electrons, 
and all effects of correlation are contained in the self energy S. Such a 
close relation between the photoemission spectrum and the propagator 
is not surprising, since G(/c, oj) is precisely defined in terms of addition 
and removal of one particle. At T=0 ARPES strictly probes the u) <0 
part of A{k,uj), while at finite temperatures I{k,uo) ~ A{k,uj)f{T,(jj), 
and the high-energy cutoff is provided by the Fermi-Dirac distribution 
f{T,co). 

In the non-interacting limit S=0 and G has poles at Eo(/c) = e{k), 
which yields for the spectral function the simple form A{k,uj) = 5{k,uj). 
In an interacting system, one obtains: 



A{k, uj) 



1 \ImTi{k,uj)\ 

7T |u; — e{k) — ReTi{k,uj)\‘^ -\- \ImTi{k,uj)\‘^ 



(5.2) 



Near the Fermi surface, this expression can be recast in the phenomen- 
ological form: 



A{k, Lo) 



Zk 

7T {uJ 



r 

E(A:))2 +E2 



+ 



(5.3) 



The first term - the QP peak or coherent part of the spectral function 
- is centered at the renormalized energy E(/c) = e(/c) -|- ReT,. Its energy 
width P = 2 ImT, ~ is related to the QP lifetime by r = {h/T), 
and its momentum width to the inverse of the QP coherence length: 
Ak = The QP weight Zk < 1 measures the overlap of the QP with 

the corresponding free-electron state. Z{kF) in particular is the same 
factor which renormalizes quantities like the electron effective mass, and 
the linear term of the specific heath. Qualitatively, strong correlations 
yield small Z’s and therefore small QP weights. The spectral weight 
(1-Z) removed from the QP peak is redistributed, possibly over a much 
larger energy scale, to the incoherent part of A{k,uo), and represents 
the dressing of the QP. 

Some crucial predictions of EL theory, namely that of a quadratic en- 
ergy dependence of the QP lifetime near the FS, have been verified by 
accurate ARPES measurements in model metals, like the layered com- 
pound TiTc 2 [25]. The specific contributions to the QP scattering rate 
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Figure 5.6. QP spectra of the 2D metal TiTe^ measured at the Fermi surface. The 
increasing linewidth {right) reflects the temperature-dependent phonon scattering. 
The spectra have been symmetrized around Ep. From Ref. 34. 



can also be determined from the spectra [26, 27, 28, 29, 30, 31, 32, 33]. 
At T=0 and on the FS the only lifetime- limiting mechanism is scatter- 
ing on impurities, but at finite temperature QP scattering by phonons 
rapidly becomes dominant. This is illustrated by the TiTe 2 data of Fig. 
5.6. The spectra measured at /ci? have been symmetrized around to 
remove the perturbing temperature dependence of the Fermi function, 
as customary in work on the high Tc cuprates. Notice that symmet- 
rized curves peak at E^?, as expected for a QP at the Permi surface. The 
linewidth increases with temperature reflecting the increasing phonon 
scattering. The temperature dependence is linear at sufficiently high 
temperature (~ 60 K for TiTe 2 ), as predicted by theory [34], and the 
slope yields the value of the e-ph coupling parameter A which measures 
the strength of the interaction. 

The good qualitative and even quantitative agreement between the- 
ory and experiment observed in normal metals sharply contrasts with 
the results on quasi-lD materials. The first measurements of organic ID 
systems like TTP-TCNQ in the ’70s already revealed an apparent lack of 
intensity in the vicinity of the Fermi level [35]. However, only two dec- 
ades later high-resolution data could definitely establish this surprising 
anomaly [36] . This is illustrated by the momentum-integrated spectra of 
three typical ID compounds, in Fig. 5.7. The spectra do not exhibit the 
characteristic metallic Fermi step, which is well visible in the spectrum 
of TaSe 2 , a (2D) metallic reference. The intensity is vanishingly small 
at Ep, and strongly reduced over a broad (0.1 - 0.5 eV) energy range. 
Such deep pseudogaps are in contrast with the metallic properties of the 






Photoemission in quasi- one- dimensional materials 



147 



materials, and are also much broader than the real gaps of the respective 
low-temperature insulating phases (see below). 




Figure 5.7. The PES spectra of the 
ID compounds {TMTSF) 2 PFe (a), 
(TaSei) 2 l (b) and Ko.sMoOs (c) do 
not exhibit the typical Fermi edge, un- 
like a 2D reference. 




Binding Energy (eV) 



Figure 5.8. The ARPES spectrum of 
K 0 . 3 M 0 O 3 is compared with the QP 
spectrum of the Fermi liquid reference 
TiT 62 (solid line). Both are measured 
at kp and T=200 K. 



The ARPES spectra of ID compounds are even more striking. Fig- 
ure 5.8 shows the data for the Peierls compound Kq^^MoO^ (the ‘blue 
bronze’), measured at k = kp in the normal metallic state. A nor- 
mal metal would exhibit a QP peak at Ei?, indicative of a Fermi level 
crossing, as in the spectrum of TiT 62 shown here for comparison. By 
contrast, the spectrum of the ID compound is peaked well below Ep, 
and is much broader than the normal metal reference. If the QP en- 
ergy is identified, as usual, with the peak position, the data of Fig. 
5.8 again indicate a broad pseudogap (this issue will be reconsidered in 
Section 6) . Furthermore, while the FL reference becomes progressively 
sharper at low temperature, as in Fig. 5.6, the ID spectrum is essentially 
temperature-independent . 

The absence of a metallic Fermi step and of Fermi surface crossing, 
and the broad lineshapes are common spectral features of the ID mater- 
ials studied so far. The spectra of TTF-TCNQ, shown in Fig. 5.1 are no 
exception. The TTF and TCNQ bands seem to cross the Fermi level at 
kp, but when the spectra are collected with high resolution in the vicin- 
ity of the Fermi surface, the ‘pseudogapped’ lineshape appears clearly 
[14] . Xue et al. [37] have reported a possible exception to this ‘empirical 
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rule’ in Li^ gMo^On, but the evidence for a Fermi level crossing was not 
confirmed by two independent sets of data [38, 39, 40]. 

4. Spectral evidence for the Luttinger liquid? 

It is perhaps not surprising that ID systems do not exhibit the spec- 
tral fingerprints of normal metals. The Fermi liquid concept is not valid 
in ID, where the leading terms of the FL expansion and the corrections 
due to coupling of the QP to the collective modes are of the same order. 
Haldane’s Luttinger liquid (LL) conjecture [3] based on the solution [41] 
of the Tomonaga-Luttinger model [42, 43], maintains that a ID system 
with gapless charge and spin degrees of freedom, have only collective ex- 
citations, described as charge (holons) and spin (spinons) fluctuations. 
Individual electrons or holes are not stable excitations, and rapidly sep- 
arate into holons and spinons. 




Energy (toA/Vp) 



Figure 5.9. Calculated PES spectra of the Luttinger model for three values of the 
characteristic exponent a. A is an energy cutoff of the model. From Ref. 47. 



The lack of QPs influences the electronic properties of ID systems, 
and determines the structure of the spectral function. The calculated 
momentum-integrated (PES) LL spectrum p{uj), shown in Figure 5.9 for 
T=0, exhibits a power-law dependence p{co) ~ a;" [44, 45, 5]. The 
exponent a depends on the strength and range of the interactions, and 
is related to the parameter Kp of the Luttinger model by a= (1/8) (iLp -|- 
K~^-2). Unlike a normal metal, the LL has no spectral intensity at the 
Fermi level (tc=0). It is therefore tempting to draw an analogy with 
the experimental spectra of Fig. 5.7 [46] , even if some caution is necessary 
because the power-law dependence is only an asymptotic expression valid 
near Ep, and its range of validity is ill-defined. 
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The actual lineshape strongly depends on the value of the exponent. 
When a is small, the spectrum has a steep leading edge, which would 
be essentially indistinguishable from a conventional metallic Fermi edge. 
This is still the case for a=l/8 (Kp=l/2), the largest exponent compat- 
ible with the standard Hubbard model [47]. A comparison with experi- 
ment, however, would suggest larger a values, of order 1, for which the 
lineshape has a positive concavity over an extended energy region below 
Ep. Such large a values indicate strong and long-range correlations. 
They could still be compatible with extended versions of the Hubbard 
model, or perhaps with more elaborate theoretical schemes [48]. It is 
not clear whether they would also be compatible with metallic behavior, 
or whether they would lead to an ordered insulating ground state [49]. 
From the experimental point of view, there are some independent indica- 
tions of similarly large Luttinger exponents in optical [50, 51], transport 
[52] and NMR [53] data on the organic Bechgaard salts. 

A possible justification for the large exponents of the PES spectra has 
been proposed independently by Voit [54] and by Eggert et al. [55] . They 
pointed out that for a given interaction strength represented by Ap, con- 
siderably larger a values are obtained if the ID system is bounded by a 
defect or an impurity. Such defects must be common in real materials, 
namely at surfaces. The LL exponents measured by surface sensitive 
techniques like photoemission could then be different - typically larger 
- from the ’bulk’ exponents describing optical, transport or thermody- 
namic properties. 

The momentum-resolved (ARPES) spectral function (Eig. 5.10) bears 
the most revealing fingerprints of the Luttinger liquid. Remarkably, the 
dispersing QP peak of the PL is replaced by two distinct singularities 
representing the spinon and holon excitations. These peaks are degen- 
erate at kp, but disperse with different velocities, reflecting spin-charge 
separation. In spite of intense efforts, the experimental evidence for the 
LL scenario of Pig. 5.10 remains scarce. The observation of separately 
dispersing features for ordered Au lines grown on stepped Si(lll) (Eig. 
5.11) [56] was hailed as the possible smoking gun for the LL. However, 
the case for holons and spinons has been weakened by the subsequent 
observation by ARPES of two distinct Eermi level crossings, supporting 
two separate bands [57]. 

Spin-charge separation has also been claimed in LiQgMoQOi'[[58]. 
This ID material remains metallic to an unusually low temperature 
(T=24 K) and therefore lends itself to a high-resolution ARPES study. 
The spectra are compatible with the calculated LL lineshapes if a large 
exponent (a ~ 0.9) is assumed. Unfortunately, for such large values of 
a the holon divergence is attenuated and the spinon feature is entirely 
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Figure 5.10. Calculated momentum- 
resolved spectral function of the Lut- 
tinger model for a=l/8, showing 
separate spinon and holon branches. 
From Ref.45. 



Figure 5.11. ARPES spectra of 
ordered metallic lines at the Au- 
Si(lll) interface. The markers 
highlight separately dispersing fea- 
tures showing similarities with the 
spinon-holon branches of the LL. 
Adapted from Ref. 57. 



suppressed [44], so that the most distinctive signature of spin-charge 
separation - two separate peaks - is lost. In this limit the LL lineshape 
exhibits a broad leading edge which extrapolates to zero at Ei?. Sim- 
ilarly broad onsets have been observed in the organic Bechgaard salts 
[59], TTF-TCNQ [14] and in inorganic Peierls systems [36, 16, 60, 61]. 

The anomalous spectral lineshape is not the only critical element in fa- 
vor or against a LL interpretation of the ARPES spectra. In ID the spec- 
tral weight distribution exhibits peculiar features which reflect the pos- 
sibility of sharing the energy and momentum of the photohole between 
the independent spinon and holon. Calculations within the Hubbard 
[62] and t-J[63, 64] models predict a continuous intensity distribution 
between the low-energy spinon band - of bandwidt ~ J - and the higher 
energy holon band - of bandwidth ~ t -, as well as shadows of the holon 
band crossing Ep at kp ± 2kp (Eig. 5.12). Similar features have been 
observed in ID insulators like SrCu02 [64] Sv 2 CuO^ [65] and NaV20^ 
[66]. Those materials are certainly not Luttinger liquids, due to the 
charge gap, but do exhibit spin-charge separation. More recently, it has 
been suggested that the spectra of the normal state of TTF-TCNQ could 
be compatible with the scenario of Fig. 5.12 [67]. 

An interpretation of the photoemission data based on the LL hypo- 
thesis must explain the puzzling similarity of the spectra of materials 
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momentum 



Figure 5.12. Calculated spectral weight distribution for the ID t — J model. From 
Ref. 68. 



with rather disparate physical properties. This concern is eased by the 
realization that the spectral functions of ID systems with charge gaps 
(Mott insulators) or spin gaps (Peierls systems) present similarities with 
that of the LL [68]. Nevertheless, the need to assume similarly strong 
and long-range interactions to describe the spectra of all ID materials 
studied so far, is somewhat disturbing. 

Finally, the possibility of observing the spectral signatures of the LL in 
real materials, as opposed to ideal ID systems, is still an open theoretical 
question. Strictly speaking, any transverse coupling between ID systems 
would immediately destroy the LL and yield a normal Fermi liquid [69] . 
The LL signatures however could reappear at sufficiently large energies 
and high temperatures. For instance, when ksT > t±_ the warping of 
the Fermi surface due to a transverse coupling t±_ may be considered 
irrelevant, and the systems would be effectively one-dimensional. Of 
course things are not so simple, and a full analysis of the coupled LLs, 
is required to make firm predictions [70, 71, 72]. This much debated 
issue has also clear implications on theoretical models of the (quasi-2D) 
high-Tc cuprate superconductors, where Luttinger-like properties have 
been invoked to explain the unusual properties of the normal state [73] . 

5. Observing the spectral consequences of the 
electronic instabilities 

The unique nesting properties of the Fermi surface makes the metal- 
lic state particularly vulnerable in ID. Superconductivity, CDW, SDW, 
spin-Peierls, Mott insulator instabilities compete in the ‘normal’ state 
and the most rapidly divergent response function drives the system into 
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the corresponding broken-symmetry state [74]. In a mean-field (MF) 
approach, the metal-non metal transition occurs at a finite temperature 
TjvfF) and is accompanied by the removal of the Fermi surface and by 
the opening of an energy gap in the density of states (Fig. 5.13). At this 
level, the treatment of the CDW, SDW and SC instabilities is analogous 
[2] . The DOS of all the ordered phases is described by the BCS function, 
with a peak at the temperature-dependent gap energy A{T/Tmf) which 
saturates to the (weak coupling) low-temperature limit {Ao/kBTMp) = 
3.5. Characteristic changes are also expected in the momentum-resolved 
spectra, similar to those observed in the high-Tc cuprates [9]. The ener- 
gies of the QP peaks within an energy A of Ep is affected, and shadow 
bands appear, corresponding to the new periodicity. 




Aq Ep Ep 



Figure 5.13. Schematic picture of the mean- field metal-non metal transition. The 
opening of an energy gap below Tc is visible both in the PES {left) and in the ARPES 
(right) spectra 



The mean-field analysis ignores the disruptive effect of fluctuations 
which oppose long-range order in one dimension. Phase transitions are 
observed in real materials, but only as a consequence of transverse coup- 
ling. They occur at a temperature Tq < Tm f and are three-dimensional 
in character. Between Tc and Tmf most physical properties are af- 
fected by fluctuations in space and time of the order parameter. The 
simple picture of Fig. 5.13 is modified by the appearence of a pseudogap 
above the real transition temperature [75, 76, 77] Nevertheless, the T=0 
and high temperature (T > Tmf) limits do not change. In particular, 
all spectral changes induced by the transition should be confined within 
an energy Aq of the Fermi level. 

From the results presented above, it should be clear that the mean- 
field scenario is not a good starting point to interpret the ARPES data of 
ID materials, which do not exhibit the expected signatures of the normal 
metallic state (Fermi edge, Fermi level crossing). Characteristic spec- 
tral changes associated with the phase transitions have been observed. 
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Figure 5 . 14 - Spectra of {TaSe4)2l measured at kp showing a temperature- 
dependent shift of the leading edge below the Peierls transition, and of the 
temperature-independent insulating reference {NbSe4)3l 



namely in materials with a CDW ground state. These changes occur over 
the characteristic energy scale of the transition (the gap) above the un- 
conventional lineshape. A strong correlation has been observed between 
the temperature-dependent gap and the position of the spectral leading 
edge. Figure 5.14 shows the high-energy end of the ARPES spectrum of 
(Ta5e4)2/[60] measured at k=kp between RT and 100 K, in the CDW 
phase. The peak is located at 0.4 eV, rather than at the estimated gap 
edge (50-75 meV). The extrapolation to the baseline of the almost linear 
onset defines an energy E* which varies between E*~ 0 above the Peierls 
temperature Tp=273 K, and E*~ 0.1 eV below 150 K. The insulating 
reference {NbSe^)^! exhibits a similar lineshape [19], but the extrapol- 
ated leading edge yields a temperature independent E* ~ 0.3 eV, again 
close to (half) the gap energy. 

A more objective [60] analysis is possible, based on the temperature 
changes of the ARPES intensity distribution (Eig. 5. 15). The momentum 
distribution curve (MDC) is obtained by ‘cutting’ the intensity map at a 
constant energy. A cut performed at T=300 K at Ep yields a lorentzian 
MDC centered at kp. This is the lineshape expected for a QP at the PS. 
At lower temperatures the leading edge of the spectrum recedes from 
Ep, as shown in Pig. 5.14, but the intensity and linewidth of the MDC 
can be recovered at a higher binding energy A*(T). This energy shift 
follows the expected temperature dependence of the CDW gap below 
the 2nd order Peierls transition, and saturates to the gap energy Aq ~ 
120 meV. Therefore it behaves as a phenomenological order parameter 
for the transition. 
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Figure 5.15. (a) Intensity map of (Ta5'e4)2l near Isf at T=300 K, showing constant- 

intensity lines; (b) momentum distribution curves (MDCs) measured at E=0 (265 K) 
and E=110 meV (100 K); (c) temperature-dependent shift extracted from the MDCs 
below Tp. From Ref. 62. 



The blue bronze Kq^^MoO^ exhibits an analogous temperature- 
dependent shift of the spectral leading edge below the Peierls transition 
(Tp=180 K) [36, 16, 78, 61]. The ARPES data for this material also show 
the influence of fluctuations above Tp. The intensity measured at the 
Fermi surface decreases continuously from the metallic phase through the 
transition and into the CDW state. The temperature dependence of the 
ARPES signal parallels the evolution of the spin susceptibility, which 
reflects the progressive opening of a fluctuation-induced pseudogap in 
the metallic phase [61, 79] 

Examples of spectral changes induced by transitions to ordered ground 
states have been observed in several ID systems, including Peierls com- 
pounds like NbSes [80], the Mott-Hubbard system BaVS^ [81], and 
the (possibly SDW) compound Lip.gMoeOir [37]. Organic materi- 
als like the {DCNQI) - Cu salts [82, 83], TTF - TCNQ [14, 67] 
and the Bechgaard salt {TMTSF)ClOi [84] also exhibit characteristic 
temperature-dependent spectral changes. More recently, spectral signa- 
tures of a Peierls transition, were also observed in an artificial ID sys- 
tem consisting of self- assembled In chains at the Si(lll) surface [85, 86]. 
The ARPES spectra show typical ID dispersions and lineshapes, and a 
temperature-dependent shift of the intensity at the Fermi surface ana- 
logous to that observed in single crystal samples. 

These clear spectral signatures of metal-non metal transitions in ID 
systems confirm that the electronic structure is modified in the broken- 
symmetry states. They also prove that photoemission is sensitive to 
these changes, and is therefore potentially a powerful probe of the in- 
teractions that lead to the instabilities, and of the nature of the ground 
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state. However, one should not forget that the spectra cannot be de- 
scribed by a simple mean-field approach, neither in the metallic nor 
in the insulating phases, and that the agreement between theory and 
experiment is not substantially improved even by the inclusion of fluc- 
tuations. The following section describes a possible alternative scenario 
which overcomes these difficulties. 

6. A polaronic scenario 

The results presented in the previous sections have shown that in 
ID systems there is no direct relation between the QP energy and the 
position of the ARPES peak. Temperature-dependent data like those 
of Fig. 5.15 show that the extrapolated leading edge of the spectrum at 
k=kp coincides with Ep in the metallic phase, and with the edge of 
the energy gap below Tp. It is therefore tempting to identify, for all 
wavevectors, the QP energy with the ARPES leading edge. Clearly the 
properties of such QPs must be peculiar. The unusual spectral lineshape, 
the vanishingly small coherent intensity, and the broad lorentzian MDCs, 
all point to strong interactions and rapid QP decay through scattering. 
In particular, the QP coherence length is quite short {I = (Afc)“^ ~ 
0.1 A) for both {TaSeA 2 l and Kq^^MoO^. As discussed in Section 
2, interations progressively move spectral weight from the coherent QP 
peak, to the incoherent part of the spectrum, at energies which can be 
much larger than the QP energy. 

The properties of Peierls systems are shaped by the interaction 
between electrons and the lattice, which leads to the ordered CDW 
ground state. The problem of determining the spectral properties of 
a dense electron system under the effect of strong electron-phonon scat- 
tering is notoriously difficult [87]. Several aspects and limiting cases of 
this problem have been discussed in the literature [88, 89, 90, 91] but the 
theoretical results cannot be directly compared with an ARPES exper- 
iment. Physical insight is gained by considering the much simpler and 
exactly soluble case of a single electron coupled to a harmonic oscillator 
of frequency H [34]. The spectrum (Fig. 16) exhibits a progression of 
peaks equally spaced by the energy fiVt. The highest energy (the ‘zero 
phonon’ or adiabatic peak) corresponds to a transition between the low- 
est energy configurations of the initial and final states. The remaining 
peaks are energy losses, i.e. transitions where the oscillator is left in 
an excited state. The whole spectrum has a poissonian envelope, with 
a maximum at E ~ {n)hQ, where (n) is the average number of vibra- 
tions present in the ground state. This lineshape describes quite well 
the spectra of diatomic molecules [92] . 
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In a solid, the ‘zero-phonon’ peak becomes the coherent QP peak, and 
the coupling to the continuous phonon spectrum forbids the observation 
of the discrete satellite progression. As the strength of the coupling to 
the oscillator increases, more and more spectral weight is moved from 
the coherent to the incoherent part of the spectrum and the poissonian 
envelope evolves into a gaussian lineshape. The situation illustrated in 
the figure corresponds to this strong coupling limit: the very weak QP 
peak is hidden at the leading edge of the gaussian spectrum. In this 
limit the QP is quite different from a bare electron. It can be described 
as a small polaron, i.e. an electron heavily dressed by phonons, which 
moves coherently with the local lattice deformation. 




Figure 5.16. {Left) ARPES spectral function of an electron coupled to a harmonic 
oscillator in the strong coupling limit. The envelope is gaussian. {Right) The spectrum 
of {TaSe/i)^! is well described by the sum of two ‘polaronic’ gaussian lineshapes. 
From Ref. 62. 



Figure 5.16 shows a fit to the spectrum of {TaSe^ 2 l which uses two 
gaussian ‘polaronic’ lineashapes [60], representing the bonding and an- 
tibonding band states predicted by band structure calculations [21] . In 
the polaronic scenario, the peak of each gaussian component simply fol- 
lows the QP dispersion, and is therefore only indirectly related to the 
QP energy. The peak-onset energy separation contains information on 
the structure of the phonon cloud via the relation /S.E = {n)fiQ. For 
both {TaSei) 2 l and K 0 3 M 0 O 3 this analysis yields (n) ~ 10 , with a 
rather large uncertainty reflecting the poor knowledge of which phonon 
modes are the most relevant. The electrons are therefore heavily dressed, 
and their masses are strongly renormalized. This is consistent with an 
analysis of the optical conductivity which yields effective masses 30-40 
times larger than the band values [21]. The vanishing coherent ARPES 
intensity is the most direct manifestation of the strong renormalization. 
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Such heavy carriers may seem to be incompatible with the broad 
bands (~ 1 eV, see Fig. 5.5) seen in the ARPES experiments, but the 
contradiction is only apparent. Again, to interpret the ARPES spectra 
it is necessary to distinguish between eigenvalues and spectral weight, 
as discussed in section 2. The experimental dispersion represents the 
distribution of spectral weight over a dense family of extremely narrow 
polaronic bands. The same physical situation can be described from a 
different but equivalent point of view which emphasizes the photoemis- 
sion final state [93] . The istantaneous creation of a photoelectron intro- 
duces a hole in a frozen lattice. This hole could disperse in the unrelaxed 
lattice with a bandwidth corresponding to that of a band structure cal- 
culation, but it is rapidly slowed down as the lattice relaxes around it 
and the polaron is formed. Experiments which probe the response of 
the hole in the time domain measure a QP group velocity two orders of 
magnitude smaller than the velocity derived from the ARPES bands [94] , 
supporting the polaronic picture. A similar polaronic scenario may de- 
scribe the properties of the colossal magnetoresistance manganites [95], 
but the effect of strong e-ph interactions seems to be especially dramatic 
and pervasive in ID. 

The polaronic scenario has an interesting corollary with possible con- 
sequences on the search for non-conventional correlated states in ID. 
The typical spectral signatures of spin-charge separation (Fig. 5.10) are 
confined to energies close to the ARPES leading edge, and it can be 
assumed that the combined spectral weights of the spinon and holon 
branches would be commensurate with the (weak) coherent QP weight 
of the polaron model. In the strong coupling limit, the spectrum essen- 
tially reflects the e-ph interaction, and the Luttinger features would be 
exceedingly weak and hard to observe. Spectroscopic investigations of 
spin-charge separation should therefore primarily target materials with 
dominant electronic correlations and weak e-ph coupling, with SDW or 
Mott-insulator ground states, rather than on Peierls systems. 

7. Conclusions 

One decade of intense spectroscopic investigations of ID systems has 
produced many exciting results, and raised several still open questions. 
The surprising results of the first pioneering experiments have been con- 
firmed with greater accuracy, and considerably extended. Some of these 
developments have been reviewed in this Chapter. 

We have verified the existence of bands with strong ID character and 
directly observed the predicted open Eermi surfaces. The data on one 
hand illustrate the effects of translational invariance on the electronic 
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states, postulated in elementary textbooks. At the same time, they re- 
veal the fundamental difference between the dispersion of a band struc- 
ture calculation and the real observable, the momentum distribution of 
spectral weight, which critically depends on the strength of the periodic 
potentials. 

High energy and momentum resolution data, and technical advances 
like the capability of collecting full energy-wavevector intensity maps, 
have allowed us to observe the spectral signatures of the transitions 
from the normal metallic states to the low-temperature broken symmetry 
phases. In particular, it has been possible to correlate the temperature- 
dependent removal of spectral weight in the vicinity of the Fermi surface 
with the onset of long-range order. 

The most peculiar and stimulating aspect of these results remains the 
observation, consistently verified on a variety of ID materials, of un- 
usual spectral lineshapes. The deep pseudogaps at the Fermi level and 
the absence of Fermi surface crossings, are clearly incompatible with the 
properties of conventional metals. These lineshapes suggest that strong 
and/or peculiar interactions are at work in these materials, although 
the spectral evidence for the Luttinger liquid predicted by theory, and 
discussed in other Chapters of this book, remains elusive. Signatures of 
spin-charge separation have been observed in insulating materials. The 
spectra of specific ID metallic compounds exhibit hints of the Luttinger 
phenomenology, but the interpretation of the parameters extracted from 
the spectra remains problematic. There is a growing consensus that the 
interpretation of the complex experimental data will require more real- 
istic models, which should take into account important elements like the 
real band structure, the influence of the underlying instabilities, and also 
extrinsic factors like surface-specific properties (relaxation, reconstruc- 
tion, non-stoichiometry) and defects. The strong spectroscopic evidence 
for strongly renormalized polaronic carriers demonstrates that an ap- 
propriate treatment of the electron-phonon interaction is mandatory, at 
least in Peierls systems. 

From the experimental point of view, the pace is limited by the 
available single crystals of sufficient quality and size. In this respect 
the recently demonstrated fabrication of one-dimensional ordered struc- 
tures could considerably broaden the scope of this research. Several 
laboratories are currently exploring surface and nanoscience technolo- 
gies which could be exploited to build novel artificial ID systems. One 
can only dream of the new opportunities offered by macroscopic arrays 
of identical nanotubes, or of self-assembled metal wires where the nature 
and strength of the intra-chain and of the substrate-mediated transverse 
interactions could be under the control of the investigator. These dreams 
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define some of the exciting scientific goals and of the major technical 
challenges for the next decade. 
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Abstract This Chapter reviews selected optical results on low dimensional sys- 
tems. It mainly focuses the attention on the linear chain Bechgaard 
salts, as representative systems of “real” one-dimensional materials. 
These results are discussed in connection with findings on other pro- 
totype one-dimensional compounds, like the ladders, and novel one- 
dimensional quantum wire, like the carbon nanotubes. We address a 
variety of relevant problems and concepts associated with the physics 
of an interacting electron gas in low dimensions, as non-Fermi liquid 
behaviour, dimensionality crossover, and specifically the appearance of 
the Luttinger liquid state. 



Keywords: optical properties, quasi one-dimensional systems 



1. Introduction 

The Fermi liquid (FL) theory is extremely general and robust, 
and has been one of the cornerstones of the theory of interacting 
electrons in metals for the last half century. The theory is based on 
the recognition that the low-lying excitations of an interacting electron 
system are in a one-to-one correspondence with those of the dilute gas 
of quasiparticles, only with renormalized energies [1]. FL theory has 
been thoroughly tested on a variety of materials and is usually valid 
in higher than one dimension (ID). For instance some Kondo systems 
(like the Heavy Electron materials) seems to generally fit into the 
Fermi liquid scenario [2]. One possible notable exception is the normal 
state of the two-dimensional (2D) copper oxide-based high-temperature 
superconductors (HTSC) [3, 4]. Recently, a great deal of interest 
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166 Strong interactions in low dimensions 

has been devoted to the possible breakdown of the FL framework in 
quasi-one dimensional materials. 

In a strictly ID interacting electron system, the FL state is replaced 
by a state where interactions play a crucial role, and which is generally 
referred to as a Luttinger liquid (LL). Various Chapters of this book 
deal with issues associated with the Physics in one dimension. Never- 
theless, a short repetition of some essential features seems us in order. 
The ID state predicted by the LL theory [5, 6, 7] is characterized by 
features such as spin-charge separation and the absence of a sharp 
edge in the momentum distribution function n{k) at the Fermi wave 
vector kp (i.e., of the fact that, in the Fermi liquid language, the 
renormalization factor Z 0 at kp)- The first immediate consequence 
of the absence of the discontinuity aX kp \n the momentum distribution 
function is the powerlaw behaviour of the density of states (DOS) 
p{io) ~| oj Y^{oj=Ep — E). The exponent a in this expression reflects 
the nature and strength of the interaction. The non-Fermi liquid nature 
of the LL is also manifested by the absence of single-electron-like 
quasiparticles and by the non-universal decay of the various correlation 
functions. Fortunately, well-defined techniques to treat such interac- 
tions exist in one dimension, and the physical properties of LL are 
theoretically well characterized and understood [8, 9, 10, 11, 12, 13]. 

Spectroscopic techniques are in general very useful in order to shed 
light on the microscopic electronic properties of a variety of materials, 
including obviously strongly correlated systems [2, 3, 4, 14]. Optical 
studies, in particular, gave a rather thorough insight into the ground- 
state properties of the quasi one-dimensional materials [15, 16]. Broken 
symmetry ground states, like charge (CDW) or spin (SDW) density wave 
as well as spin-Peierls, are characterized by clear optical signatures re- 
vealing the characteristic energy scales of the systems. Among the most 
important features we remind the collective excitations and the single 
particle gaps [15, 16]. Several review articles have been devoted to these 
issues, and in this respect Refs. [15, 16] should give a broad perspective. 
However, the direct experimental observation of the novel LL quantum 
state in real “quasi” one-dimensional materials is still very much de- 
bated. Because of the concepts mentioned above, we should limit here 
our discussion to the normal-state properties only, as emerged from the 
dynamics of the charge transport. 

This Chapter will be organized as follows: first we will address more 
specifically the motivation for applying optical techniques in the context 
of the physics in low dimensions. Second, we will present selected results 
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on the Bechgaard salts. The discussion will be devoted to the comparison 
between the experimental data and the theoretical scenarios, exploring 
alternative points of view for the physics of low dimensional systems. 
The conclusion will summarize the state-of-the-art as far as the optical 
response in low dimensions is concerned, flashing furthermore on the 
remaining open problems and future perspectives. 

It is hopeless to account in full length for the huge amount of work, 
both experimental and theoretical, recently performed in this vast field 
of research. Hard choices will be done, neglecting unfortunately several 
relevant contributions. This should not be considered as undermining 
those ideas and results but it is aimed to focus the attention on para- 
mount examples of ID materials and on a few selected issues as starting 
point for a debate, which is also partially covered by other Chapters of 
this book. 

1.1 Optical response in quasi-one dimensional 
systems 

On a general ground the LL, which describes gapless ID-fermion sys- 
tems, may be unstable towards the formation of a spin or a charge 
gap [12]. Spin gaps are obtained in microscopic ID models including 
electron-phonon coupling, and are relevant to the description of the nor- 
mal state of superconductors and Peierls (CDW) insulators [12]. The 
second instability, which concerns the one-dimensional chain-like sys- 
tems discussed here, is a more typical consequence of electronic cor- 
relations and leads to charge gaps. In passing, we shall mention that, 
strictly speaking, ID systems with one gapped channel, either charge 
or spin, do not belong to the universality class of the Luttinger model, 
but rather to that of the related Luther-Emery (LE) model [12]. Never- 
theless, the two models exhibit several common, typically ID features, 
like spin-charge separation [11]. At half filling, and more generally at 
commensurate values of band filling n = p/q (with p and q integers), the 
electron-electron interaction together with Umklapp scattering (which 
arises when the lattice periodicity is also involved [17]) drive the system 
to a Mott insulating state with a charge correlation gap Egap. 

Of course, real materials are only quasi-one-dimensional, and the 
interchain hopping integral (i.e., the charge transfer integral t±) is 
finite in the two transverse directions. In a very crude way, t± drives 
the delocalization of the charge carriers between parallel chains. It has 
been theoretically conjectured that such a delocalization can be viewed 
as an effective doping into the upper Hubbard band [18, 19], leading 
to deviations from the commensurate filling (which is insulating). 
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Therefore, by increasing t±_ there is a dimensionality crossover, which is 
accompanied by the evolution from a one-dimensional Mott insulator to 
a “doped” semiconductor. When t±_ is large enough so that t±_ > Egap, 
then it is energetically favorable for the charge carrier to hop between 
parallel chains [17, 20]. 

The measurement of the absorption spectrum is a suitable method in 
order to reveal the unusual nature of correlations in ID. Particularly, 
the optical properties collected at different polarizations of light allow 
disentangling the physics for anisotropic materials. There is an ample 
theoretical literature, which is hopeless to review here in great detail. 
We refer to another contribution in this book, which is a good starting 
point for a broad theoretical perspective [21]. As introduction to the the- 
oretical expectation for the electrodynamic response in one dimension, 
we briefly sketch the optical response as suggested by Ref. [17], which 
catches the essential features. Later in the discussion we will quote a few 
more interesting approaches, which are not necessarily sharing common 
points of view. 

For a strict one-dimensional Mott insulator, the charge correlation 
gap Egap^ corresponding to the excitation between the lower and upper 
Hubbard bands, appears as a standard squared root singularity in the 
charge excitation spectrum (i.e., in the real part of the optical con- 

ductivity (Fig. 6.1)). The scenario calculated for a doped one-dimensional 
Mott semiconductor consists of a Mott gap (as reminder of the original 
ID limit with Umklapp scattering process) and a zero-energy mode (i.e., 
theoretically a DS{uo) function at w = 0, representing the Drude reson- 
ance of the effective metallic contribution with scattering rate F = 0) 
for small doping levels (Fig. 6.1). The spectral weight D encountered 
in the “Drude resonance” is proportional to the effective charge dop- 
ing, induced by the interchain coupling t_\_, in the upper Hubbard band. 
Of course for the low-energy mode, this is an oversimplified view, since 
the interchain hopping makes the system two dimensional, and the low- 
energy feature is unlikely to be described by a simple one-dimensional 
theory [17, 20]. Because of the zero energy mode and the finite dc 
conductivity, the transition across the charge correlation gap is now a 
pseudogap excitation. Therefore, due to the deviation from the strict 
one-dimensional limit, such an excitation is no longer a singularity at 
Egap but rather a broad feature (Fig. 6.1). f_L becomes ineffective at high 
enough temperatures or frequencies. Consequently for T,uj ^ t± and 
T,(jj ^ Egap we expect the ID physics (i.e., the Mott insulating state) 
to be dominant. At such large energy scales for both ui and T, the 
warping of the Fermi surface, induced by t±, is neither relevant nor ob- 
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Figure 6.1. Optical conductivity of the Mott insulator and of the doped Mott semi- 
conductor [17]. The simple Drude behaviour is shown for comparison. 



servable. The theory predicts apowerlaw behaviour o'i(t(;)~t(;“'’'(Fig. 6.1) 
[12, 17, 20]. The exponent 7 is characteristic of the correlations domin- 
ating in the system. Consequences and implications of such a powerlaw 
behaviour on the intrinsic physical properties of quasi one-dimensional 
systems will be treated and further developed in the discussion. 

1.2 Low dimensional materials 

Nature has recently provided us with remarkable materials, which 
have considerably boosted the experimental and theoretical understand- 
ing of electrons with a dimensionality less than three. Low dimensional 
organic conductors (like, e.g., the quasi one-dimensional Bechgaard 
salt chain or the so-called quasi two-dimensional BEDT systems) 
can be described as having units of strongly linked molecules, which 
are chains and planes for one-dimensional (ID) and two-dimensional 
(2D) conductors, respectively, with weak interactions (i.e., t±) between 
the units. They thus form a three-dimensional lattice solid, but the 
electrons are confined either along one direction or within a plane. Nev- 
ertheless, at low temperatures, when ksT is smaller than t±, one should 
rather consider the low-dimensional conductor as a three-dimensional 
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anisotropic conductor [22, 23]. One can readily see that dimensionality 
crossovers should exist in real solids. 

The Bechgaard salts are linear chain compounds based on the or- 
ganic molecule tetramethyltetraselanofulvalene {TMTSF) and its sulfur 
analog tetramethyltetrathiafulvalene (TMTTF). Their composition is 
(TMTSF) 2 X or {TMTTF) 2 X, where X is a counterion such as Br, 
ReO/j^, ClOi, PFq and AsFq. There is a charge transfer of one electron 
to each of the counterions. The bandwidth is anisotropic and band struc- 
ture calculations lead to transfer integrals ta ~ 250 meV, R ~ 25 meV 
and tc ~ 1 rneV along the three crystallographic directions [22, 24]. The 
anisotropy of the dc resistivities is in good agreement with these values 
[22, 25, 26, 27]. 

Figure 6.2 displays our own resistivity results p{T) of the prototype 
Bechgaard salt compounds along the chain axis [25] whose optical 
properties will be primarily discussed here. There is a good agreement 
with the literature data [22, 26, 27]. The (TMTSF) 2 X salts have a 
clear metallic behaviour down to Tgow of 12 and 6 K for X = PFq 
and CIO/^, respectively, where the SDW phase transition takes place. 
The TMTTF salts, on the other hand, have a metal-insulator phase 
transition at Tp ~ 100 — 200 K. Such an insulating phase was ascribed 
to charge localization [22, 28]. Below temperatures of about 10 K, 
there is furthermore a spin-Peierls and a SDW phase transition for 
(T MTT F) 2 P Fq and {TMTTF) 2 Br, respectively [23, 29]. 

As stated in the introduction, the optical properties of the Bechgaard 
salts will be the main topic of the present review. Other low-dimensional 
systems attracted a lot of attention, as well. For instance, the discovery 
of high-temperature superconductivity raised renewed interest in low- 
dimensional quantum magnets [30]. In this respect, the antiferromag- 
netic 5 = 1/2 two-leg ladder systems have recently got much attention, 
because their properties are reminiscent of some encountered in the high- 
temperature superconducting cuprates [30]. Particularly, the layered 
cuprate Sri 4 -xCaxCu 2 i 04 i has been studied vigorously. Dagotto et al. 
first proposed that even-leg ladders have a spin liquid ground state with 
a spin gap and that doping (e.g., by Ca-substitution) into the spin lad- 
ders results in pairing of the doped holes [31]. Through hole-doping, the 
ground state should be either a charge density wave or superconducting 
[30, 31]. 

Recently novel prototype ID quantum wires, like carbon nanotubes 
and DNA, raised a lot of interest, as well. In the discussion we will 
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Figure 6.2. Temperature dependence of the dc resistivity of Bechgaard salts meas- 
ured along the chain axis [25]. The data are taken on our samples and are in agreement 
with previously published results [22, 26, 27]. 



return to these latter materials for well-targeted and focused comparison 
with the linear chain organic Bechgaard salts. 

2. Optical experiment and results 

By combining the results from different spectrometers in the mi- 
crowave, millimeter, submillimeter, infrared, visible and ultraviolet 
ranges, we have achieved the electrodynamic response over an ex- 
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tremely broad range (10“^ — 10 eV) [25, 32, 33]. At all frequencies up 
to and including the midinfrared, we placed the samples in an optical 
cryostat and measured the reflectivity as a function of temperature 
between 5 and 300 K. From 2x10“^ to 5 eV, the polarized reflectance 
measurements were performed, employing four spectrometers with 
overlapping frequency ranges; while in the microwave and millimeter 
wave spectral range, the spectra were obtained by the use of a resonant 
cavity perturbation technique [32, 33, 34], The full set of the optical 
functions, like the real part ui of the optical conductivity, was achieved 
by performing the Kramers-Kronig transformation of the reflectivity. 
Appropriate extrapolations of the spectra beyond the measured spectral 
range were performed [35]. 

Figure 6.3 summarizes the temperature dependence of the optical 
reflectivity R(co) along the different crystallographic directions, ob- 
tained on large single crystals of Bechgaard salts. As illustration, we 
present here data at selected temperatures for the (TMTTF) 2 Br and 
(TMTSF) 2 PFq salts. For both TMTTF and TMTSF salts there is a 
clear anisotropy of R{lv) between different polarization directions, which 
is also well represented by the different energy position of the plasma 
edge-like feature in R{uj), the plasma edge being the more or less sharp 
rise of R{lj) so that R{oj)^ 100% for u; ^ 0. Generally speaking, for 
both TMTTF and TMTSF salts at 300 K there is a metallic behaviour 
with a sharp plasma edge at about 1 eV along the a-axis (Fig. 6.3a), while 
along the b-axis (Fig. 6.3b) R{lv) corresponds to an overdamped metallic 
trend with the onset of the broad plasma edge at 0.2 eV. The two fam- 
ilies of Bechgaard salts differentiate more at low temperatures. On the 
one hand, the plasma edge of (TMTSF) 2 PFq along the chain a-axis at 
T ~ 20 A is more steeper than at 300 K and R{ui) rises at low energies 
(Fig. 6.3a). Along the b-axis for the TMTSF-hased salt, there is a clear 
crossover from an overdamped plasma edge at 300 K into a sharp one at 
20 A (Fig. 6.3b). On the other hand, for the TAfTTA salts, ^(w) at 20 A 
is insulating like along the a-axis (i.e., R{uj) ~ const, for a; ^ 0 (Fig. 
6.3a)) and is temperature independent along the b-axis (i.e., the plasma 
edge keeps also at 20 A its overdamped-like shape (Fig. 6.3b), as already 
seen at 300 A). Finally, along the c-axis R{uj) of the TMTSF compound 
(Fig. 6.3a) is insulating-like and temperature independent [25, 36]. 

Figure 6.4 displays the temperature dependence of the real part ai{uj) 
of the optical conductivity in different Bechgaard salts for Ajja, the 
chain direction. Part (a) and (b) show ai{uj) for the PFq and Br 
compounds of the TMTTF family, while part (c) displays cri(uj) for 
(TMTSF) 2 PFq. We can immediately remark that the temperature 
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Photcn Energy (eV) 



Figure 6.3. Optical reflectivity (a) along the a- and c-direction and (b) along the 
b-direction, for (TMTTF) 2 Br and (TMTSF) 2 PFe at T = 300 K and T = 2Q K. 
Note the logarithmic energy scale [33, 34, 36]. 

dependence of cri(u;) is quite important in all compounds, except in 
(TMTTF) 2 PFq (shown in Fig. 6.4 at lOii'only), which is a very poor 
conductor at 300 K and is basically in an insulating state at any other 
temperature [36]. The data presented here are in broad agreement 
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(cttr^) 

10 ° 10 ^ 10 ^ 10 ° 10 ^ 




Figure 6.4- On chain optical conductivity of (a) {TMTTF) 2 PFe, (b) {TMTTF) 2 Br, 
and (c) {TMTSF) 2 PFe at temperatures above the transitions to the broken sym- 
metry ground states. The arrows indicate the gaps observed by dielectric (e) response, 
dc resistivity and photoemission (ph). A simple Drude component is also shown in 
part (c). Note that photoemission measures the quantity ifgap/2, assuming that the 
Fermi level is in the middle of the gap [14, 25]. 



with previous, less detailed studies [37, 38, 39, 40], and they include 
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The optical conductivity of the TMTTF salts displays several ab- 
sorption features mostly ascribed to lattice vibrations (phonon modes), 
mainly due to the inter and intramolecular vibrations of the TMTTF 
unit. These vibrations can be even enhanced by the electron-phonon 
coupling [40]. The phonon modes are particularly observed in the 
TMTTF salts, because the screening by free electrons is less effective 
due to the insulating state at low temperatures. The identification of the 
charge gap {Egap, Fig. 6.1), based on the optical spectra, is not straight- 
forward, because of the large phonon activity. Thus, the results of other 
measurements were used. The gap values obtained for (TMTTF) 2 X 
with different techniques are displayed in Fig. 6.4. The dc conductivity 
as well as the low-temperature dielectric constant (e) measured at 100 
GHz are consistent with Egap = 87 and 50 meV for (T MTT E) 2 P Fq and 
(TMTTF) 2 Br, respectively [34, 41]. Therefore, the absorption in cJi(a;) 
near 99 meV for {TMTTF) 2 PFq is associated with Egap] this is also 
supported by the fact that this feature has the correct spectral weight 
[34], defined as: 

/ a\{oT)dio n/m 
Jo 

with ujc a cut-off frequency, n the charge carrier concentration and m the 
effective mass [35]. Similarly, for {TMTTF) 2 Br below 90 K (i.e., at T < 
Tp) there is the progressive disappearance of the spectral weight in FIR 
(i.e., uJc < 40 meV) with decreasing temperatures. The missing spectral 
weight mainly piles up at the gap feature around 50 meV. Moreover, the 
photoemission experiments suggest a gap of 0.2 eV for (TMTTF) 2 PEq 
and 60 meV for {TMTTE) 2 Br. Because the band is partially filled, 
the charge gap in both of the (TMTTF) 2 X salts is a correlation rather 
than a single-particle gap. 

The optical properties of the (TMTSF) 2 X analogs (Fig. 6.4c), for 
which the dc conductivity gives evidence for metallic behaviour down 
to low temperatures (just above the SDW phase transition at Tsdw)-, 
are markedly different from those of a simple metal. A well-defined 
absorption feature around 25 meV (later ascribed to the correlation 
pseudogap) and a zero-frequency mode [32, 33, 34, 42] are observed at 
low temperatures. The latter mode at low temperatures is narrower in 
{TMTSE)2CIOa (not shown here) than in {TMTSE)2PEq [34]. The 
combined spectral weight of the two modes is in full agreement with the 
known carrier concentration of 1.4x10^^ cm~^ and a band mass that is 
very close to the free electron mass [22]. For both {TMTSE) 2 X salts, 
the zero-frequency mode has small spectral weight on the order of 1% 
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of the total weight, obtained by integrating £ 11 ( 0 ;) up to Wc ~ 1 eV . 
Nevertheless, this mode is responsible for the large metallic conductiv- 
ity. Figure 4c also indicates that the two components of clearly 

develop at low temperatures. In fact, there is a progressive narrowing 
of the effective metallic contribution to cJi(a;) as well as a piling up of 
spectral weight at the pseudogap feature with decreasing temperatures 
(Fig. 6.4c). Furthermore, the dc-limit of is in fair agreement with 

adc values from the transport data, as also confirmed by the so-called 
Hagen-Rubens extrapolation of our original absorption or reflectivity 
measurements (Fig. 6.3) [34, 35]. 

3. Discussion 

The optical response of the organic Bechgaard salts (Fig. 6.3 and 4) is 
mainly characterized by the gap-like feature (i.e., a finite energy mode) 
in all compounds and by the narrow zero frequency mode, which only 
appears in the (TMTSF) salts. In both cases, due to full charge transfer 
from the organic molecule to the counter ions, the TMTTF or TMTSF 
stacks have a quarter- filled hole band. There is also a moderate dimeriz- 
ation, which is somewhat more significant for the TMTTF family [22]. 
Therefore, depending on the importance of this dimerization, the band 
can be described as either half- filled (for a strong dimerization effect) or 
quarter- filled (for weak dimerization). Due to the commensurate filling, 
a strictly one-dimensional Luttinger liquid with Umklapp scattering ef- 
fects transforms into a Mott insulating state (Fig. 6.1), which is domin- 
ated by the charge correlation gap excitation. Indeed, the {T MTT F)- 2 X 
salts, with X = PFq or Br, are insulators at low temperatures [22] with 
a substantial (Mott) charge gap (Fig. 6.4a-b). For these compounds 
the correlation gap Egap is so large that the interchain hopping (t±) is 
not relevant. Charge carrier hopping on parallel chains is here strongly 
suppressed leading to a truly ID insulating phase [17, 20]. In analogy 
to the TMTTF salts, the strong FIR excitation of the TMTSF salts 
(Fig. 6.4c) is ascribed, within the scenario depicted in Fig. 6.1, to the 
so-called pseudo charge correlation gap. The existence of a gap feature 
in the metallic state, containing nearly all of the spectral weight, is at 
first sight similar to what is expected for a band-crossing transition for 
simple semiconductors, which would result in a semimetallic state. 

The nearly temperature-independent magnetic susceptibility, which 
gives strong evidence for a gapless spin excitation spectrum (this has 
often been interpreted as a Pauli susceptibility or as the susceptibility 
due to a large exchange interaction) [22], demonstrates that the state 
is not a simple semimetal. The existence of a gap, or pseudogap in 
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the charge excitations (Fig. 6.4) with the absence of a gap for spin 
excitations, indicates spin-charge separation in the metallic state. This 
spin-charge separation is, however, distinct from that of a ID LL, 
in which both excitations are gapless but have different dispersion 
velocities. Here, it is the Umklapp scattering, which leads to gapped 
charge excitations. 

The narrow zero-energy mode seen in the spectra of the TMTSF 
family at low frequencies (Fig. 6.4c) is the experimental optical fingerprint 
of the theoretically predicted Drude peak (Fig. 6.1) for the quasi two- 
dimensional Mott semiconductor [17, 20]. Such a peak contains only 1% 
of the carriers (i.e., 1% of the total spectral weight). Although no real 
doping exists from a chemistry point of view, the narrow Drude peak 
originates from deviations of commensurability due to the interchain 
coupling (t±). If fj_(~ tb) between chains is relevant (i.e., t± > Egap), 
small deviations from commensurate filling due to the warping of the 
Fermi surface exist, and should lead to effects equivalent to real doping 
on a single chain. 

Hall effect measurements should give in principle an alternative 
experimental point of view on the issue of the small spectral weight 
encountered in the zero energy mode. There are two sets of data, which 
appeared simultaneously [43, 44]. However, the Hall constant was not 
measured in the same magnetic field configuration, making a direct 
comparison between the two experiments less straightforward. On 
the one hand, Moser et al. found characteristic power-law behaviours 
in agreement with transport and optical finding (see below), which 
were interpreted as a possible manifestation of LL state [44]. On 
the other hand, Mihaly et al. does not invoke the LL framework 
and suggest a rather conventional Fermi liquid scenario [43]. This 
is based on the finding that the Hall constant is not enhanced as it 
would be expected by the anomalously small spectral weight in the 
narrow zero energy mode of the optical conductivity (Fig. 6.4c). Their 
charge carrier concentration is consistent with the total spectral weight 
estimation up to 1 eV in the optical conductivity and agrees with 
the chemical counting. Nevertheless, they do not exclude a LL state 
at large temperature or energy scale (i.e., T > 400 K), where indeed 
the ID limit is fully recovered [43]. It remains to be seen how one 
can reconcile the Hall effect conclusion with the fact that from optics 
only a 1% fraction of the total spectral weight is effectively involved 
in the charge dynamics at low energies and the remaining amount of 
spectral weight is associated with finite energy excitations. This is a 
puzzle which awaits new theoretical thoughts about the Hall effect in 
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one-dimension [13, 20]. 

The zero energy mode and the characteristic charge correlation 
(pseudo) gap in the optical conductivity raised quite a bit of in- 
terest among the theorists. For instance, the expression “infrared 
puzzle” was specifically coined in order to address the small amount 
of spectral weight in the zero-energy mode. This latter feature as 
well as the other experimental findings, presented here, led to a 
variety of approaches, mainly based on the Mott-Hubbard model 
[17, 20, 45, 46, 47, 48, 49, 50, 51]. The fundamental problem of the 
conductivity in one-dimensional systems and quantum wires has been 
also addressed from a general perspective in Refs. [52, 53, 54, 55]. Space 
limitation does not allow a thorough discussion of those theoretical 
ideas. We shall just mention that various experimental features can be 
reproduced reasonably well. For complementary theoretical discussions 
we refer to other contributions in the book [11, 13, 21]. 

We now look more carefully to the high frequency tail of the charge 
correlation (pseudo) gap (Fig. 6.4). Figure 6.5 shows the frequency depend- 
ence of the optical conductivity of the finite energy mode (charge gap) 
in the (TMTSF) 2 X salts in a log-log representation where the optical 
conductivity and photon energy were normalized by the maximum value 
CTpeak and energy of the gap resonance ujpeak, respectively. We clearly 
observe a well distinguishable and characteristic power-law behaviour. 
There is a direct relation to the theoretical expectation. Indeed, at fre- 
quencies greater than t±, the interchain electron transfer is irrelevant 
and calculations based on the ID Hubbard model should be appropriate 
[17, 20]. The theoretical expectation (Fig. 6.1) consists in a powerlaw of 
the frequency-dependent optical conductivity cJi(u;)~a;“''' for frequencies 
greater than t± and Egap but less than the on-chain bandwidth 4ta- The 
theory also predicts that the exponent 7 = 5 — 4n^Kp, Kp being the so- 
called Luttinger liquid parameter and h the degree of commensurability 
[12, 17, 20]. Our results for X = PFg, AsF^ and CIO 4 are consistent 
with an exponent 7=1.3 [25, 33]. 

The results on the powerlaw behaviour are very robust and allow 
us to discriminate among different regimes and type of correlations. 
Optical data collected on {TMTSF) 2 ReOi are, in this respect, quite 
compelling [56]. A Peierls system with dominant CDW correlations, like 
{TMTSF) 2 Re 04 , belongs to the universality class of the LE model [12]. 
The high frequency tail of the gap feature at 200 meV, displayed in Fig. 
5 at 10 K, below the Peierls transition at 180 K, deserves a special at- 
tention. At photon energies much larger than the energy scale set by 
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Figure 6.5. The frequency dependence of the optical conductivity in the spectral 
range of the hnite energy mode (charge gap) in the {TMTSF) 2 X salts. The maximum 
value of (Ti(a;) and the frequency, where the maximum occurs, of the charge gap 
are represented by ap^ak and Wpeafc, respectively. The solid line is the powerlaw 
<Ti(a))~a; with 7=1.3 (for X = PFq, AsFq and CIO a) and 7=1.9 (for X — RcOa) 
[33, 34, 56]. 



the transverse charge transfer integral t±_ (~ 10 meV for the ReO^ salt), 
7 ~ 3 for a rigid lattice with only Umklapp scattering off the single peri- 
odic potential [12, 57], as appropriate for a ID band insulator. When 
the coupling to phonons is also included, as in CDW systems, the theory 
predicts 7 ~ 2 [57]. The optical measurements on the ReO^ salt up to 
12 eV allow us to carefully search for such a power law behaviour, since 
the high frequency tail of the gap feature (between 200 meV and 1 eV) is 
not at all affected by the high frequency extrapolation necessary for the 
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Kramers-Kronig analysis. A fit of the optical conductivity at cu > Egap 
(Fig. 6.5) yields the exponent 7 = 1.9 at lOA (7 = 1.7 at 300 AT, not 
shown here) [56]. This value is in good agreement with the predictions 
(7 ~ 2) of the LE scenario. Furthermore, 7 ~ 2 is considerably different 
from the value 7 = 1.3 found for other {TMTSF) 2 X {X=PFq, AsFq 
and CIO 4 ) salts (Fig. 6.5). 7 = 1 . 3 corresponds in fact to the regime of the 
LL (or LE liquid), where strong and long-range electronic correlations 
dominate. 

Due to the apparent contradiction of having a rather large (Mott) 
correlation gap (~ 12 meV) and a good metallic dc conductivity in 
the TMTSF family (Fig. 4c), it was proposed that the finite energy 
mode in £ 71 ( 0 ;) is due to the dimerization gap Adim [40, 58]. This 
would be the case for an extremely strong (nearly infinite) repulsion, 
with the quarter-filled band being transformed into a half-filled band 
of (nearly noninteracting) spinless fermions. It was then argued that 
the real charge gap Egap should be smaller, of the order of 50 K 
[58]. Attributing the finite energy mode in cJi(cu) to the dimerization 
gap, it would imply that ~ for to » Adim-, as in a simple 

semiconductor. The observed power law with 7 ~ 1.3 (Fig. 6.5) differs 
significantly from this prediction [58], making such an interpretation of 
the data quite unlikely. 

The characteristic exponent 7 can in principle be used to obtain the 
Luttinger liquid parameter Ap, which controls the decay of all correla- 
tion functions [12, 17, 20, 33]. In our case and making the assumption 
that quarter-filled band Umklapp scattering (i.e., h = 2) is dominant 
in the TMTSF family, it then follows 7=5-16Ap and Kp ~ 0.23 [33], 
which is in reasonable agreement with photoemission [14, 25, 59, 60] and 
transport data [26, 61]. 

Angle integrated photoemission spectra of the TMTSF salts fam- 
ily were interpreted as fingerprint of the expected power law behaviour 
p{uj) ~j to in the density of states within the LL scenario [14, 25]. 
The exponent a reflects again the strength of the interactions, and is 
related to the fundamental charge correlation parameter Kp of the Lut- 
tinger model by the expression a={Kp -j- K~^ — 2)/4. An analysis of the 
experimental data yields Kp ~ 0.2 [14, 25, 59, 60, 62]. Nevertheless, a 
Luttinger (or Luther-Emery)-like interpretation for photoemission faces 
two main objections: the unexpectedly large value of a, and the absence 
of any k-dependence in the ARPES spectra [14]. 

As far as the transport results are concerned, the quarter filled 
Umklapp scattering scenario has been also confirmed by recent results 
of the dc resistivity collected along the chain a-axis and the least 
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conducting c-axis [26]. At high temperatures (i.e., in the ID limit) 
characteristic power law behaviours pc ~ ^ T are clearly 

identified, implying Kp ~ 0.2 [26]. These powerlaw behaviours are 
in agreement with the theory [17, 20, 61], as well as with the optical 
experiment. 

It is worth mentioning that Controzzi et al. [50] also work out the 
optical conductivity of one-dimensional Mott insulators on the basis of 
the exact solution of the Sine-Gordon model. At least at very large 
energies, where 3D effects are unimportant, they found a powerlaw be- 
haviour of with Kp ~ 0.2 [50]. Such a Kp would be consistent 

with the experimental data. However, Controzzi et al. also claim that 
the leading asymptotic behaviour of obtained in the perturbation 

theory is a good approximation only at extremely large frequencies [50] . 
The powerlaw in found experimentally (Fig. 6.5), remains then 

a rather astonishing feature, since it occurs in the spectral range just 
above Egap. 

There was also some discussion about the behaviour of £ 11 ( 0 ;) at 
(jj < Egap. Giamarchi conjectured a cu^-behaviour [17], which however 
has never been found experimentally [33, 34] and is not even substan- 
tiated by rigorous theoretical arguments. At frequencies smaller than 
the correlation gap there is the progressive crossover into a two- or even 
three-dimensional scenario, so that the estimated behaviour of cri(a;) 
based on purely ID model is no longer practicable. 

Even though optical investigations shed light on various types 
of correlations and in principle can discriminate among different 
power-law behaviours (Fig. 6.5) as fingerprint of the nature of the 
one-dimensional state, some results are still puzzling and not fully 
understood. For instance, the high frequency tail of the optical gap 
of the supposed truly one-dimensional insulator {NbSe 4 ) 3 l displays 
a power-law with exponent 7 ~ 4.25, as shown in Fig. 6.6 [63]. This 
exponent is distinctly different from what has been measured and 
predicted in other one-dimensional systems (Fig. 6.5). Importantly, the 
exponent here is also larger than the values 7 ~ 3, predicted for a 
rigid ID band insulator, or 7 ~ 2 when phonons are included [57], as 
observed in typical GDW systems like {TMTSE)- 2 Re 04 (Fig. 6.5). Such 
a discrepancy to standard models for ai{uj) is outside experimental 
uncertainties. The large exponent suggests that current relaxation 
involves a less efficient mechanism in (NbSe^)^! than those treated 
theoretically hitherto. Apparently, ID band insulators are not so 
well understood as might be assumed. In order to shed light on this 




182 



Strong interactions in low dimensions 




Photon Energy (eV) 



Figure 6.6. The optical conductivity of {NbSe 4 ,)zI at 300 K in the mid-infrared 
spectral range, showing the power-law behaviour at the high frequency tail of the 
optical gap [63]. Note the logarithmic scales. 



puzzle, it could be interesting to perform spectroscopic experiments 
on other well-known ID insulators. Obvious candidates are the in- 
sulating phases of Peierls systems, but also polymers, e.g., polyacetylene. 

The dimensionality crossover, induced by the increasing tj_(~ tg) upon 
pressure or by changing the chemistry (i.e., going from the TMTTF 
to the TMTSF family), is one of the central issues, when discussing 
the physics of low dimensional systems. There is a well-established or- 
der for t± among the four salts investigated. The (TMTTF) 2 X ana- 
logs are more anisotropic than the (TMTSF) 2 X ones [22]. The values 
of the transfer integrals along the crystallographic directions (i.e., ta, 
tg and tc) for both groups of salts are in broad agreement with tight- 
binding model calculations and with the trend indicated by the plasma 
frequency [23, 32, 33]. It is particularly instructive to compare Egap with 
tg. This is shown in Fig. 6.7 for the four measured Bechgaard salts. To 
arrive at a scale for tb, we took the calculated values as averages for 
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the {TMTSF) 2 X and {TMTTF) 2 X salts, respectively, and assumed 
that pressure changes tb in a linear fashion. The positions of the various 
salts along the horizontal axis of Fig. 6.7 reflect this choice [34], with 
pressure values taken from the literature [22, 23]. Such a scale has been 
widely used when discussing the broken symmetry ground states of these 
materials. 

The solid line in Fig. 6.7 represents the overall behaviour of the correl- 
ation gap (see also Fig. 6.4). Various experiments give slightly different 
values of the gap. This is probably due to the differences in the curvature 
of the band, which is scanned differently by different experiments, or due 
to the different spectral response functions involved. The decrease going 
from the (TMTTF) 2 X to the (TMTSF) 2 X analogs may represent vari- 
ous factors [45], such as the decreasing degree of dimerization and the 
slight increase in the bandwidth along the chain direction, as evidenced 
by the greater value of the plasma frequency measured along the chain 
direction in the (TMTSF) 2 X salts [34, 40]. The dotted line representing 
2tb (this is half the bandwidth perpendicular to the chains in the tight- 
binding approximation) crosses the full line displaying the behaviour 
of Egap between the salts exhibiting insulating and metallic behaviour, 
whereas the dotted line representing tb crosses the solid line between 
the two metallic salts. Therefore, the experiments strongly suggest that 
a crossover from a non-conducting to a conducting state occurs when 
the correlation gap exceeds the unrenormalized single particle transfer 
integral tb between the chains by a factor A (i.e., Egap = Atb), which is 
on the order of but somewhat greater than 1. 

Additional evidence for a pronounced qualitative difference between 
states with Atb < Egap and Atb > Egap is given by plasma frequency 
studies along the b direction (i.e., perpendicular to the chain). As 
shown in Fig. 6.3, there is no well-defined plasma frequency for the 
insulating state of the TMTTF salts, and we regard this as evidence 
for the confinement [64] of electrons on individual chains. In fact, the 
reflectivity has a temperature independent overdamped-like behaviour 
along the b-axis. Conversely, the electrons become deconfined as soon 
as Egap ~ Atb (Fig- 6.7). Such a deconfinement is manifested by the onset 
of a sharp plasma edge in the low-temperature reflectivity spectra of 
the TMTSE salts along the b-axis (Fig. 6.3) [34]. This conclusion is not 
entirely unexpected: a simple argument (the same as one would advance 
for a band-crossing transition for an uncorrelated band semiconductor) 
would suggest that to create an electron hole pair with the electron and 
hole residing on neighbouring chains, an energy comparable to the gap 
would be required. The confinment-deconfinment crossover by tuning 
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Figure 6.7. The pressure dependence of the (Mott) correlation gap, as established 
by different experimental methods, and of the transfer integral, perpendicular to the 
chains, th, for the Bechgaard salts [34]. The horizontal scale was derived with the 
results of pressure studies [16, 22, 23, 24]. 



t_L is indeed a dimensionality driven insulator-metal transition [34]. 

There are several fundamental unsolved problems about the dimen- 
sionality crossover, though. The major discrepancy between theory and 
experiment concerns the relevant energy scale governing such a dimen- 
sionality crossover. Indeed, various theories [64, 65, 66, 67, 68] sug- 
gest a strong renormalization of the relevant interchain transfer integral 
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~ “ with a = {Kp-\-Kp [ 66 ], for coupled Lut- 

tinger liquids. Kp extracted from the 7 exponent, discussed previously, 
would lead to unreasonably low values of substantially smaller than 
the bare t±_ ~ t\, estimated from the experiment and incompatible with 
the observed metallic behaviour in the TMTSF salts at low frequency 
[33, 34], Some of these studies [64, 65, 66 , 67], however, do not take 
into account the periodicity of the underlying lattice and the resulting 
Umklapp scattering. Such a scattering has a marked influence on the 
effect of interchain transfer. A renormalization group treatment [67] of 
two coupled Hubbard chains predicts a crossover between confinement 
(that is, no interchain single-electron charge transfer) and deconfine- 
ment, at Ath = Egap, with the value of A estimated to be between 1.8 
and 2.3, quite in agreement with the optical findings. A transition or 
crossover from an insulator to a metal has also been conjectured by 
Bourbonnais [ 68 ], on the basis of studies of arrays of coupled chains, 
where also Umklapp scattering has been taken into account. Discrep- 
ancies between theoretical predictions and experimental estimates are 
not totally surprising, if one considers that the experiment probes the 
transverse optical response over an energy scale of about 0.1 eV. At 
these energies, self-energy effects at the origin of the renormalization of 
t± may be irrelevant. It follows that from optics can be closer to 
the bare t±. In that sense, the onset of the transverse plasma edge as 
a function of (chemical) pressure may not coincide with the one found 
from low-energy probes like dc transport [26] and NMR [69]. 

We also note that, in the absence of pressure-dependent optical 
studies, it remains to be determined whether the onset of the transverse 
plasma edge [34] which was observed going from the (TMTTF) 2 X 
to (TMTSF) 2 X salts (Fig. 3), coincides with the insulator-to-metal 
transition found in transport [26] and nuclear magnetic resonance 
(NMR) measurements [69]. Although optical experiments under 
pressure are difficult to conduct, studies of the pressure dependence of 
the dielectric constant, combined with dc transport data, could clarify 
this issue. 

In order to broaden the perspectives on the dimensionality-crossover 
issue it is rather compelling to establish a comparison with the ladder 
cuprates. We want to argue that a similar behaviour occurs in the ladder 
systems, as well. The analogy between the Sri 4 -xCaxCu 2 A 04 \ ladder 
systems and the Bechgaard salts has been first pointed out by Mayaffre 
et al. in the course of transport and NMR investigations under pressure 
for the compound with x = 12 [70]. The degree of confinement of the 
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Figure 6.8. Optical reflectivity of Sru-xCaxCu^iOn single crystals at T — 300 K 
along the c- and a-axes for a; = 0 (a), * = 5 (b) and a; = 12 (c). Note the logarithmic 
energy scale [73]. 



carriers along the ladders could correlate with the size of the spin gap 
[31] : hole pairs are responsible for the conduction within the ladders as 
long as the magnetic forces can provide the binding of two holes on the 
same rung. The vanishing of the spin gap upon application of pressure 
[70] or its reduction upon Ca-substitution could thus be responsible for 
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the dissociation of the pairs making in turn the hopping (deconfinement) 
of the transverse (a-axis) single particle easier [71]. Therefore, pressure 
is believed to have an effect similar to that of the Ca-substitution and, 
similarly to the Bechgaard salts, might induce a change in the intrinsic 
dimensionality of the system. Ca-substitution can be regarded as a 
chemical pressure because of its smaller ionic radius, leading to the lat- 
tice contraction, and its major effect on the ladders is to increase the 
hole density [72]. Nagata et al. also suggest that the application of pres- 
sure on ladder systems triggers the dimensionality crossover from one 
to two due to the enhancement of interladder interactions [72]. There- 
fore, pressure is more important than doping since the increased pressure 
induces not only superconductivity but also coherent charge dynamics 
perpendicular to the ladders. 

The optical data on ladder cuprates (Fig. 6.8) support the above ar- 
guments about the analogy with the Bechgaard salts [73]. We observe 
that the increasing Ca-substitution induces the formation of a well de- 
veloped plasma edge feature in R{uj) along the c-axis. This is actually to 
be expected when the material undergoes small to large doping. From 
the spectral weight arguments similar to Ref. [74], the development of 
the plasma edge upon doping along the c-axis is the consequence of the 
transfer of holes from the Cu 02 chains’ reservoir to the ladder conduc- 
tion paths. The total spectral weight for x = 12, encountered in cJi(a;) 
for Cjjc up to approximately cUc ~ 1 eV but before the onset of interband 
transitions, corresponds to a plasma frequency of about 1 eV. By assum- 
ing the charge carrier mass equal to the free electron mass nie as in Ref. 
[74], we also obtain a hole density per ladder-Cu of about n rsj 0.2 [73]. 
However, the Drude weight ascribed to the effective metallic contribu- 
tion in ai{uj) at low frequencies (ca < 60 meV) corresponds to a plasma 
frequency of about 0.2 eV (for x = 12 and E\\c). This would suggest 
that either the free charge carriers have an effective mass of about 25me 
or alternatively that only a small fraction of holes nef / < n is effectively 
involved in the metallic contribution. Moreover, along the transverse 
direction (a-axis. Fig. 6.8) one can observe an increased metallicity upon 
doping, manifested by an incipient plasma edge development. This bears 
a remarkable similarity with the behaviour in Bechgaard salts (Fig. 6.3) 
and indicates a similar confinement-deconfinement crossover upon Ca- 
substitution [73]. 

4. Conclusion 

Optical data on the prototype linear chain Bechgaard salts reveal the 
peculiarity of the one-dimensional interacting electron gas response. The 
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unusual spectral features of the Bechgaard salts prove that these mater- 
ials are certainly not simple anisotropic band metals. Clear deviations 
from the Fermi liquid behaviour have been identified and several aspects 
hint to a possible manifestation of a Luttinger or Luther-Emery liquid 
in the normal phases [25, 26, 27]. Interestingly, different experiments 
and particularly different type of spectroscopies reveal such deviations 
on different energy scales. The characteristic energy scale in the op- 
tical conductivity data is the Mott-Hubbard gap, of about ~ 25 meV 
in {TMTSF)‘ 2 PFq. The salient feature of the photoemission spectra is 
the much larger (~ 10^ meV) pseudogap. Both techniques, on the other 
hand, point to a characteristic Luttinger parameter Kp ~ 0.2, and there- 
fore to strong, long-range ID correlations. Also, both the photoemission 
and optical data discriminate between the conducting TMTSF and the 
insulating TMTTF salts, with a reasonable agreement on the gap size 
of the latter [14]. 

Several issues concerning the electronic structure of these materials 
are still open, and it is not yet clear whether a comprehensive descrip- 
tion is possible within the existing theoretical scenarios. The optical 
response in TMTSF salts has been interpreted in terms of a dimen- 
sionality crossover induced by the interchain coupling t±. These results 
(Fig. 6.4c) account for a so-called incipient 2D Fermi liquid scenario [26] 
where a low energy 3D Fermi liquid behaviour (i.e., narrow zero energy 
mode) coexists with the high-energy (ID) LL state (i.e., powerlaw on 
the high frequency tail of the charge correlation pseudogap). More 
theoretical work is certainly necessary to put the analysis of the data 
on firmer ground. Also, it remains to be explained why theory predicts 
the confinement-deconfinement crossover when Egap is of the order 
of the renormalized transfer integral while experimentally the 

bare t± turns out to be the relevant energy scale. It seems that a 
theory of the dimensionality crossover in coupled Luttinger liquid that 
would be completely consistent with the present data is still lacking [50] . 

We would like to conclude this Chapter with an outlook on future 
perspectives. Very interesting in the field of low-dimensional systems 
are graphitic carbon needles, which have been discovered in carbon rods 
after an arc discharge by high-resolution transmission electron micro- 
scopy [75]. A needle typically consists of a few microtubules centered 
coaxially about the needle axis, and is hollow. A microtubule has the 
form of a rolled graphitic sheet with a diameter of a few nanometers. 
A lot of interest in such a new form of carbon is also associated to the 
possible and potentially interesting technical applications and uses. A 
partial list includes superstrong cables, wires for nanosized electronic 
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devices, charge-storage devices in batteries, and tiny electron guns for 
flat-screen television [76]. It is expected that the graphitic microtubules 
exhibit a variety of properties in electronic conduction, from a typical 
semiconductor to a good metal, depending on the tubule structure, i.e., 
chirality [77]. The tubule morphology suggests that these systems should 
represent a fascinating class of novel quasi-one-dimensional structures 
and can be considered as the ultimate realization of a one-dimensional 
quantum wire. The LL behaviour was also identified in these metallic 
single walled nanotubes (SWNT) [78]. Optical investigations, besides 
revealing the anisotropy of the charge dynamics [79], also display char- 
acteristic optical fingerprints of a quasi-one-dimensional system [80]. 

We also would like to mention another class of tubular structures 
consisting in the tungsten and molybdenum disulphide {W S ‘2 and 
M 0 S 2 ) materials [81]. Synthesis of such nanotubes made of atoms 
other than carbon may be possible and tubes as small as 15 nm 
have been found. The efficient synthesis of identical single wall 
M 0 S 2 nanotubes is expected to lead the way to the synthesis of 
the other related dichalgogenide systems, even in the sub-nanometer 
range. This will open new perspectives and will facilitate the invest- 
igation of truly single-tube properties and related quantum effects. 
Optical investigations will allow us understanding the still puzzling 
and in many respect controversial results on ID quantum wire in general. 

Finally, electronic excitations and motion of electric charges are well 
known to play a significant role in a wide range of macromolecules of 
biological interest, and long-range electron transfer may be possible for 
bio-polymers in general. In particular, electron transfer involving the 
DN A double helix is thought to be important in shaping its (biolo- 
gical) properties. In DN A transport or propagation of information, 
radiation damage and repair as well as biosynthesis seem to be governed 
and driven by electron transport. While DN A crystals are transparent 
insulators with a bandgap exceeding the visible energy range (corres- 
ponding to 2 eV), various experiments suggest that for DN A strands in 
a biological environment or in a solution the electron states are in gen- 
eral fundamentally different. Recent measurements suggest long-range 
and extremely rapid electron mediated interaction between donors and 
acceptors placed at various positions along the DN A helix with the im- 
plication that DN A can be viewed as a one-dimensional molecular wire. 
This notion is supported by recent measurements [82] of the dc current- 
voltage characteristics across individual DN A segments. An electrical 
conductivity of the order of 1000 (Dcm)“^ was inferred from the meas- 
urements - comparable or larger than the conductivity of many so-called 




190 



Strong interactions in low dimensions 



linear chain metals where the motion of electronic charges proceeds along 
one direction. These experiments were conducted at room temperature 
only and there are fundamental unresolved questions concerning con- 
tact effects and charge injection into the DN A helix in the course of the 
measurements [83] . To make the picture, if possible, even more confusing 
one just needs to quote recent controversial and contradictory reports in 
the literature, claiming a variety of transport phenomena [84, 85], even 
proximity induced superconductivity [86]. Optics, which is a well-known 
contacts-free experimental tool, is expected to play a leading role in ad- 
dressing the issue of the relevant energy scales and excitations, as well 
as scattering effects influencing the transport properties of DN A. This 
is left for the future. 
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Chapter 7 

OPTICAL CONDUCTIVITY AND 
CORRELATED ELECTRON PHYSICS 
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Abstract This article reviews the uses of optical conductivity, and in particular 
optical spectral weight in elucidating the physics of correlated electron 
physics. An introduction to the fundamental theoretical concepts is 
given, followed by a summary of results obtained on specific models and 
a discussion of available data. 

Keywords: Optical Conductivity; Correlated Electron Systems; High Temperature 
Superconductivity; Colossal Magnetoresistance; Heavy Fermion Com- 
ponnds 



1. Introduction 

The optical conductivity aab{q,co) is the linear response function re- 
lating the current, j, in the a direction to an applied transverse electric 
field, E, in the b direction: 

ja{q,ut) = aab{q,ut)Eb{q,uj) ( 7 . 1 ) 

One may approximately distinguish two kinds of optical processes: pro- 
motion of an electron from one orbital to another on the same ion (as in 
the Is ^ 2p hydrogenic transition familiar from elementary atomic phys- 
ics) or motion of an electron from one place in the sample to another. 
The latter contribution means that the conductivity contains informa- 
tion on the ease with which electrons may move through the solid, and 
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is of interest because the essence of the ’strong correlations’ problem is 
the interplay between the localizing effect of replusive electron-electron 
interactions and the delocalizing effect of wave function hybridization. 

To measure the conductivity one must apply a transverse electric field 
to the sample. For most frequencies of interest this may be accomplished 
by exposing the sample to electromagnetic radiation; indeed the conduct- 
ivity is usually inferred by exposing a material sample to electromagnetic 
radiation and measuring the resulting reflection and transmission prop- 
erties. The frequency scales of interest for ’correlated electron’ physics 
are typically several electron volts or less. At these frequencies the mag- 
netic field component of the incoming radiation is negligible and one may 
think of the applied radiation as corresponding to a transverse electric 
field only. Although electromagnetic fields are transverse in free space, 
a longitudinal component may be generated inside a solid. In most 
situations of present interest, the symmetry is such that this does not 
occur, and the possibility will be mostly be neglected here (an import- 
ant exception of current interest concerns ’bilayer plasmons’ in the c-axis 
conductivity of high-Tc materials; for a discussion and other references 
see e.g. [1]). Finally, the radiation wavelength is in almost all cases very 
large relative to any relevant length scale in the solid; thus one usually 
sets g ^ 0 and discusses a{uj). (Note that the crucial length scale is not 
the free space wavelength \ = cj but rather the penetration depth 

5 ~ \J\jioa [2] characterizing the decay of incident radiation inside the 
solid. In the ’correlated electron’ materials of interest the strong cor- 
relations themselves constrain the motion of electrons, leading normally 
to a small conductivity and thus to a sufficiently long b that one may 
neglect the spatial variation of the field inside the solid). 

We henceforth consider the q ^ 0 limit, introducing the vector po- 
tential A by writing E{(jj) = ^ A {uj)\ 

= (7.2) 

lujc 

This paper will review the theory of (with particular emphasis on 
sum rules), show how measurements of a have been used to elucidate 
some aspects of the physics of presently interesting materials includ- 
ing high-Tc cuprates and the ’colossal’ magnetoresistance manganites, 
outline some open issues and mention desirable improvements in exper- 
imental technique. Almost all of the specific results presented may be 
found in the literature somewhere, but I hope a unified presentation will 
be useful. The reader’s attention is also drawn to Chapter 8, which 
treats the optical conductivity of high-Tc superconductors and touches 
on many of issues considered here. 




Optical conductivity and correlated electron physics 



197 



2. Theory 

2.1 Fundamental definitions 

2.1.1 Basics. We are interested in the current induced in a 
system to a transverse applied electric field. To compute this one needs 
a Hamiltonian and a coupling to the electric field. The most fundamental 
Hamiltonian and coupling one would write is 

^ ^ + Hel-ion + + Hion (7.3) 

where is the electron field operator, m is the electron mass, and we 
include electron-ion and electron-electron interations. We have not writ- 
ten the coupling of the electric field to the ions explicitly because the 
very large (relative to m) ion mass means that at any reasonable electron 
density the ion contribution to a is negligible (exceptions can occur for 
materials with a very strong electronic anisotropy: the c-axis conduct- 
ivity of high-Tc materials is an important example). The way the vector 
potential enters is dictated by gauge invariance. 

The electrical current density operator j is defined in general as 

_ c 5H 

^ V 5I 

where V is the volume of the sample. From Eqs (7.3), (7.4) one finds 
the familiar expression 



(7.4) 



j = [ (fr(—('ip*{r)Vil!{r) — {V'tp*{r))'ip{r)] — — Atp*{r)'tp{r) 
\ m \ ) me 



and then using the usual Kubo formulae for linear response along with 
the relation between E and A gives [3] 

= (7.6) 

m[io + ie) (jj + i£ 



where the current-current correlation function y may be written in terms 
of the exact eigenstates |n), energies En and partition function Z as 



( \ {n\jb\m){m\jg\n) 

^ ^ ^ Z _U) — {Em — En) + is U) + {Em ~ En) + _ 

(7.7) 

The first term in Eq (7.7) comes from the term proportional to A in Eq 
(7.6) and the relation n = y f d^r{ip*{r)ip{r)) (the () denotes thermal 
and quantal expectation value) has been used. 
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The conductivity is a causal function with real (ex') and imaginary 
{<7") parts. The real part corresponds to transitions in which energy 
is absorbed or removed. The real and imaginary parts are related by 
a Kramers-Kronig relation which may be written (V denotes principal 
part) 



a 



n 




dx ^ a'ix) 
-p \-L 

7T UJ — X 



(7.8) 



2.1.2 Charge Stiffness. The position, i?, of a charged particle 
which is freely accelerated by a spatially uniform electric field E obeys 
the equation of motion 

= eE (7.9) 

so after Fourier transformation on time the current j = edR/dt carried 
by a density n of such particles becomes 



me 



3 = 



m{uj + ie) 



E = ne^ 



( 7 \ 



P I — I + 

\u)m J m 



E 



(7.10) 



In other words, particles which may be freely accelerated by an applied 
field lead to a delta function contribution to the real part of the con- 
ductivity. 

One may write in general 



+ 4eg,afe(^) (7-H) 

[to l£) " 

where lim^^j^o ‘^c’'reg(‘^) = 0. The quantity D is the Drude weight or 
charge stiffness and is defined by this equation. Comparison to Eq 
(7.10) shows that D measures the ability of the electrons in a given 
system to freely accelerate in an applied electric field. 

In a system without translation invariance (e.g. a disordered system), 
D = 0. In a system with at least a discrete translation invariance (e.g. 
electrons in an ideal periodic lattice) at T = 0 (so there is no thermally 
induced disorder), one may have H 7 ^ 0 (in which case one has a metallic 
ground state); or H = 0 (in which case one has a non-metallic ground 
state). This classification of metals and insulators in perfectly transla- 
tion invariant environments is due to Kohn [4]. The quantity D is the 
order parameter characterizing the metallic state (in a clean system) and 
one may think of a Mott transition [5] as driving D to 0. 
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From the Kubo formula, Eq (7.6) one obtains the fundamental ex- 
pression 



Dab 



n 

m 



e r (n|jg|m)(m|jfc|n) 
„ ™ ^ . (Dm — En) 



{n\jb\m){m\jg\n) 
{Em En) 



(7.12) 



Kohn [4] introduced a very useful alternative expression. Diagonalize 
the D tensor and consider a system which is periodic, with period L, 
in a direction corresponding to a principal axis of D. The system then 
has the topology of a torus. Introduce a flux 4> through this torus and 
compute the change in ground state energy Eq. Because the flux may 
be represented by a vector potential = 4>/L one finds 

= (ri3) 

This expression is useful for numerical computations on finite lattices, 
and also for certain formal develoments given below. It may also be 
extended to non-zero temperatures by consideration of the change in 
free energy with respect to </> [6]. A comment however is in order: the 
derivative in Eq (7.13) is defined in terms of the difference in ground 
state energies Eq{A<P) — Eq{0). In order for this to make sense the 
change A(p must be small enough that no level crossings occur. In a 
typical d— dimensional non-superfluid system, the spacing between low- 
lying levels is of order AE ~ so one requires a A(f>{l/{DL'^~^). In 
d = 1 a A(f> of order unity may be used to obtain energy differences 
numerically; in d > 1 the maximum permissible A(p vanishes rapidly as 
system size increases. Remarkably the D defined in this manner is still 
relevant to physical properties. Eor further discussion, see [7] . 

Of course, a real system never has perfect translation invariance. In 
a non-superfluid system the presence of weak breaking of translation in- 
variance (for example from a low density of imperfections in the crystal) , 
leads to a broadening of the delta function; typically into a Lorentzian, 
with area given approximately by D and width given by the residual 
scattering rate. If the residual scattering is small, the Lorentzian is 
reasonably well defined (although there is always some ambiguity about 
continuing it into cr(g^) and its area may be found approximately. As 
the residual scattering increases, the ambiguities increase. A schematic 
representation of the conductivity is shown in Eig. (7.1). 



2.1.3 Extended Drude Parametrization. We have seen 

that scattering processes (due for example to electron-impurity, electron- 
electron and electron-phonon scattering) may broaden the delta func- 
tion of a non-superconducting metal. Eor example, the familiar ’Drude’ 
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approximation [8] leads for noninteracting electrons in the presence of 
static, impurity scattering to 



^ drudeiy^') 



e^D 

—iiv + r 



(7.14) 



with r a scattering rate and D equal to that of the pure system, up to 
corrections of order (T/D)^. This familiar form motivates the widely 
used ’extended drude’ parametrization of the conductivity, namely 



a{uj) 



e^D 

— i(l + A(a;))u; + r(u;) 



(7.15) 



with frequency dependent scattering rate r(u;) and ’mass enhancement’ 
A((u) defined via 



r(t(;) = 

1 + X{ui) = 



Drude 




Figure 7.1. Qualitative representation 
ductivity of ’typical’ solid, showing i 
(’Drude’) and interband transitions. 

the frequency range of interest. For 
plication of ’extended drude’ ideas to 
conductors, see [9] 



Re [cj(a;) (7-16) 

Im [cj(t(;)“^] (7-17) 

Note that because a~^ is 
the response function yielding 
the field induced by an ap- 
plied current, it is causal, im- 
plying that r and A are re- 
lated by a Kramers-Kronig re- 
lation. Extraction of the mag- 
nitude of r and A from data 
requires a choice for D but the 
functional form is independent 
of D. Finally, it is important 
to be aware that although F 
and A are always well defined, 
their interpretation in terms of 
scattering and mass renormal- 
ization depends crucially on 
con- pj^ysical assumptions, in par- 
ticular that interband trans- 
itions do not contribute appre- 
ciably to the conductivity in 
a detailed discussion of the ap- 
high-temperature cuprate super- 
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2.2 Spectral Weights and Sum Rules 

2.2.1 Definition and f-sum rule. Spectral weight K is 

(2/tt) times the integral of the real part of the conductivity over some 
frequency range: 

K{n) = r —a'{iv) (7.18) 

Jo ^ 

Taking the uo ^ oo limit of Eq (7.8) and using Eqs (7.6), (7.7) yields the 
familiar f-sum rule for the total spectral weight in the conductivity: 



2 

ne 

m 



K{oo) 




2duj 

7T 



a\uj) 



(7.19) 



This derivation, due to Kohn [4], shows that the f-sum rule follows 
directly from causality and gauge invariance, and does not depend on 
boundary conditions or anything else. It is thus completely general, but 
in the solid state physics context not particularly useful, because the 
integral must be taken over all frequencies, so the conductivity integral 
on the right hand side of Eq. (7.19) includes transitions from deep core 
levels to very high lying continuum levels while the quantitiy n is the 
total density of all electrons in the solid. Eurther, the generality of the 
sum rule means that it contains no information about the specifics of 
the system (for example, about what makes high- Tc materials different 
from silicon). Important system-specific questions include ’how is the 
spectral weight distributed in frequency?’ and ’how does the distribution 
of spectral weight change when temperature or other parameters vary?’. 



2.2.2 Down-folded models and restricted sum rules. In 

condensed matter physics one usually does not wish to deal with the full 
complexity of a solid. Rather, one deals with an ’’effective” or ’’down- 
folded” model which focusses on a (typically low energy) subset of the 
degrees of freedom. One obtains this model (at least notionally) by 
integrating out the other degrees of freedom in the solid. One widely 
used example (especially common in studies of transition metal oxides) 
is the ’tight binding -|- interactions model’. In many transition metal 
oxides, band theory suggests that the electronic states of interest lie in 
relatively narrow bands reasonably well separated from other bands. In 
this case it is reasonable to model the bands of interest via 

^ = - + H.c.) + H,nt (7.20) 

i,S 

Here i denotes sites on a lattice, 5 denotes a displacement connecting 
two lattice sites and a, b denote orbitals of electrons on a given site. The 
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hopping matrix elements are often estimated from fits to a band 

theory calculation or, more correctly, from a down-folding procedure ap- 
plied to a band calculation [10] and Hint denotes interactions of various 
sorts. Such models are more amenable to theoretical analysis than is the 
full Hamiltonian, Eq. (7.3). In most cases of physical interest t is neg- 
ligible if 5 is greater than one or two lattice constants. It is important 
to remember that interactions not included in conventional band cal- 
culations may in principle affect the values and indeed the form of the 
hopping part of the Hamiltonian. This issue has not been thoroughly 
studied, and in practice the procedure of obtaining hopping parameters 
from band theory and adding interactions is almost universally adopted. 

To determine the optical conductivity of such models one requires a 
means of coupling an electromagnetic field to the model. The coupling 
usually adopted is the Peierls substitution t{5) This fol- 

lows from the combined assumptions of gauge invariance and reasonably 
spatially localized wave functions, so that in the presence of a slowly 
spatially varying electromagnetic field one has cf cfe^^ »A di_ 
must also assume that Hint involves only density-density (charge or spin) 
interactions, so that it is trivially gauge invariant. This assumption has 
been questioned by Hirsch [11] who argues that ’occupation modulated 
hopping’ terms of the form cf Cj{ni nj) are important. These terms 

have not so far been much studied by other workers. 

The Peierls assumption implies that the only important optical pro- 
cesses are those which move an electron from one site in the crystal to 
another. If there are optically allowed transitions between orbitals on 
the same site (e.g. the familiar hydrogenic Is ^ 2p transition), these 
must be added separately. 

Once an A dependence is determined it seems plausible that the cur- 
rent may be computed from the definition jV = jyy ^^ SH/SAr (here Vceii 
is the volume of a unit cell, N is the number of unit cells in the crystal 
and r is a Cartesian coordinate). The Peierls coupling, for example, 
yields 



jr = - 



cf^Ci+s,a)Sr 

i,S 



(7.21) 



We emphasize the advantage of this procedure: if, as occurs for ex- 
ample in the Peierls substitution case, the A dependence of the effective 
model may be found from general arguments, one obtains optical mat- 
rix elements without explicit computation of wave function overlaps (of 
course these are implicitly included in H ; for example in the Peierls case 
through the overlap matrix t“^(d)). 
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Application to effective models of the arguments justifying the f-sum- 
rule Eq (7.19) yields a restricted sum rule, which relates the oscillator 
strength in the conductivity of the effective model to the expectation 
value of an operator given by the part of j linear in A. The form of 
the operator depends on the model; in the particular case of the Pei- 
erls coupled tight binding model the operator is the hopping amplitude 
weighted by the distance hopped and one finds 



2 

vre^ 




dujal^^g{uj) 



^ Y.{t^\6)5M4,aC^+s,b) + H.c.) 

Vcell ^ 



(7.22) 



Here r, s denote cartesian directions, denotes that portion of the con- 
ductivity arising from transitions among orbitals described by Eq (7.20) 
and again the sum rule applies both to infinite and finite lattices and to 
arbitrary boundary conditions. The restricted sum rule was apparently 
first noted by Maldague [12] and was rediscovered and its importance 
stressed by Baeriswyl et al [13]; the present derivation comes from [14]. 

The restricted sum rule relates the spectral weight in a subset of all 
optical transitions (those described by the low energy effective model) 
to an expectation value, which may depend on many parameters includ- 
ing temperature and interaction strength. This should be contrasted to 
the full f-sum-rule which relates the integral over all optical transitions 
to the total carrier density and bare mass, which are temperature and 
interaction independent. The difference between the full and restricted 
sum rules is made up by transitions involving orbitals not included in 
the effective model. In particular, temperature and interaction strength 
dependence of the restricted sum rule is compensated by transitions 
between orbitals included in the effective model and orbitals not in- 
cluded in the effective model. At present there is no understanding of 
the relevant orbitals or energy range over which the full f-sum-rule is 
restored. 

We now specialize to tight binding models and make the further as- 
sumptions that the lattice has orthorhombic symmetry with three lattice 
constants ai, 2,3 and that the only appreciable hopping is between nearest 
neighbor sites. Then ar^s ~ CTrdr,s and 



2 

vre^ 




dujal^{ui) 



«i 

0203 



+ H.C.) 



i,r 




0203 
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(7.23) 

In other words, if the hopping is only nearest neighbor a measurement 
of the optical conductivity gives the expectation value of the hopping 
amplitude, i.e. the electron kinetic energy K. (Note that an optical 
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experiment moves electrons in one direction only; thus it yields the kin- 
etic energy of motion in that direction) . Thus if the assumptions leading 
to Eq (7.23) apply, then an optical measurement yields a fundamental 
parameter of a many-body Hamiltonian, namely the expectation value 
of the kinetic energy. This is important because in the non-interacting 
limit, E = —K so the ground state wave function is the one which 
extremizes K. If interactions are fundamentally important (i.e. if the 
ground state wave function is fundamentally different from the band the- 
ory one) then K will be substantially reduced from its non-interacting 
value. An explicit example of this phenomenon will be found below in 
the section concerning the Hubbard model. 

On the other hand, for electrons interacting with phonons the situ- 
ation is different. The standard theory of electron-phonon interactions 
involves two parameters: a dimensionless coupling, conventionally de- 
noted A and the ratio of a typical phonon frequency a;^) to a typical 
electronic energy t. In most cases ujo/t « I, and the expansion para- 
meter describing fluctuations about the ground state is Xuio/t- Provided 
A is less than a (model dependent) critical value Ac, the ground state 
is essentially that given by band theory, the physics is described by the 
familiar Migdal-Eliashberg theory and one finds among other things that 
K = Khand — 0{XujD/t). For A > Ac the ground state is fundamentally 
reconstructed (typically to an insulating ’polaronic’ state) and K drops 
rapidly. For an explicit example see [15]. 



2.2.3 Down-folding and optical matrix elements. The 

procedure of obtaining optical matrix elements via knowledge of the A 
dependence of an effective Hamiltonian is appealing and is important in 
practical terms. A more careful derivation is therefore desirable. Con- 
sider a formal ’down-folding’ procedure: separate the Hilbert space into 
a low energy sector (L) involving orbitals of interest and a high energy 
(if) sector which we do not wish to explicitly consider. The Schroedinger 
equation H'll) = Eip may be written in obvious notation as 



The high energy subspace may be formally eliminated, leading to an 
equation involving only the low energy subspace which is 

Heff{E)i;L = [Hl + H*m{E - Hh)~^Hm] V’l = (7.25) 

If we choose {iPl\'4’l) = 1 the exact (normalized) eigenfunction is 

, ^ [{E-Hh)-^Hm\^Pl) + \^l)] 



(7.26) 
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Using the same splitting one can write the exact current operator in 
a form which depends explicitly only on the components of the wave 
function in the L sector. If A^i and N 2 are the (energy-dependent) nor- 
malization factors for the exact wave-functions corresponding to V’Li ,2 
then one finds 

jl2 = [{i^ll\HUEl-HH)-^jH{E2-HH)-^HM\i^L2) 

+ ii’n\HUEi-HH)-^jM\^pL2) 

+ {i’ll\j*M{E2-HH)-^HM\^pL2) 

+ ii’ii\jL\^pL2)]/NiN2 (7.27) 

Comparison of Eqs (7.25), (7.27) shows that the diagonal matrix ele- 
ments of j are correctly given by the (V'lIjIV'l) = i'^L\SHeff{E)/6A\'ipL) 
(note the presence of E in the normalization!). Off diagonal matrix ele- 
ments within the L subspace are not in general simply related to func- 
tional derivatives of i7e// because of the two energies occurring in the 
matrix element. If in the energy range of interest one may neglect the 
variation of the operators above with E then the matrix elements are 
correctly given by functional derivatives of i7e// with respect to A. In 
the same way neglect of the variation of Hef / with E allows one to derive 
a restricted sum rule as above. 

2.2.4 Accuracy of Peierls Phase Approximation. As 

mentioned above, a particularly convenient and widely-used effective 
model involves a tight-binding parametrization of band theory, along 
with some interactions. It is therefore important to consider how well the 
A— dependence of 77e// is approximated by the Peierls phase ansatz. One 
issue concerns the importance of on-site (’1S-2P’ like) transitions. This 
obviously depends on the system in question and cannot be discussed 
in general. Another concerns the possible relevance of the occupation 
modulated hopping terms in the interaction. Too little is known to allow 
discussion here. Even if these issues are neglected, a crucial question 
arises, related to the fact (seen e.g. in Eq (7.26)) that the physical 
wave function represented by the operator cf (which we like to think of 
as creating an electron in an ’atomic-like’ state of wave function (pi) in 
fact has a non-negligible fraction of its charge density coming from other 
orbitals, and may not be particularly well localized, so that the Peierls 
ansatz does not accurately describe the change in the wave function in 
the presence of a vector potential. There is also a nontrivial choice of 
basis aspect. To understand this, suppose the Hamiltonian, Eq. (7.20) 
is accepted (including the Peierls phase coupling to A). One may then 
change the basis from the original one (pi to V’i = — j)(pj- 
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the new basis t changes to ~ 

D{n — j) / Thus, the Peierls phase 

ansatz can at most be correct in one basis, and does not have to be 
correct in any basis. 

There is presently substantial interest in transition metal oxides in 
which the important electronic states are relatively narrow bands derived 
from transition metal d-states (hybridized with oxygen p-states) and are 
relatively isolated from other bands. For such systems I believe that 
the ’correct’ basis choice for ti-j is the one in which the Peierls phase 
ansatz most nearly approximates diagonal matrix elements (in particular 
those giving rise to the charge stiffness) computed via other techniques. 
For example, it will be seen below that within band theory there is a 
standard expression for the charge stiffness, which one may compare to 
that obtained from the Peierls ansatz in a given tight binding basis. 

The accuracy of 




the Peierls-phase mat- 
rix elements has not 
been the subject of 
systematic study in 
realistic situations. 
Ahn and Millis [16] 
have investigated the 
Kronig-Penney model 
of electrons in one 
spatial dimension in the 
presence of a periodic 
array of delta functions. 
They compared the 
exact conductivity to 



the result obtained 



Figure 1.2. Comparison of exact and Peierls-ansatz 
computations of the conductivity and spectral weight 
for ’Doubled Kronig Penney Model’ of electrons in one 
dimension, from [16]. 



by making a nearest 
neighbor tight-binding 
fit to the lowest-lying 
bands and found that in 



all reasonable situations 



even the oversimplified nearest neighbor approximation yielded spectral 
weights accurate to within 10%. Some of their results are reproduced 
as Fig. (7.2). 
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2.3 Simple Examples 



2.3.1 Galilean Invariant Models. A situation frequently 
encountered in textbooks and occasionally in practice is the Galilean- 
invariant limit. If no ions are present (or the spatially varying part of 
the ionic potential can be neglected, as is the case for a low density of 
electrons in a clean semiconductor), and if (as is usually the case) Hei-ei 
is a function of relative positions of electrons only, then the current is 



proportional to the momentum and is conserved: 




0. In this 



circumstance {n\ja\fn) = 0 if n / m. Further, states |n) excited with 
non-negligible thermal probability have a current (expectation 

value of j) which vanishes in the infinite system size limit. Thus at least 
in the infinite system size limit the current-current correlation term x 
can usually be neglected and one has (GI stands for Galilean-invariant) 

(7.28) 

— le) ) 



In summary, in a Galilean-invariant model (with arbitrary but 
Galilean-invariant interactions) the real part of the conductivity is en- 
tirely concentrated at w = 0: the response to a non-zero-frequency field 
is entirely reactive; the carriers are simply freely accelerated by the elec- 
tric field. 



2.3.2 Band Theory. Modern band theory is not a non- 

interacting theory. Electron-electron interactions are taken into account 
by different approximations to density functional theory [17]. The im- 
plementation most widely used is based on an effective single-particle 
Schroedinger equation involving a non-local ’exchange-correlation po- 
tential’ which contains a significant contribution from electron-electron 
interactions and is determined by a self consistency condition. Solv- 
ing this equation yields a set of effective one-electron energy levels 
£rf^{p) and wavefunctions ipn,p{r) such that (/x is the chemical poten- 
tial) Edft = J2nI is a good approximation 

to the ground state energy (the approximation would be exact if the 
exact non-local potential were used and if the equation could be solved 
exactly, and the energetics obtained from standard approximations are 
often remarkably good in practice). The and 'ipn,p{f’) themselves 

have in principle no rigorous meaning, but are often interpreted as ac- 
tual electron energy levels and wave functions. Within band theory 
for a static, perfectly ordered lattice one expects that the real part of 
the conductivity has a delta function contribution from states at the 
fermi surface (if the material is predicted to be a metal) and interband 
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contributions generically separated from w = 0 by an energy gap, so 
= 0 for a non-zero range of frequencies around uj = 0 [8]. 

The arguments leading to Eq (7.13) may be applied to the density 
functional formalism to obtain an expression for D. This expression 
would be exact if the flux dependence of the exact exchange-correlation 
potential were known. In the band theory literature, the flux dependence 
of the exchange correlation potential is neglected, so the flux only enters 
in the derivative term of the Schroedinger equation. D may then be 
computed easily and is [8] : 



Dhand,ab 




d?p dSn^ {p) dSn^ {p) 
( 27 t )3 dp a dpb 



SK"{p} - m ) 



(7.29) 



In other words, if the flux dependence of the exchange-correlation po- 
tential is neglected then D is given by the average over the fermi surface 
of the appropriate components of the fermi velocity multiplied by the 
density of states. For many correlated materials, this is a very poor ap- 
proximation to D, and the discussion of fermi liquid theory in the next 
subsection shows that neglect of the flux dependence of the exchange 
correlation potential is in principle incorrect. 

An extensive literature exists on optical properties computed using 
Eq (7.6) with band theory wave functions used to compute the matrix 
elements, and with additional interaction corrections added using various 
roughly speaking perturbative extensions of band theory (most notably 
the ’GW’ approximation); for a review see, e.g. [18]. Recent important 
work has addressed electron-hole correlation effects [19]. This approach 
involves extremely heavy computations, and has not yet been widely 
applied to ’strongly correlated’ transition metal oxides (but see [20]). 



2.3.3 Integrable Systems. One expects on general grounds 
that at T > 0, H = 0: even in the absence of disorder, many-body 
interactions will broaden the delta function in some manner. However, 
theoretical work over the last decade [6, 21] strongly sugggests that in 
many integrable one dimensional models, H > 0 at all T, so the systems 
are infinitely conducting at all temperatures. This peculiar result is 
apparently a consequence of the infinite number of conservation laws 
characteristic of integrable systems. The issue is discussed in more detail 
in Chapter 11. 



2.3.4 Fermi Liquid Theory. The low energy properties of 
many interacting electron systems are believed to be well described by 
L. D. Landau’s ’fermi liquid theory’ (for references, see e.g. [3, 22]). 
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One crucial property of a fermi liquid is the existence of electronic 
’quasiparticles’ which behave in many ways as conventional electrons, 

but with a renormalized dispersion v*{p) = where the 

momentum label indicates position on the fermi surface and we have 
defined a ’mass enhancement’ m* /rrihand- Response functions of fermi 
liquids are determined by a combination of quasiparticle dispersion and 
’Landau parameters’ representing the feedback of the system on a given 
electronic state. Fermi liquid theory leads to 

Dobserved = Dgp(l + F\s/d) (7.30) 

where Dqp is obtained by using the quasiparticle dispersion in Eq (7.29), 
d is the dimensionality and Fis is a Landau parameter. In a Galilean- 
invariant system the mass renormalization is independent of position on 
the (spherical) fermi surface and the relation m* /m = 1 -|- Fis/d which 
follows from Galilean invariance ensures that D is unrenormalized. In a 
non-galilean-invariant system there is no such relation. If the many-body 
renormalizations involve a strictly momentum independent self energy 
then Fis = 0 [23] and in ’heavy fermion’ materials the effects due to 
velocity renormalizations are much larger (factor ~ 100) than those due 
to E, although the Landau parameter effects have been measured in a 
few cases and are important at the factor of two level [24]. On the other 
hand, in a fermi liquid near a ferromagnetic transition the effective mass 
diverges as the transition is approached, but because the critical modes 
involve long wavelength fluctuations (i.e. mainly forward scattering) one 
does not expect the conductivity to be strongly affected. Thus in this 
case the Landau parameter must diverge along with the effective mass. 

2.3.5 Superconductivity and Density Waves. As the tem- 
perature is decreased a fermi liquid may become unstable to various 
forms of long ranged order. Two particularly instructive special cases 
are the superconducting and density wave instabilities. 

A superconductor is characterized by a non-vanishing superfluid stiff- 
ness ps = where the 1/4 is conventional and 

refers to the charge 2e of a Gooper pair. The magnetic field penet- 
ration depth may be inferred from the q ^ 0 to = 0 limit of the re- 
sponse, and in superconductors the order of limits does not matter, 
so that cr{uj) has a term proportional to S{uo) whose magnitude may 
be inferred from the penetration depth [25]. A superconductor is also 
characterized by an energy gap A which in conventional superconduct- 
ors is much less than the characteristic conduction band energy scale 
Ep. In the conventional theory, up to terms of relative order (A/Ep)'^ 
the total spectral weight in a superconductor is the same as that of 
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the corresponding normal system, so the weight in the superfluid stiff- 
ness is mainly transferred down from higher frequencies (within the 
conventional theory it comes from oj of the order of a few times A). 





Phoion Energy [eV] 

Figure 7.3. Upper panel: Measured conductiv- 
ity of charge density wave system NdNiOs [28] 
showing temperature evolution consistent with 
conventional considerations. Lower panel: Meas- 
ured conductivity of charge density wave system 
TaS 62 [29] showing temperature evolution incon- 
sistent with conventional expectations. 



These arguments were in- 
troduced and experiment- 
ally verified by Tinkham 
in the late 1950s and are 
beautifully explained in [25] . 
In high temperature super- 
conductors, conservation of 
spectral weight as temperat- 
ure is varied across the su- 
perconducting transition was 
verified at the 10% level in 
the early 1990s [26]. Of 
course, small changes in con- 
duction band spectral weight 
are expected as the tem- 
perature is varied through 
the superconducting trans- 
ition temperature Tc and re- 
cent improvements in exper- 
imental technique have al- 
lowed these changes (which 
seem to be at the 1% level) to 
be observed [27] (see Chapter 
8 for further discussion of 
this issue). 

A density wave occurs 
when the electron charge or 
spin density acquires a peri- 
odicity different from that of 
the underlying lattice. One 
expects this density modula- 
tion to cause an additional 



periodic potential (energy gap A) which is felt by the mobile electrons, 
which eliminates some of the fermi surface. Just as in superconductors 
the total weight is expected to be conserved (up to terms of relative 
order {A/ Ep)'^) so the formation of the density wave is expected to shift 
spectral weight up in frequency. This behavior is observed in many dens- 
ity wave materials: an example is shown in the upper panel of Fig (7.3) 
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[28]. Remarkably, in some materials (most notably the dicalcogenides 
such as TaSe 2 ) the expected upward shift does not occur [29]: instead, 
as the temperature is lowered across the density wave transition spectral 
weight shifts downwards in frequency, apparently because the scattering 
rate is reduced. This behavior is shown in the lower panel of Fig (7.3). 
An understanding of the different origins of these two behaviors would 
be very desirable. 

3. Specific Model Calculations 



3.1 Direct evaluation of Kubo formula 



3.1.1 Formalism: momentum independent self energy. 

In this approach one starts from a model of electrons with a given dis- 
persion Ep (typically interband transitions are neglected), a coupling to 
the electromagnetic field given hy p ^ p — eAjc and interactions which 
are treated by the methods of diagrammatic perturbation theory. Im- 
portant objects in these calculations are the electron propagator G and 
self energy S: 



G{p,ijj) 



1 

u) -Ep- S(p,a;) 



(7.31) 



A general expression for the conductivity is [30] 
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(7.33) 
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( 27 t )^ dpa 



The vertex function satisfies the integral equation 



(7.34) 



Tt^{p,u;) = ^^-2TY^ J 

(7.35) 

and / is a particle-hole irreducible vertex, whose limit as 11, cu ^ 0 and 
p ^ Pf is the Landau interaction function. In general an expression for 
I is difficult to determine and the equation is difficult to solve: quantum 
Boltzmann equation methods [31] have been more useful in practice. 
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One instructive special case which can be analysed in detail is a mo- 
mentum independent self energy, S(p, w) ^ S(a;). This situation is (to 
a good approximation) realized in practice for a high density of elec- 
trons coupled to phonons [32], in the ’dynamical mean field’ or ’d = oo’ 
approximation [23] and in the ’marginal fermi liquid’ model for high 
temperature superconductivity [33]. In these cases, the vertex correc- 
tion vanishes and for a non-superconducting system on the imaginary 
frequency axis (the 2 is for spin and = cu -|- 11) 



CJab(ill) 




d‘^Ep 

dpadpb 



G{p, uj) 



^ G(p, W+ ) G(p, w) 
dpa dpb 



(7.36) 

A note on units: for simplicity (and because it is the case of greatest 
experimental relevance) we consider an orthorhombic lattice with lattice 
constants da,fe,c- Making the momentum integrals dimensionless viap(j = 
daPa etc and integrating by parts on the first term (recall dT,/dp is 
assumed to vanish) leads to 






where 



in ^ 



dy dspdsp [g'(p',H + u;)G(p',u;) 



(27t)^ dp'a dp'f^ 



-G(p',cu)2] 

(7.37) 




(7.38) 



The conductivity evidently has the dimension of energy and may be 
converted to conventional units by recalling that jh = Akn. 

Eq (7.37) may be easily evaluated numerically if S(tc) is known. A 
widely studied limit arises if, for all relevant frequencies, S is small 
compared to the regime over which Sp varies. To be precise, if —W\ < 
Ep < W 2 then up to terms of order S/(min(lTi, W 2 )) one may use a 
pole approximation to perform the integral over the magnitude of Ep. 
Performing the standard analytical continuation leads for 17 > 0 to 



(Tabjin) _ r duj dcos {6) dcj) VaVbNo{6, (p) ifjuj) - f{uj+)) /n 

do J 27 t n — S'(u;_|_) -|- S'(u;) — i (S"(u;_|_) -|- S"(a;)) 

(7.39) 

Here = w -|- 17, Va^b are the a, h components of the fermi velocity, / is 
the fermi function and Nq{ 9, (f)) = 1/ \dEp/dp\ at the fermi surface point 
specified by the angles 0, (j). 



3.1.2 Electron-phonon interaction. For electrons interact- 
ing with dispersionless optical phonons of frequency ujq the self energy 
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(a) 



(b) 



Figure l.Jf. Optical conductivity, ’optical scattering rate’ and single-particle scatter- 
ing rate for model of electrons coupled to dispersionless optical phonons, computed 
from Eqs (7.39, 7.40, 7.41, 7.16). Left panel (a): high temperatures: (T = FLdI‘2) 
Right panel (b): low temperature (T = O.lfiD). Frequencies measured in units of flo. 
Coupling A = 1. Units of scattering rate and conductivity are arbitrary; frequency is 
scaled to phonon frequency. The scales for the optical and single particle rates are 
identical. 



on the real frequency axis is [22] 

Kp{^) = dJf{J 

/ 

’kXloq 
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(7.40) 
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The panels of Fig (7.4) show the real part of optical conductivity, the 
optical and the single-particle scattering rate computed from Eq (7.39) 
using Eqs (7.40,7.41). The computation was performed for two different 
temperatures-one much lower than the Debye frequency and one equal 
to tdD/2. Eor T = to £)l 2 (panel a) the conductivity is already not very far 
from the simple ’Drude’ form, as seen from the conductivity and from the 
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frequency dependence of the scattering rate. For the lower temperature 
(panel b), one sees a large low frequency peak (very weakly scattered 
electrons, with a mass increased by the electron-phonon interaction) and 
an extra absorption beginning at the phonon frequency. One sees that 
the ’optical mass’ and scattering rate are roughly speaking ’smoothed’ 
versions of the single-particle mass and scattering rate. 



3.1.3 Marginal fermi liquid ansatz. The marginal fermi 
liquid ansatz [33] is a theoretical prediction for the electron self energy 
of optimally doped high-Tc superconductors, which seems to have been 
borne out by recent photoemission experiments [34]. It has not been 
convincingly derived from any microscopic model. The marginal fermi 
liquid ansatz for the imaginary part of the electron self energy is that at 
frequencies cu less than a cutoff frequency lOc one has 

S^'(u;) = 7rAmax(u;, ttT) (7.42) 



If one assumes (as is normally done in the literature) that for frequencies 
greater than ujc = AcUc then 
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(7.43) 

This self energy has been used with Eq (7.37) to analyse the frequency 
dependent conductivity of high-Tc superconductors; for results see [35]; 
but Drew and the author have presented evidence that Landau para- 
meter effects are also important, at least at the factor-of-two level [36]. 



3.1.4 Weakly coupled lower-dirueusioual subsysterus. 

An important sub-class of conductivities involves the motion of charge 
between weakly coupled lower dimensional subsystems; for example the 
interplane conductivity of high temperature superconductors or the in- 
terchain conductivity of quasi-one-dimensional materials. This situation 
may be described by a Hamiltonian of the form 

H = t± ^ T H.c.^ L7|| + Hifiter (7.44) 

where the label p denotes the momentum in the lower dimensional sub- 
system (plane or chain), a is spin, and we have labelled the different 
planes (or chains) by i. Here iLy is the Hamiltonian describing the 
physics in an isolated low dimensional subsystem and Hinter denotes 
any interplane (interchain) interactions. In practice the only important 
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contribution to Hinter is likely to be the coulomb interaction. We refer 
to the direction(s) in which the hybridization is weak as the ’transverse’ 
directions. 

The transverse conductivity is typically computed by using the Peierls 
ansatz to couple the electromagnetic field and then expanding as usual. 
The crucial new point is that if t±_ is weak compared to some appropriate 
in-plane or in-chain energy scale, the conductivity may be computed by 
perturbation theory in tj_. At leading nontrivial order one has 

+ H.c.) + (7.45) 

with y; given in the time domain by the usual commutator 

X± = '^{[jc{t),jc{0)]) (7.46) 

p,a 

with 

jc{t) = it± - 77.C.) (7.47) 

Here the momentum sum is over in-plane or in-chain momenta only. 
To leading order in t± the expectation value which defines x± may be 
calculated assuming t± = 0 while to obtain the first term one must 
calculate to first order in t±. If the term Hinter may be neglected (or 
treated in mean field theory) then the results may be simply expressed 
as products of Green functions pertaining to i7|j. In the absence of 
superconductivity or density wave order, the only nonvanishing Green 
function is G{p,t) = {Tt{cpa{t),c+^(0)}) and 

G{p, to -|- H)G(p, to) — G‘^{p, to) 

= la 

U),p,(T 

This formula is useful because in many cases the in-plane (in-chain) 
Green function is known, so the conductivity may be directly computed. 
For applications to the interplane conductivity of ’single-layer’ high tem- 
perature superconductors see [37]; to bilayer cuprates see [38]; to quasi 
one dimensional materials see [39] . Eq (7.48) is however only the leading 
term in a perturbative expansion in tj_. Essler and Tsvelik have recently 
noted that for a particular form of t±_ a controlled treatment of the ld-2d 
crossover (including optics) may be constructed [40]. 

The applicability of this formula has been questioned by Turlakov 
and Leggett, who argue that ’Goulomb blockade’ effects similar to those 
producing tunnelling anomalies in disordered systems may be important 
[41]. The issue deserves further analysis. 
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3.2 The Hubbard Model 

The Hubbard model is defined by the Hamiltonian 



Hhub — Cj^ + H.c.^ + U nj-^rii^ ( 7 . 49 ) 

ij i 



Most studies have assumed a d-dimensional cubic lattice and a hop- 
ping which is nonvanishing only between nearest neighbors. The Hub- 
bard model displays a Mott transition: at a density of one electron per 
site and for a large enough interaction the ground state is insulating, 
(D = 0) and characterized by a gap to charge excitations. The main 
interest has been in the behavior of the conductivity (and other physical 
properties) in the vicinity of the Mott insulating phase. It is conven- 
tional to describe the carrier density in terms of a doping, S = 1 — n 
away from half filling. 

Consider now the kinetic energy and optical properties. For n far 
from 1 , even very strong interactions have a weak effect on K essentially 
because the electrons can avoid each other; also the model is nearly 
galilean-invariant. For n near 1 a large U can have profound effects. 
For a density of one electron per site and sufficiently large U the ground 
state is insulating (D = 0) although band theory would predict it to 
be metallic. At n = 1 and very large U a good approximation to the 
ground state is one with one electron per site and an insulating gap 
Aopt = U — adt and ad a dimension-dependent constant. 

Hopping leads to fluctuations into states with two electrons or no 
electrons per site and thus if t ^ t/ to A ~ /U . As t/U decreases, 

K increases, eventually saturating at the band theory value. Depending 
on the details of the band structure, the insulating behavior may persist 
down to arbitrarily small U (at n = 1) or there may be a critical U 
at which a Mott transition occurs. Whether or not this happens, one 
may distinguish large and small U by whether the kinetic energy is 
substantially (factor of 2) renormalized from the band theory value or 
not. In essentially all models, the large U regime extends down to 7/ ~ 
2dK where d is the spatial dimensionality (recall K was defined as the 
hopping in one cartesian direction). For large U and n near but not 
equal to unity there is a small density of holes (if n < 1) or doubly 
occupied sites (if n > 1) and these can move more or less freely, leading 
to A ~ /U -|- |1 — n\t. For |1 — n| not small, the carriers mostly avoid 
each other; the renormalization of the kintic energy is small and the 
state is more or less conventional. 
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Figure 7.5. Charge stiffness (here denoted cro) of one 
dimensional Hubbard model normalized to total spec- 
tral weight, as function of doping for different interac- 
tion strengths, from Ref [42] . 



In the d = 1 Hubbard 
model an exact solu- 
tion is available. The 
zero temperature kin- 
etic energy and Drude 
weight were computed 
by Schulz [42] and later 
studied in more de- 
tail by other workers 
[43]. Representative 
results are shown in 
Fig (7.5). Note that 
as the Mott phase is 
approached by varying 
doping, {5 ^ 0) D van- 
ishes linearly in S, with 
a coefficient which de- 



pends on interaction strength, and which may be interpreted as a correla- 
tion length ^ (normalized to the lattice constant) for the Mott insulating 
phase [43]. 

For not too large U (i.e. C > 1) the numerical results may be written 
as D(6,U) = Dof{6^) with / a scaling function discussed in detail in 
[43]. For > 0.4, / ^ 1, implying among other things that for > 1 
the spectral weight rapidly collapses into to the Drude peak. This special 
feature of one dimensional kinematics occurs even at larger U where the 
scaling theory does not apply, and is discussed in e.g. [44]. Note also 
that to observe a significant suppression of total spectral weight one 
requires a 7/ at least of order the full band-width, and a (5 0.4. 

For higher dimensions few (see for example [14]) exact results are 
available. Numerical studies of small clusters are available for d = 2 



(essentially no useful results exist in d = 3); representative results [45] 
are shown in Fig. (7.6). Little is understood about finite size effects 
except in d = 1 where they have been extensively studied and found to 
be unpleasantly large [43]. The kinetic energy should be re-examined 
with the improved computers and algorithms available today. 

If the momentum dependence of the self energy is negligible 
(T,(p,lv) H(o;)) then a formally exact solution (which must still be 

implemented numerically) is available. This approximation, which is 
believed to be reasonably accurate in d = 3 is known as the ’dynamical 
mean field approximation’ and has been used to compute the kinetic 
energy as a function of interaction and doping. Unpublished results ob- 
tained by Ferrara and Rozenberg for the kinetic energy are shown in 
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the lower panel of Fig (7.6). Kotliar and collaborators have analysed 
the conductivity near the Mott transition using this approximation, and 
compared the results to data on V 2 O 3 obtained by G. A. Thomas and 
co-workers [46]. Fig (7.7) presents theoretical results, along with a qual- 
itative view of the theoretically expected structure, while Fig (7.8) shows 
the measurements. 




<n> 



0.4 

K ; 

0.2 

r ' " \ : 

I 0.5 n 

Figure 7.6. Upper panel: Kinetic energy K for Hub- 
bard model in d = 2 for U = 0, 4, 8, 20; Lower 
panel: K in dynamical mean field approximation for 
U = 0, 1,2,4. The different bandwidth conventions 
mean that the U-values are not directly comparable; 
a useful rule of thumb is that when U equals the full 
bandwidth,K(n = 1, t/) « K(n = 1, t/ = 0)/2 

the author is unaware of specific results. In d 



The electron green 
function is characterized 
by three features: a lower 
Hubbard band, an upper 
Hubbard band, and a 
quasiparticle peak in 
between. The conduct- 
ivity correspondingly has 
three peaks correspond- 
ing to motion within 
the quasiparticle band, 
transitions from the 
quasiparticle band to the 
upper Hubbard band (or 
from the lower Hubbard 
band to the quasiparticle 
band) and from the lower 
to the upper Hubbard 
band. 

One fundamental ques- 
tion which, remarkably, 
has not yet been fully 
answered concerns the 
form of the conductiv- 
ity in the Mott insulating 
state. The model has a 
gap to charge excitations, 
so one expects a conduct- 
ivity with vanishing real 
part at low frequencies, 
and a conductivity onset 
for frequencies above the 
Mott gap energy Emou- 
Information should be ob- 
tainable in d = 00 , but 
= 1 analytical and numer- 
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Figure 7.7. Calculated optical conductivity of V 2 O 3 on insulating and metallic sides 
of Mott transition [46] The uppermost curves, labelled pito) show the changes in the 
electron spectral function as the metal is driven (by increasing interaction) from a 
correlated metal state (left graph) to a Mott insulating state (right graph). The lower 
graphs give the corresponding changes in conductivity. 



ical renormalization group studies of Jeckelmann, Gebhard and Essler 
[47] indicate that that ^ y/w — Emou and that the max- 

imum in a occurs at w ss 1.25EMott- 

3.3 t-J Model 

The Hubbard model is an approximation to the physics of transition 
metal oxides on energy scales of the order of the conduction band width 
(if this is relatively narrow and relatively well separated from other bands 
in the solid). A further approximation, valid for large U and low energies, 
is the ’t — J’ model [48]. This may be derived from the Hubbard model 
by a formal canonical transformation procedure, and is of the form 



Htj = Pd 



- ^ ti-j + H.c.) + J 'Y2 Si - S j + ... 

i,j <ij> 



Pd (7.50) 



Here Pd annihilates states containing doubly-occupied sites, J tVu 
and the ellipsis denotes terms of higher order in t/U. 

As defined here the t — J model is an effective model describing the 
low energy physics of models with strong on-site repulsion. Application 
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Figure 7.8. Measured optical conductivity of V 2 O 3 on insulating and metallic sides 
of Mott transition, compared to ’dynamical mean field’ calculations (from [46]). 

of the standard f-sum-rule derivations shows that 
2 j ‘°° 1 

— / dual~/{u:) = ^'^{t{5)5^5s{PD4„Ci+s,aPD) + H.c.) (7.51) 

The projectors imply that the total spectral weight in the transitions 
described by the t — J model vanishes as 5 ^ 0, as therefore, does the 
charge stiffness D. 

Prelovsek has developed an interesting numerical technique to determ- 
ine the frequency dependent conductivity of the t — J model [49] . Other 
workers have not followed up on these methods. 

3.4 Charge transfer insulators 

The Hubbard model involves two energy scales, t and U. It is only 
a useful representation of low energy physics if both t and U are small 
compared to the band gaps separating the orbitals of interest from other 
orbitals in the solid. In many presently interesting correlated systems 
(in particular transition metal oxides) this is not the case: the U is so 
large that the basic charge transfer process involves shifting a carrier 
from an orbital on a transition metal site to an orbital on a different 
ion altogether (most commonly an oxygen ion). Such systems are re- 
ferred to as ’charge transfer’ rather than ’Mott-Hubbard’ systems [50]. 
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Charge transfer systems are in many respects similar to Mott-Hubbard 
systems: in particular, they display a correlation driven metal insulator 
transition at commensurate densities and for nearby dopings the low 
energy physics is believed to be described by the t — J model [51]. The 
charge stiffness and low frequency conductivity are therefore presumably 
similar to those of the t-J model. However, (and surprisingly, consider- 
ing the experimental relevance) the form of the conductivity at larger 
frequencies (for example near the gap energy in the insulator) has not 
been investigated. 



3.5 Kondo Lattice Model 



3.5.1 Overview. A wide class of condensed matter phenomena 
involve carriers interacting with spins, and the basic model describing 
this situation is the Kondo lattice model: 



Hkl = 



d!^p 



^p'^pa^pcy T ^ ^ S i ■ (J 



(7.52) 



This model has two interesting limits: if the magnitude of the coupling 
JS is large (relative to the electron band-width) then the carrier spin on 
site i is ’slaved’ to the spin of the local moment. This ’double exchange’ 
(the term is historical) limit is apparently relevant to the ’colossal’ mag- 
netoresistance manganites and to a variety of related systems. On the 
other hand, if the spin magnitude Si = 1/2, the coupling is antiferro- 
magnetic and the magnitude of J is small, then it is possible for the 
Kondo effect to ’marry’ the conduction electrons to the local moments, 
yielding a ’heavy fermi liquid’. We consider the two limits separately. 



3.5.2 Double exchange. The most extensively studied ’double 
exchange’ systems are the ’colossal magnetoresistance’ manganese per- 
ovskites (and related Ruddlesden- Popper systems). For reviews see, e.g. 
[52]. The crucial physics here is a very large J which arises from the 
atomic Hunds coupling. Its magnitude has not been measured directly. 
Quantum chemical considerations and experience with gas-phase Mn 
and other Mn compounds suggests [53] that the isolated-ion level split- 
ting {eg parallel to Cg antiparallel to core spin) 2JjpundsSc is about 2.5eK. 
Optical experiments suggest that in the actual CMR materials it is some- 
what larger; at least 4eV [54]. 

The strong coupling of carriers to spins leads to physics called “double 
exchange” which has very interesting consequences for a number of prop- 
erties including optics. The essential point is this: the coupling between 
mobile electrons and core spins is apparently so strong that at physically 
relevant energies a mobile electron on a given site is constrained to have 
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its spin parallel to the core spin on that site. This implies that the amp- 
litude for an electron to hop from one site to another is modulated by 
a spin overlap factor which is maximal when the core spins on the two 
sites are parallel and is minimal when the two core spins are antiparallel. 

Ferromagnetic align- 
ment of the core spins 
increases the electron 
kinetic energy (and is 
indeed the driving force 
for ferromagnetic order 
in these compounds), 
antiferromagetic align- 
ment decreases it, and 
a random spin arrange- 
ment reduces it by a 
factor of approximately 
1 / y/2. Over a wide 
range of parameters, 
’double exchange’ mod- 
els specified by Eq 
(7.52) (perhaps sup- 
plemented by other 
interactions) have ferro- 
magnetic ground states 
with a Curie temper- 
atures relatively small 
in comparison to the 
electronic band-width 
[52]. Thus by varying 
the temperature over a 
range small compared 
to the band-width a 
large change in the 
kinetic energy can be 
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Figure 7.9. Calculated temperature-dependent con- 
ductivity of ’double exchange -l-phonons’ model of 
’CMR’ manganites for different electron phonon coup- 
lings ranging from weak (top panel) to strong (bottom 
panel). Curves taken from ref [15]; see this reference 
for details of coupling strengths etc. 



seen. 

Fig (7.9) shows one example of this phenomenon: results of theoretical 
calculations (performed using the ’dynamical mean field approximation’ 
and a simplified band structure) of the optical conductivity of a double 
exchange model with Jh oo and an additional electron-phonon in- 
teraction [15]. A strong temperature dependence of the functional form 
and integrated area is evident. 





Optical conductivity and correlated electron physics 



223 



Figure (7.10) shows the temperature dependence of the kinetic en- 
ergy (which may be directly computed and for this model is equal to the 
integrated area under the conductivity) . The Curie temperature is evid- 
ent as a kink in the curve. In the double-exchange-only model (A = 0) 
the approximately l/\/2 change in K between Tc and T = 0 is seen. 
For increased interactions, a larger change occurs, because the change in 
the effective t changes the balance between the kinetic energy and the 
other interaction, and thus the expectation value of the hopping oper- 
ator. However, for this class of models the largest change which occurs 
is about 50% of the T = 0 kinetic energy. Finally, one can see that for 
this model at least, the ratio Tc/K (Tc) ~ 0.2, relatively independent of 
interaction strength. Extending this analysis to other interactions would 
be very important. 



Note that the model 
studied in ref [15] in- 
volves classical phonons, 
so the ’Migdal parameter’ 
is TX. The differ- 
ences seen between the A- 
dependence oi K(T = 0) 
(negligible for A < Ac) 
and that oi K(T > Tc) 
(non-negligible for XT > 
1) constitute an explicit 
example of the effect of 
the electron-phonon in- 
teraction on the electron 
kinetic energy. In the 
very large J limit, the 
magnitude and temper- 
ature dependence of the 
observed spectral weight 
may be related to the 
magnetic transition temperature; for details see [54], but very recent 
work [55] indicates that there is no simple relationship for realistic J 
values. 




Figure 7.10. Light curves with kinks: calculated 
kinetic energy K of ’double exchange -|-phonons’ 
model of ’CMR’ manganites for different electron 
phonon couplings, from [15]. Solid curve: K of non- 
interacting spinless fermions with same dispersion. 



3.5.3 Heavy fermions. In heavy fermion materials, the 

carrier-spin interaction leads (via a lattice version of the Kondo effect) 
at low temperatures to the formation of a ’heavy’ fermi liquid character- 
ized by a very long mean free path and a quasiparticle mass which may 
be as much as 50-100 times the band mass. For a review see e.g. [56]. 
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In a number of cases the enhanced mass has been observed directly via 
quantum oscillation measurements [57]. The low temperature electronic 
properties may be described by a self energy which has a very strong 
frequency dependence and a much weaker (in many cases negligible) mo- 
mentum dependence [58] . Substitution into Eq (7.39) suggests that the 
conductivity should exhibit a Drude peak with a very small amplitude 
(reduced from the band theory value by roughly the same ~ 100 factor 
as that by which the quasiparticle mass is increased) [59]. This has at 
least qualitatively been observed [60]. Analyses of the temperature de- 
pendence of the superconducting penetration depth [24] suggests that 
Landau parameter effects are also important on the factor of two level, 
at least in some heavy fermion materials. 

4. Application to Data— CMR and High Tc 
4.1 High-Tc superconductors 

The high- Tc superconductors are electronically two dimensional ma- 
terials in which the basic unit is the '"Cu02 plane”. This has a basically 
square symmetry with lattice constant a ~ 4A. It is generally accepted 
that the important electrons can be described as Cu d^ 2 _y 2 electrons (ac- 
tually, complicated combinations of Cu and O and perhaps other states; 
the d^ 2 _y 2 should be understood in the ]'0 l) sense discussed above). Su- 
perconductivity emerges upon doping an insulating ’parent compound’ 
in which there is one hole per Cu02 unit. Band theory [61] predicts 
that the low energy electronic degrees of freedom reside in a single band 
made up mainly of the antibonding combination of d 2 , 2 _j^ 2 -symmetry 
Cu and O orbitals. The best tight binding fit to the two dimensional 
band structure corresponds to a nearest-neighbor hopping of magnitude 
t ~ 0.40eE and a second neighbor hopping t' ~ O.leE so that the band 
theory dispersion is 

Ep = —2t{cos{pxa) + cos{pya)) + At' cos{pxO) cos{pyO) (7.53) 

corresponding to a band fermi velocity of about AeV—K and a band 
kinetic energy (equal to the Drude weight) of about K^and = 0.28eE. 

Consider the antiferromagnetic insulating end materials La 2 CuO/^ and 
Nd 2 CuOi, ’parent compounds’ of the hole and electron doped cuprates 
respectively. Experimental conductivities [62] are shown in Eigs (7.11, 
7.12). One expects that because the electronic states of the different rare 
earths lie very far from the chemical potential [61], the optical spectra 
of these materials should be very similar. In fact, differences are evident 
in the frequency range ui > 3eV. However, both materials are insulat- 
ors with gaps of approximately 2eV. The optical absorption beginning 
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Figure 7.11. Evolution of conductivity of electron doped high temperature super- 
conductors with doping, from [62] 



at w = 2eV is attributed to optical excitations to the ’upper Hubbard 
band’ or ’charge transfer band’. Evidently a higher energy feature (per- 
haps at a; ~ 5eV) produces a ’tail’ of absorption which extends down 
to lower energies. It seems reasonable to attribute the 5eV absorption 
to ’non-bonding’ oxygen states which are not of fundamental interest 
for the physics of high Tc, however in the La 2 Cu 04 sample it does not 
seem possible to separate this absorption from the ’upper hubbard band’ 
absorption of physical interest. In the N d^CuO^ material one might ar- 
gue that the high-frequency absorption in the most highly doped sample 
is representative of the ’tail’ of the beV absorption. Subtracting this 
from the measured conductivity, using the in-plane lattice constant of 
4A and an out of plane lattice constant of gA and integrating the differ- 
ence yields a spectral weight of 0.15eH, approximately half of the band 
structure value, suggesting a C/ of about 9t ss 2>eV . This value of U 
gives a gap of about 5t, comparable to the observed gap. Thus one may 
conclude that (with some ambiguities) the optical data are consistent 
with that expected from the Hubbard model in the intermediate correl- 
ation regime. However, the data are in an awkward frequency regime 
and are subject to some uncertainties, and the estimates are obviously 
very rough. 

As one dopes away from the insulator, low fequency spectral weight 
appears as shown in Figs (7.11, 7.12). Some fraction of this weight comes 
from the u) ~ 2eV ’upper Hubbard band’ region and some fraction ap- 
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Figure 7.12. Evolution of conductivity of hole doped high temperature supercon- 
ductors with doping, from [62] 

pears to come from much higher energies. A quantitative understanding 
of the scales over which the spectral weight is redistributed has not yet 
been achieved. 

4.2 CMR materials 

The ’colossal’ magnetoresistance (CMR) manganites occur in a vari- 
ety of crystal structures but share the common feature that the mobile 
electrons arise from Mn eg symmetry d- levels and are very strongly 
coupled to 5 = 3/2 core spins composed of electrons residing m Mn t 2 g 
levels. They are important in the present context because (as explained 
above) the large value of the carrier-core-spin coupling means that the 
’kinetic energy’ is temperature dependent, allowing nontrivial tests of 
the Peierls aproximation and the restricted sum rule. 
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The prototypical compounds are the pseudocubic manganese per- 
ovskites Rei-xAkxMnO^ (here Re is a rare earth such as La or Pr 
and Ak is a divalent alkali such as Ca or Sr). The x = 0 ’parent 
compounds’ are large gap insulators. The insulating behavior is mainly 
[16] due to a large-amplitude spatially coherent Jahn- Teller distortion. 
With doping the distortion is removed (for most choices of Re and Ak-a 
few compounds remain insulating at all dopings) and for x in the range 
0.3 — 0.5 a ferromagnetic metallic ground state results. Unfortunately, 
there are important and still ill-understood sample (especially surface) 
preparation issues which dramatically affect optical data obtained in 
metallic samples [63]. Roughly speaking, the higher the conductivity 
(at low temperatures) the better the sample and surface preparation. 
The data discussed here were obtained by Quijada and Simpson in the 
group of Drew at the University of Maryland using annealed films [64] . 
The conductivity of these films is comparable to the best conductivit- 
ies obtained by other groups, but the data should still be regarded as 
subject to possible correction. 

The band structure has been calculated [65, 66]; the conduction bands 
are derived from two eg orbitals on each Mn site and are reasonably well 
described by a nearest neighbor tight binding model [16, 54] (which, for 
example, reproduces almost exactly the band theory approximation to 
the specific heat value quoted for x = 0.3 manganite in [66]). (Note also 
that the value of the Drude plasma frequency Lip = 1.9eU quoted for 
the X = 0.3 manganite in [66] is in error [67]). It is convenient to adopt 
a Pauli matrix notation in which the up state is the jx^ — y^) orbital 
and the down state is the \3z‘^ — r^) orbital. Then the basic hopping 
Hamiltonian is a 2x2 matrix given by 

e = £o(p) + ~e (7.54) 

with the usual Pauli matrices and 

£o(p) = —t{cos{px) -|- cos{py) + cos{pz)) (7.55) 

and ~e = {ex,0,ez) with 

\/St 

^x{p) = —{cos{px) - cos{py)) (7.56) 

^z{p) = t{cos{pz) - ^(cos(px) -h cos{py)) + A^/ (7.57) 

where A^/ is a ’crystal field’ energy splitting arising from a tetragonal 
distortion away from cubic symmetry (as occurs, e.g. in the layered 
manganites). 
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The energy eigenvalues are 

E± = eo± yj el + el (7.58) 

Note that along the zone diagonals ((1,1,1) symmetry related) 
^z,x = 0 so the two bands are degenerate and along the line to any cube 
face ((1,0,0) and equivalent) one of the two bands is flat. For this band 
structure the electron Green function is 

G{z,p) = {z-T.{p,z)-e{p))~^ (7.59) 

The current operator following from the Peierls approximation is (for 
currents in the z direction) 

iz = -tsin{pz){l + Tz) (7.60) 

The kinetic energy for motion along one of the cartesian directions is 

K = -^Tr[epG] (7.61) 

In the band structure corresponding to the ferromagnetic state of the 
cubic materials, the chemical potential for x = 0.3, ss —1 and the 
corresponding ’band’ kinetic energy, obtained by evaluating Eq (7.61) is 

Kbandit^ = -1) = -0.45t = -0.28eF (7.62) 

In the momentum-independent self energy approximation the con- 
ductivity is 

iu)n ' 

This conductivity includes both ’Drude’ and interband terms. The kin- 
etic energy corresponding to the Drude part of the conductivity is (for 
the widely studied 1/3 doping level) 

E Drude, x=o .3 = 0.32t = 0.2eF (7.64) 

Ahn and the author [16] evaluated Eq (7.63) for the insulating ’par- 
ent compound’ LaMnO^, in which a large-amplitude spatially coherent 
Jahn- Teller distortion occurs which is sufficient to explain the insulating 
behavior [65] (although band theory somewhat underpredicts the gap 
[16]) With doping the distortion is removed and a ferromagnetic metal- 
lic ground state results. Their calculation used the nearest neighbor tight 
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binding parametrization of the band theory, along with realistic values 
for the level splitting caused by the Jahn- Teller distortion, as well as a 
’Hubbard U’ (treated in the Hartree approximation) and various estim- 
ates for the Kondo coupling J. The calculations, while in reasonable 
agreement with data taken at room temperature, predict a larger than 
observed increase in spectral weight as the temperature is lowered. The 
band theory conductivity of LaMnO^ was also calculated by Soloviev 
et al using LMTO methods to evaluate actual wave function overlaps. 
Remarkably, the results (while quite close to the tight binding results 
for the magnitude of the insulating gap) indicate spectral weights about 
four times smaller than the spectral weights predicted by the Peierls ap- 
proximation. The source of this discrepancy has not been determined; 
resolving it is an important issue for future research. 

The theoretical conductivity of the metallic materials has not been 
investigated in such detail. Shiba and collaborators studied the T = 0 
conductivity of the fully polarized ferromagnetic state [68] . Chattopad- 
hyay and the author [54] considered changes in spectral weight between 
Tc and T = 0 and related these to the magnetic transition temperatures. 

Fig (7.13) shows the optical conductivity for several different x = 0.3 
doped (ferromagnetic metallic ground state) manganites obtained by 
[64]. A strong dependence of both the form and the integrated area of 
the low frequency conductivity is evident. Fig. (7.14) shows the integ- 
rated area, for different temperatures. A change of spectral weight with 
temperature is evident; presumably this is related to double exchange. 

To analyse the data in a satisfactory manner one must identify the 
contribution to the observed conductivity coming from the conduction 
bands. Use of the magnitude and temperature dependence of the spec- 
tral weight provides enough information to do this [54, 64]. The temper- 
ature dependence must arise from the double-exchange physics and thus 
from the conduction band. The total conduction band spectral weight 
must be less than the band kinetic energy, the value of the T = 0 spec- 
tral weight and the change between low T and T > Tc must be large 
enough to explain the observed Tc and the change in spectral weight 
cannot be more than about half of the low-T weight. These consid- 
erations led to the conclusion [64] that in the most metallic material, 
LaojSro^sMnOs at low T the conduction band contribution essentially 
exhausts the bound imposed by the band theory, so the 'Hubbard — U' 
effects are evidently weak!. 

Indications are [15, 64] that an additional interaction (probably the 
electron-phonon interaction, which causes charge ordering in some ma- 
terials) leads to additional structure in the conductivity (but not to sig- 
nificant changes in the low frequency spectral weight). Presently avail- 




230 



Strong interactions in low dimensions 




Figure 7.13. Measured conductivity of ’CMR’ manganites, from [64] 
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Figure 7.14- Measured spectral weight of ’CMR’ manganites, from [64] 
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able data suggest that these extra interactions are poorly described by 
a momentum-independent self energy. In particular, if the self energy is 
momentum independent, then the mass enhancement inferred from the 
specific heat should be the same as the mass enhancement inferred from 
the renormalization of the Drude weight. However, recent experimental 
results suggest that the Drude weight is more strongly reduced (relative 
to band theory) than is the fermi velocity [69]. 

5. Conclusions 

I hope in this brief survey to have conveyed some of the basic ideas in 
the theory of optical conductivity of correlated electron systems, along 
with some of the open theoretical challenges and to have shown how 
these ideas are used in practice. Most importantly, I hope to have given 
the reader at least a glimpse of the power of the technique for elucidating 
correlated electron physics. 

Acknowledgments 

My understanding of optical conductivity owes much to interactions 
and collaborations over many years with L. B. Ioffe, B. G. Kotliar, G. 
A. Thomas, J. Orenstein, H. D. Drew and E. Abrahams and my more 
recent research has benefitted greatly from outstanding collaborators 
including K. Ahn, S. Blawid, A. Ghattopadhyay and A. J. Schofield. 
My work in this area has been supported by the US National Science 
Foundation, most recently through the University of Maryland-Rutgers 
MRSEG program and NSF DMR0081075. 

References 

[1] D. van der Marel, A. Tsvetkov, Phys. Rev. B64 024530 (2001). 

[2] see, e.g. Ghapter 7 of J. D. Jackson, Classical Electrodynamics, 2nd 
Ed. (John Wiley and Sons, New York: 1980). 

[3] D. Pines and P. Nozieres, Theory of Quantum Liquids, Addison 
Wesley, Reading, MA (1964). 

[4] W. Kohn, Phys. Rev. A133 171 (1964). 

[5] M. Imada, A. Fujimori, and Y. Tokura, Rev. Mod. Phys. 70, 1039 
(1998) . 

[6] B. N. Narozhny, A. J. Millis and N. Andrei, Phys. Rev. B58 2921-4 
(1998). 

[7] D. J. Scalapino, S. R. White and S. G. Zhang, Phys. Rev. B47 7995 
(1993). 




REFERENCES 



233 



[8] N. W. Ashcroft and N. D. Mermin, Solid State Physics, (Saunders, 
Philadelphia: 1980). 

[9] A. V. Puchkov, D.N. Basov and T. Timusk, J. Phys. Cond. Mat. 8 
10049 (1996). 

[10] O. K. Anderson, C. Arcangeli, R. W. Tank, T. Saha-Dasgupta, G. 
Kner, O. Jepsen and I. Dasgupta, Symposium Mater. Res, Soc. 1998 
pps. 3-4 Warrendale PA USA. 

[11] J. E. Hirsch, Physica C199 305 (1992). 

[12] P. F. Maldague, Phys. Rev. B16 2437 (1977). 

[13] D. Baeriswyl, C. Gros and T. M. Rice, Phys. Rev. B35 8391 (1987). 

[14] A. J. Millis and S. Goppersmith, Phys. Rev. B42, 10807-10 (1990). 

[15] A. J. Millis, R. Mueller and B. I. Shraiman, Phys. Rev. B54 5405 
(1996). 

[16] K. Ahn and A. J. Millis, Phys. Rev. B61 13545 (2000). 

[17] see, e.g. R. O. Jones and O. Gunnarsson, Rev. Mod. Phys. 61 689 
(1989). 

[18] W. G. Aulbur, L. Johnsson and J. W. Wilkins, Solid State Physics 
54 pps 1-218 (2000). 

[19] L. X. Benedict, E. R. Shirley and R. B. Bohn, Phys Rev. B57 9385 
(1998) and L. X. Benedict and E. L. Shirley, Phys. Rev. B59 5441 
(1999). 

[20] I. Soloviev, N. Hamada and K. Terakura, Phys. Rev. B53 7158 
(1996); see also K. Terakura, I Soloviev and H. Sawada inColossal 
Magnetoresistive Oxides, Y. Tokura, ed., (Gordon and Breach: 
Tokyo 1999). 

[21] X. Zotos and P. Prelovsek, Phys. Rev. B53 983 (1997). 

[22] A. A. Abrikosov, L. P. Gorkov and I. E. Dzyaloshinskii, Met/iods of 
Quantum Field Theory in Statistical Physics, (Dover, New York: 
1964). 

[23] A. Georges, B. G. Kotliar, W. Krauth and M. Rozenberg, Rev. Mod. 
Phys. 68 13 (1996). 

[24] F. Gross, B. S. Ghandrasekhar, D. Einzel, K. Andres, P. J. 
Hirschfeld, H. R. Ott, J. Bevers, Z. Fisk and J. L. Smith, Z. Phys. 
B64 175 (1986). 

[25] M Tinkham, Superconductivity (McGraw Hill, New York, 1975). 

[26] J. Orenstein, G. A. Thomas, A. J. Millis, S. L. Gooper, D. H. 
Rapkine, T. Timusk, J. V. Waszczak, Physical Review B42, 6342 
(1990). 




234 



Strong interactions in low dimensions 



[27] H. J. A. Molegraaf et. al., Science 295 2239 (2001). 

[28] T. Katsufuji, Y. Okimoto, T. Arima, Y. Tojura and J. B. Torrance, 
Phys. Rev. B51 4830 (1995). 

[29] V. Vescoli, L. D. Degiorgi, H. Berger and L. Forro, Phys. Rev. Lett. 
81 453 (1998). 

[30] A. I. Larkin, J. E. T. P. 46 1478(1964) and ibid 2188 

[31] R. Hlubina and T. M. Rice, Phys. Rev B51 9253 (1995). 

[32] A. A. Migdal, Sov. Phys. JETP 7 996 (1958). 

[33] C. M. Varma, E. Abrahams, S. Schmidt-Rink and A. Ruckenstein, 
Phys. Rev. Lett. 63 1936 (1989). 

[34] T. Valla, A. V. Eeodorov, P. D. Johnson, B. O. Wells, S. L. Hulbert 
Q. Li, G. D. Gu and N. Koshizuka Science 285 2110 (1999). 

[35] E. Abrahams, J. Phys. I Prance 6 2191 (1996). 

[36] A. J. Millis and H. D. Drew, Phys. Rev. B67 214517 (2003). 

[37] L. B. Ioffe and A. J. Millis, Science 285 1241 (1999) and Phys. Rev. 
B61 9077 (2000). 

[38] N. Shah and A. J. Millis, Phys. Rev. B64 174506 (2001) and ibid 
B65 024506 (2001). 

[39] A. V. Lopatin, A. Georges and T. Giamarchi, Phys. Rev. B63 75109 

( 2001 ). 

[40] P. H. L. Essler and A. M. Tsvelik, Phys. Rev. B65 115117 (2002). 

[41] M. Turlakov and A. J. Leggett, Phys. Rev. B63 064518 (2001). 

[42] H. J. Schulz, Phys. Rev. Lett. 64 2831 (1989) and H. J. Schulz, Int. 
J. Mod. Phys. B5 57 (1991). 

[43] G. A. Stafford and A. J. Millis, Phys. Rev. B48 1409 (1993). 

[44] T. Giamarchi and A. J. Millis, Phys. Rev. B46, 9325 (1992). 

[45] E. Dagotto, A.Moreo, P. Ortolani, D. Poilblanc and J. Riera, Phys. 
Rev. B45 10107 (1992). 

[46] M. J. Rozenberg. G. Kotliar, H. Kajueter, G. A. Thomas, D. H. 
Rapkine, J. M. Honig and P. Metcalfe, Phys. Rev. Lett. 75 105 
(1995). 

[47] E. Jeckelmann, P. Gebhard and E. H. L. Essler, Phys. Rev. Lett. 85 
3910(2000); see also E. Jeckelmann, Phys. Rev. B67 075106 (2003). 

[48] see, e.g. T. M. Rice, chapter 2 in Les Houches 91, Session LVI 
(Elsevier, Amsterdam: 1996); for an explicit and useful derivation 
of the t — J model from a more fundamental underlying Hamiltonian 
see A. MacDonald, D. Yoshioka and S. M. Girvin, Phys. Rev. B41 
2565 (1990). 




REFERENCES 



235 



[49] J. Jaklic and P. Prelovsek, Phys. Rev. B52 6903 (1995). 

[50] J. Zaanen, G. Sawatzky and J. W. Allen, Phys. Rev. Lett. 55 418 
(1985). 

[51] F-C. Zhang and T. M. Rice, Phys. Rev. B57 3759 (1988) 

[52] See, e.g. the articles in Colossal Magnetoresistive Oxides, Y. Tokura, 
ed (Gordon and Breach: Tokyo, 1999) or those in Phil. Trans. Roy. 
Soc. 356 no. 1742 (pps 1469-1712) (1998). 

[53] G.A. Sawatzky, private communication 

[54] A. Ghattopadhyay, A. J. Millis and S. Das Sarma, Phys. Rev. B61 
10738 (2000). 

[55] B. Michaelis and A. J. Millis, cond-mat/0212573. 

[56] P. A. Lee, T. M. Rice, J. Serene, L. J. Sham and J. W. Wilkins, 
Gomments on Gond. Mat. Phys. 12, 99 (1986). 

[57] For a review see, e.g. S. R. Julian, G. J. MacMullan, G. Pfleiderer, 

F. Tautz and G. G. Lonzarich, J. Appl. Phys. 76 6137 (1994). 

[58] G. M. Varma. Phys. Rev. Lett. 55 2723 (1985). 

[59] A. J. Millis and P. A. Lee, Physical Review B35, 3394 (1987) 

[60] For a recent review see L. Degiorgi, Rev. Mod. Phys. 71 687 (1999). 

[61] A. I. Liechtenstein, O. Gunnarsson, O. K. Andersen, and R. M. 
Martin, Phys. Rev. B54 12505 (1996). 

[62] S. Uchida, T. Ito, T. Takagi, T. Arima, Y. Tokura and S. Tajima, 
Phys. Rev. B43 7942 (1991). 

[63] See, e.g. Fig 4 of K. Takenaka, Y. Sawaki and S. Sugai, Phys. Rev. 
B60 13011 (1999). 

[64] M. Quijada, J. Gerne, J. R. Simpson, H. D. Drew, K. H. Ahn, A. J. 
Millis, R. Shreekala, R. Ramesh, M. Rajeswari and T. Venkatesan, 
Phys. Rev. B58 16093 (1998). 

[65] S. Satpathy, Z. S. Popovic and F. R. Vukajilovic, Phys. Rev. Lett. 
76 960 (1996). 

[66] W. Pickett and D. Singh, Phys. Rev. B53 1146 (1996). 

[67] W. E. Pickett, private communication. 

[68] H. Shiba, J. Phys. Soc. Jpn. 66 941 (1997). 

[69] J. Simpson, H. D. Drew, V. N. Smolyaninova, R. L. Greene, M. 

G. Robson, A. Biswas and M. Rajeswari, Phys. Rev. B60 16263 
(1999). 




Chapter 8 

OPTICAL SIGNATURES OF ELECTRON 
CORRELATIONS IN THE CUPRATES 



D. van der Marel 
Laboratory of Solid State Physics 
Materials Science Centre, University of Groningen 
Nijenborgh f, 91 f1 AG Groningen, The Netherlands 

d.van.der.marel@phys.rug.nl 

dirk, vandermarel® physics, unige . ch 

Abstract The f-sum rule is introduced and its applications to electronic and vi- 
brational modes are discussed. A related integral over the intra-band 
part of (y{u}) which is also valid for correlated electrons, becomes just the 
kinetic energy if the only hopping is between nearest neighbor sites. A 
summary is given of additional sum rule expressions for the optical con- 
ductivity and the dielectric function, including expressions for the first 
and second moment of the optical conductivity, and a relation between 
the Coulomb energy and the energy loss function. It is shown from 
various examples, that the optical spectra of high Tc materials along 
the c-axis and in the ab-plane direction can be used to study the kinetic 
energy change due to the appearance of superconductivity. The results 
show, that the pairing mechanism is highly unconventional, and mostly 
associated with a lowering of kinetic energy parallel to the planes when 
pairs are formed. 

Keywords: Optical conductivity, spectral weight, sum rules, reflectivity, dielec- 
tric function, inelastic scattering, energy loss function, inelastic elec- 
tron scattering, Josephson plasmon, multi-layers, inter-layer tunneling, 
transverse optical plasmon, specific heat, pair correlation, kinetic en- 
ergy, correlation energy, internal energy. 



1. Macroscopic electromagnetic fields in matter 
1.1 Introduction 

The response of a system of electrons to an externally applied field 
is commonly indicated as the dielectric function, or alternatively as the 
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optical conductivity. The discussion in this chapter is devoted to induced 
currents and fields which are proportional to the external fields, the so- 
called linear response. The dielectric and the optical conductivity can be 
measured either using inelastic scattering of charged particles for which 
usually electrons are used, or by measuring the absorption of light, or 
the amplitude and/or phase of light reflected or transmitted by a sample. 
The two cases of fast particles and incident radiation involve different 
physics and will be discussed separately. 

1.2 Reflection and refraction of electromagnetic 
waves 

Optical spectroscopy measures the reflection and refraction of a beam 
of photons interacting with the solid. A rarely used alternative is the use 
of bolometric techniques to measure the absorption of photons directly. 
A variety of different experimental geometries can be used, depending on 
the type of sample under investigation, which can be a reflecting surface 
of a thick crystal, a free standing thin film, or a thin film supported by a 
substrate. Important factors influencing the type of analysis are also the 
orientation of the crystal or film surface, the angle of incidence of the 
ray of photons, and the polarization of the light. In most cases only the 
amplitude of the reflected or refracted light is measured, but sometimes 
the phase is measured, or the phase difference between two incident rays 
with different polarization as in ellipsometry. The task of relating the 
intensity and / or phase of the reflected or refracted light to the dielectric 
tensor inside the material boils down to solving the Maxwell equations 
at the vacuum/sample, sample/substrate, etc. interfaces. An example is 
the ratio of the reflection coefficients (i?p/i?s)and phase differences {rip — 
Tjs) of light rays with p and s-polarization reflected on a crystal/ vacuum 
interface at an angle of incidence 9. These quantities which are measured 
directly using ellipsometry 



giivp-ns) 

The real and imaginary part of the dielectric constant can be calculated 
from such a measurement with the aid of Eq. (8.1). In contrast to a beam 
of charged particles, the electric field of a plane electromagnetic wave 
is transverse to the photon momentum. The dielectric tensor elements 
which can be measured in an optical experiment are therefore transverse 
to the direction of propagation of the electromagnetic wave. In a typical 
optical experiment the photon energy is below 6 eV. In vacuum the 
photon wave number used in optical experiments is therefore 0.0005A“^, 




sin 6 tan 9 — \J e — sin^ 9 
sin 9 tan 9 -|- \J e — sin^ 9 



(8.1) 
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or smaller, which is at least three orders of magnitude below the Fermi 
momentum of electrons in a solid. For this reason it is usually said that 
optical spectroscopy measures the transverse dielectric constant or the 
optical conductivity at zero momentum. The optical conductivity tensor 
expresses the current response to an electrical field 

j{r,t) = J (fr J dt'a{f,f' ,t — t')E{r ,t') (8.2) 

From the Maxwell equations it can be shown that for polarization 
transverse to the propagation of an electromagnetic wave dE/dt = 
dD/dt + dvrj. If the sample has translational invariance, the optical 
conductivity tensor has a diagonal representation in /c-space. Due to the 
fact that the translational symmetries of a crystalline solid are restricted 
to a discrete space group, k is limited to the first Brillouin zone. Con- 
sequently, as shown by Hanke and Sham[l], the /c-space representation 
of the dielectric tensor becomes a matrix in reciprocal space 

= J d^rj d^f^ J (8.3) 

The dependence of a{q, uj)^ on the reciprocal lattice vectors G, G' 
reflects, that the local fields can have strong variations in direction 
and magnitude on the length scale of a unit cell. Yet due to the long 
wavelength of the external light rays the Fresnel equations involve only 
G = G' = 0. Usually in texts on optical properties the only optical 
tensor elements considered have G = G' = 0, and in this chapter we will 
do the same. 

Inside a solid the wavelength of the electromagnetic rays can be much 
shorter than that of a ray with the same frequency travelling in vacuum. 
Although in this chapter we will not encounter experiments where the 
finite momentum of the photon plays an important role, we should keep 
in mind that in principle the photon momentum is non-zero and can have 
a non-trivial effect on the optical spectra. In particular it may corrupt 
Kramers-Kronig relations, which is just one out of several reasons why 
spectroscopic ellipsometry should be favored. 

1.3 Inelastic scattering of charged particles 

When a fast charged particle, moving at a velocity Ve, interacts weakly 
with a solid, it may recoil inelastically by transferring part of its mo- 
mentum, fiq and its energy, Hto to the solid. The fast electron behaves 
like a test charge of frequency to = q-Vg, which corresponds to a dielec- 
tric displacement field, D{f,f) = exp (ig • r — iwt). The dielectric 




240 



Strong interactions in low dimensions 



displacement of the external charges may be characterized by a density 
fluctuation, which has no field component transverse to the wave. D{r, t) 
is therefore a purely longitudinal field. In a solid mixing of transverse 
and longitudinal modes occurs whenever fields propagate in a direction 
which is not a high symmetry direction of the crystal. However, in the 
long wavelength limit the dielectric properties can be described by only 
three tensor elements which correspond to the three optical axes of the 
crystal. Since along these directions no mixing between longitudinal and 
transverse response occurs, we will consider the situation in this chapter 
where the fields and their propagation vector point along the optical 
axis. Inside a material the dielectric displacement is screened by the 
response of the matter particles, resulting in the screened field E(f,t) 
inside the solid[l]. 

E{r,t) = J (ff' J dt'e~^{r,r ,t — t')D{r ,t') (8.4) 

For the same reasons as for the optical conductivity the fc-space repres- 
entation of the dielectric tensor becomes a tensor in reciprocal space 

e~\q+G\q+G,uj) = j d^r j d^f^ J ,t) 

(8.5) 

where G and G' denote reciprocal lattice vectors. The relation between 
the dielectric displacement and the electric field is 

E{q G' , uj) = 'y ( e ^{q G' ,q G,uj)D(^q G,uj) (8.6) 

G 



The macroscopic dielectric constant, which measures the macroscopic 
response to a macroscopic perturbation, i.e. for vanishingly small q, is 
given by[l] 



1 



e{uj) = lim — - ^ ^ 

<7^0 6 ^{q,q,u;) 



(8.7) 



where it is important, that in this expression first the matrix e{q + 
G' ,q + G,io) has to be inverted in reciprocal space, and in the next step 
the (G = 0, G' = 0) matrix element is taken of the inverted matrix 
[1]. Energy loss spectroscopy using charged particles can be used to 
measure the dielectric response as a function of both frequency and 
momentum. This technique provides the longitudinal dielectric function, 
i.e. the response to a dielectric displacement field which is parallel to 
the transferred momentum q. The probability per unit time that a 
fast electron transfers momentum q and energy huj to the electrons was 
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derived by Nozieres and Pines [2, 3] for a fully translational invariant 
’jellium’ of interacting electrons 

P(f,u.) = ^Im{^} (8.8) 

where e is the elementary charge. 

1.4 Relation between cr{(jj) and e{(jj) 

We close this introduction by remarking, that for electromagnetic 
fields propagating at a long wavelength the two responses, longitud- 
inal and transverse, although different at any nonzero wave vector, are 
very closely related. We will take advantage of this fact when later in 
this chapter we extract the energy loss function for g ~ 0 from optical 
data. According to Maxwell’s equations for q ^ 0 the uniform cur- 
rent density is just the time derivative of the uniform dipole field, hence 
47rj = iio{E — D). Consequently for g ^ 0 the conductivity and the 
dielectric function are related in the following way 

4-7T? 

e(0,u;) = 1 + — cj(0,ca) (8.9) 

U) 

Throughout this chapter we will use this identity repeatedly. 

2. Interaction of light with matter 

2.1 The optical conductivity 

Let us now turn to the discussion of the microscopic properties of 
the optical conductivity function. The full Hamiltonian describing the 
electrons and their interactions is 

^ + + (8.10) 

ku G ^ fc 

Pf ~ 4.l7*"P+fc.fT (8-11) 

p,a 

In this expression the symbol creates a plane wave of momentum Tip 
and spin-quantum number a, lie represents the potential landscape due 
to the crystal environment. The third term is a model electron-electron 
interaction Hamiltonian, representing all electron-phonon mediated and 
Coulomb interactions, where is the /c’th Fourier component of the 
density operator. In addition to the direct Coulomb interaction, various 
other contributions may be relevant, such as direct exchange terms. As a 
result the spin- and momentum dependence of the total interaction can 
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have a more complex form than the above model Hamiltonian. Relevant 
for the subsequent discussion is only, that the interaction term commutes 
with the current operator. The quantum mechanical expression for the 
current operator is 

= E ^4-<7/2,<xCp+9/2,a (8.12) 

p,cr 

The current and density operators are symmetric in k-space, satisfying 
p\ = p-k and j\. = j-k- In coordinate space the representations of the 



' tx, 1 ^ to ^ 

density and the current are 






h(r) = 


q 


(8.13) 


J(F) = 


q 


(8.14) 



It is easy to verify, that together h(r) and j{j^ satisfy the continuity 
equation ieh~^[n{r), H] +V ■ j{r) =0. 



Let us now consider a many-body system with eigen-states \m) and 
corresponding energies E^- For such a system the microscopic expres- 
sion for the optical conductivity has been explained by A.J. Millis in 
Chapter 7. The result for finite q was derived in ’The theory of quantum 
liquids’ part I, by Nozieres and Pines (equation 4.163). For brevity of 
notation we represent the matrix elements of the current operators as 



Ja™ = {n\ja,q\m) (8.15) 

With the help of these matrix elements, and with the definition htOmn = 
Em — En the expression for the optical conductivity is 






ie^N 
mV u) 



+ E 

n,m^n 






r -nm -ran 
Ja,qJa-q 



liV ^mn i'n 



-nm -mn 
Ja,—qJa^q 

LV -|- UJmn + ip. 



(8.16) 

Here N is the number of electrons, V the volume, m the electron mass, Qe 
the elementary charge, H is the thermodynamic potential, f5 = l/ksT 
and p is an infinitesimally small positive number. In principle in the 
calculation of Eq. (8.16) terms may occur under the summation for which 
^mn = 0. As UJmn occurs in the denominator of this expression, these 
zeros should be cancelled exactly by zeros of the current matrix elements, 
which poses a special mathematical challenge. 

In Eq. (8.16) a{uj) is represented by two separate terms, a 5-function 
for a; = 0 and a summation over excited many-body eigen-states. The 




Optical signatures of electron correlations in the cuprates 



243 



5-function is a diamagnetic contribution of all electrons in the system, 
the presence of which is a consequence of the gauge invariant treatment 
of the optical conductivity, as explained by Millis in chapter 7. The 
presence of this term is at first glance rather confusing, since left by 
itself this 5-function would imply that all materials (including diamond) 
are ideal conductors! However, the second term has, besides a series 
of poles corresponding to the optical transitions, also a pole for u; = 0, 
corresponding to a negative 5-function of Recj(t(;). It turns out, that for 
all materials except ideal conductors this 5-function compensates exactly 
the first (diamagnetic) term of Eq. (8.16). This exact compensation is a 
consequence of the relation [6] 



For every n: 



E 

m^n 



Anm ATnn 
^mn 



Ne^ 

2m 



(8.17) 



Experimentally truly ’ideal’ conductivity is only seen in superconduct- 
ors. In ordinary conducting materials the diamagnetic term broadens to 
a Lorentzian peak due to elastic and/or inelastic scattering. The width 
of this peak is the inverse life-time of the charge carriers. Often in the 
theoretical literature the broadening is not important, and the Drude 
peak is counted to the Dirac- function in the origin. The infrared prop- 
erties of superconductors are characterized by the presence of both a 
purely reactive diamagnetic response, and a regular dissipative conduct- 
ivity [5]. The sum of these contributions counts the partial intra-band 
spectral weight which we discuss in section 2.4. With the help of Eq. (8.17), 
the diamagnetic term of Eq. (8.16) can now be absorbed in the summation 
on the right-hand side 



'^o,/3(9) ^) 



P{n-En) ( AumAmn Anm Amn 

^ ^ I Ja^qJa^ — q ^ Ja, — qJa^q I 

^ ^ ^mn I ^mn ~\~ ip (-0 OJrnn ~\~ if] } 



(8.18) 

As explained in section 1.2, usually in optical experiments one assumes 
g ^ 0 in the expressions for a{oj). It is useful at this stage to introduce 
the generalized plasma frequencies 

with the help of which we obtain the following compact expression for 
the optical conductivity tensor 



^mn 



^aa\^) A / ^ / I ' \ 2 



(8.19) 



Although formally the parameter is understood to be an infinites- 
imally small positive number, anatural modification of Eq. (8.19) consists 
of limiting the summation to a set of oscillators representing the main 
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optical transitions and inserting a finite value for 7mn; which in this 
case represents the inverse lifetime of the corresponding excited state 
{e.g. calculated using Fermi’s Golden Rule). With this modification 
Eq. (8.19) is one of the most commonly used phenomenological represent- 
ations of the optical conductivity, generally known as the Drude-Lorentz 
expression. 



2.2 The f-sum rule 



The expressions Eqs. (8.16), (8.18), and (8.19) satisfy a famous sum rule. 
This is obtained by first showing with the help of Eq. (8.17), that for each 
n 



H Si 



2 

mn 






mV 



( 8 . 20 ) 



Second, as a result of Cauchy’s theorem in Eq. (8.19) the integral over all 
(positive and negative) frequencies off Recj(u;) equals X) To 

complete the derivation of the f-sum rule we also use that Xn = 

1, which follows from the definition of the thermodynamic potential. 
Then 

/ Rea{io)du; = (8.21) 

J — oo TTlv 



is the f-sum rule, or Thomas-Reich-Kuhn rule. It is a cornerstone for 
optical studies of materials, since it relates the integrated optical con- 
ductivity directly to the density of charged objects, and the absolute 
value of their charge and mass. It reflects the fundamental property 
that also in strongly correlated matter the number of electrons is con- 
served. Note that the right-hand side of the f-sum rule is independent of 
the value of fi. Also the f-sum rule applies to bosons and fermions alike. 
Because Re(j(t(;)=Recj(— w) the sum rule is often presented as an integ- 
ral of the conductivity over positive frequencies only. Superconductors 
present a special case, since Recr(a;) now has a 5 function at a; = 0: Only 
half of the spectral weight of this d-function should be counted to the 
positive frequency side of the spectrum. 

2.3 Spectral weight of electrons and optical 
phonons 

The optical conductivity has contributions from both electrons and 
nuclei because each of these particles carries electrical charge. The integ- 
ral over the optical conductivity can then be extended to the summation 
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over all species of particles in the solid with mass mj, and charge qj 

Rea{uj)duj = ^ (8.22) 

j ^ 

Because the mass of an electron is several orders of magnitude lower than 
the mass of a proton, in many cases the contribution of the nuclei to the 
f-sum rule is ignored in calculations of the integrated spectral weight of 
metals. However, important exceptions exist where the phonon contri- 
bution cannot be neglected, notably in the c-axis response of cuprate 
high Tc superconductors. Although Eq. (8.22) is completely general, in 
practice it cannot be applied to experimental spectra directly. This is 
due to the fact that the contributions of all electrons and nuclei can only 
be obtained if the conductivity can be measured sufficiently accurately 
up to infinite frequencies. In practice one always uses a finite cut-off. 
Let us consider the example of an ionic insulator: If the integral is car- 
ried out for frequencies including all the vibrational modes, but does not 
include any of the inter-band transitions, then the degrees of freedom 
describing the motion of electrons relative to the ions is not counted. As 
a result the large number of electrons and nuclei which typically form 
the ions are not counted as separate entities. Effectively the ions behave 
as the only (composite) particles in such a case, and the right-hand side 
of Eq. (8.22) contains a summation over the ions in the solid. Application 
of Eq. (8.22) provides the so-called transverse effective charge, which for 
ionic insulators with a large insulating gap corresponds rather closely 
to the actual charge of the ions. In the top panel of Eig. 8.1 this is 
illustrated with the infrared spectrum of MgO. Indeed the transverse 
effective charge obtained from the sum rule is 1.99, in good agreement 
with the formal charges of the Mg^"*" and ions. 

Because the mass of the ions is much higher than the free electron 
mass, the corresponding spectral weight integrated over the vibrational 
part of the spectrum is rather small. In a metal, even if optical phonons 
are present, usually the spectral weight at low frequencies is completely 
dominated by the electronic contributions due to the fact that the free 
electron mass is much smaller than the nuclear mass. A widely spread 
misconception is, that the screening of optical phonons in metals leads 
to a smaller oscillator strength than in ionic insulators. The oppos- 
ite is true: Due to resonant coupling between vibrational modes and 
electronic oscillators, the optical phonons in an intermetallic compound 
often have much more spectral weight than optical phonons in insu- 
lators. This ’charged phonon’ effect was formulated in an elegant way 
in 1977 by Rice, Lipari and Strassler[9]. They demonstrated, that un- 
der resonant conditions, due to electron-phonon coupling, vibrational 
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Wave number (cm*^) 

Figure 8.1. Optical conductivity of MgO (top panel) and FeSi at T = 4 K (bottom 
panel). In the insets the function Z{u>) — 8/i(47mie^) (Tpfc(a;')dtj'} ’ is dis- 

played. For FeSi the electronic background (dotted curve of the lower panel) was 
subtracted. For u) > 600cm“^ Z(u!) corresponds to transverse effective charge. Data 
from Ref. [7, 8]. 



modes borrow oscillator strength from electronic modes, which boosts 
the intensity of the vibrational modes in the optical conductivity spec- 
tra. This effect is now known to be common in many materials, for 
example in TCNQ-salts,blue bronze, IV-VI narrow-gap semiconductors, 
FeSi and related compounds, and the beta-phase of sodium vanadate 
[10, 11, 12, 13, 15, 8, 7, 14, 16]. In Figs. 8.1 and 8.2 the charged phonon 
effect is illustrated using the examples of FeSi, MnSi, CoSi and RuSi 
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[8, 7, 14], showing that the transverse charge is between 4 and 5. These 
compounds are not ionic insulators, because the TM and Si atoms have 
practically the same electro-negativities and electron affinities. Instead 
the large transverse charge of these compounds arises from the charged 
phonon effect predicted by Rice. The strong temperature dependence of 
the transverse charge of FeSi correlates with the gradual disappearance 
of the semiconductor gap as the temperature is raised from 4 to 300 K. 




Figure 8.2. Temperature dependence of the transverse effective charge of Co-Si, Fe- 
Si, Ru-Si, and Mn-Si pairs, calculated from the oscillator strength of the optical 
phonons. Data from Refs. [7], [8] and [14]. 



2.4 Partial spectral weight of the intra-band 
transitions 

Often there is a special interest in the spectral properties of the charge 
carriers. The electrons are subject to the periodic potential of the nuc- 
lei, resulting in an energy-momentum dispersion which differs from free 
electrons. Often one takes this dispersion relation as the starting point 
for models of interacting electrons. The Coulomb interaction and other 
{e.g. phonon mediated) interactions present the real theoretical chal- 
lenge. The total Hamiltonian describing the electrons and their interac- 
tions is then 

H = ^ ^ Vk ^ Cpo-cJ^,Cq-fco-'Cp+fco- 

k,a kqp era' 



(8.23) 
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The current operator is in this case 

dq— 2 ^^ {yp+q/2 — V-p+q/-^ Cp_q/2,o-Cp+q/2,o- (8.24) 

P,<7 



where the = h~^dek/dk is the group velocity. The density operator 
commutes with the interaction part of the Hamiltonian. This has an 
interesting and very useful consequence, namely that a partial sum rule 
similar to the f-sum rule exists, which can be used to probe experiment- 
ally the kinetic energy term of the Hamiltonian. This partial sum rule 
for integration of the intra-band conductivity, yields[17] 



dujRea^^{io)duj 



1 

rrik 



1 d‘^e(k) 
dkl^ 



(8.25) 

(8.26) 



Apparently the total spectral weight contained in the inter-band trans- 
itions, is exactly 



f dujReaaai<^) = vre^ [ 
J — oo y 



n 

m 




(8.27) 



In the limit where the interaction V), = 0, the occupation function rik in 
the above summation is a step-function at the Fermi momentum. In this 
case the summation over k becomes an integration over the Fermi volume 
with rik set equal to 1. After applying Gauss’s theorem we immediately 
obtain the well-known Fermi surface integral formula 

= 9 fsp ^Va{d)daa (8.28) 

where g is the spin degeneracy factor. In the literature two limiting 
cases are most frequently considered: (i) the free electron approxima- 
tion, where = rrie is the free electron mass independent of the mo- 
mentum of the electron, and (ii) the nearest neighbor tight-binding limit. 
In the latter case the dispersion is = — 2G cos kxUx — 2ty cos kyUy — 
2tzCoskzaz, with the effect that l/m^ = —2th~‘^ cos{kaaa) , and 

RecJ„o(u;)du; = - Y.k,a = {-Hkin) (8.29) 

where the integration should be carried out over all transitions within 
this band, including the d-function at cu = 0 in the superconducting 
state. The upper limit of the integration is formally represented by 
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the upper limit uim- In practice the cutoff cannot always be sharply 
defined, because usually there is some overlap between the region of 
transitions within the partially filled band and the transitions between 
different bands. Hence in the nearest neighbor tight-binding limit the 
f-sum provides the kinetic energy contribution, which depends both on 
the number of particles and the hopping parameter t[18]. This relation 
was used by Baeriswyl et al. to show, using exact results for one di- 
mension, that the oscillator strength of optical absorption is strongly 
suppressed if the on-site electron-electron interactions (expressed by the 
Hubbard parameter U) are increased [19]. The same equation can also 
be applied to superconductors, examples will be discussed later in this 
chapter. In the case of a superconductor it is important to realize, that 
the integration on the left-hand side of Eq. (8.29) should also include the 
condensate 5-function at a; = 0. As the optical conductivity can only be 
measured for u; > 0, the spectral weight in the 5-function has to derived 
from a measurement of the imaginary part of cr(uj), taking advantage of 
the fact that the real and imaginary part of a 5-function conductivity 
are of the form 



^singular _ 



2iu>, 



p,s 



47t(u; -|- f0+) 



The plasma frequency of the condensate, tOp^s, is inversely proportional 
to the London penetration depth, A(T) = c/cOp^s{T) with c the velocity 
of light. In the literature [20, 21] the 5-function, conductivity integral for 
u; > 0, and the kinetic energy are sometimes rearranged in the form 




- foT Rea(u;)du; 



(8.30) 



Whenever the kinetic energy term on the right-hand side changes its 
value, this expression suggests a ’violation’ of the f-sum rule, since the 
spectral weight in the 5-function now no longer compensates the change 
of spectral weight in the conductivity integration on the right-hand side. 
Of course there is no real violation, but part of the optical spectral weight 
is being swapped between the intra-band transitions and the inter-band 
transitions. Later in this chapter we will use the relation between kinetic 
energy as expressed in the original incarnation due to Maldague [18] (Eq. 
8.29) to determine in detail the temperature dependence of the a6-plane 
kinetic energy of some of the high Tc superconductors. 

It is easy to see, that for a small filling fraction of the band Eq. (8.29) is 
the same as the Galilean invariant result: The occupied electron states 
are now all located just above the bottom of the band, with an energy 
—t. Hence in leading orders of the filling fraction —(ifglHtl-tfg) = Nt. 
Identifying as the effective mass m* we recognize the familiar 
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f-sum rule, Eq. (8.22), with the free electron mass replaced by the effective 
mass. 

As the total spectral weight (intra-band plus inter-band) should sat- 
isfy the f-sum rule, the intra-band spectral weight is bounded from above, 
i.e. 0 < '^k'^^k/rrik < n/m. Near the top of the band the dynamical 
mass has the peculiar property that it is negative, vik < 0, which in the 
present context adds a negative contribution to the intra-band spectral 
weight. On the other hand, the fact that Recj(ti;) has to be larger than 
zero, implies that the equilibrium momentum distribution function 
is subject to certain bounds: If for example Uk would preferentially oc- 
cupy states near the top of the band, leaving the states at the bottom 
empty, the intra-band spectral weight would acquire an unphysical neg- 
ative value. Apparently such momentum distribution functions cannot 
result from the interactions of Eq. (8.23), regardless of the strength and 
k-dependence of those interactions. 

2.5 Additional sum rules for cr{u)) and l/e{uj) 

Several other sum rule type expressions exist for the optical conduct- 
ivity and for the dielectric constant. Here we give a summary. In the 
presence of a magnetic field an optical analogue of the Hall effect exists. 
The behavior is similar to the DC-limit, resulting in an off-diagonal com- 
ponent of the optical conductivity (Txy{oj) = —ayx{uj), where the z-axes 
is parallel to the magnetic field. The optical Hall angle is defined as 

i«(c) = ^44 (8,31) 

The optical (axx) and Hall conductivities(cJa;j^) can be measured directly 
in optical transmission experiments [22, 23]. Drew and Coleman have 
shown [24] that this response function obeys the sum rule 

tH{i^)duj = (jJh (8.32) 

where the Hall frequency loh is unaffected by interactions, and in the 
Galilean invariant case corresponds to the bare cyclotron frequency, 
uoh = eB/m. 

A first moment sum rule of the optical conductivity is easily obtained 
for T = 0, by direct integration of Eq. (8.18), providing 

/q UJaa,a{Q,^)duJ = J^{ja,qja,-q) = , . 

_ 2-Ke^Ti Y' ^2/ t „ „t „ \ f8.33j 

m'^V 2^k,a,a' 

In free space there is no scattering potential nor a periodic potential 
causing Umklapp scattering. Hence for electrons moving in free space 
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the right-hand side of Eq. (8.33) is exactly zero. This comes as no sur- 
prise: The integral on the left-hand side is also zero, since the optical 
conductivity of such a system has only a 5-function at a; = 0 due to Ga- 
lilean invariance. However, in the presence of Umklapp scattering the 
eigen-states of the electrons with energy-momentum dispersion are no 
longer the free electron states in the summation of Eq. (8.33). The true 
eigen-states are superpositions of plane waves. Vice versa the free elec- 
tron states generated by the c|, operators of the above expression can be 
written as a superposition of the eigen-states of the periodic potential: 
^k+G a ~ (^)®I m ai ''^^ere the latter operator generates the m’th 

eigen-state with momentum k in the first Brillouin zone. Eor brevity we 
introduce the notation Aq = |q;q(/c)P, and j Expressed 

in terms of these band occupation number operators Eq. (8.33) is 

lim J uiaa,a{q,(^)duj = - h™)) 

^ fc,G i,m,a 

(8.34) 

The summation on the right-hand side strongly suggests an intimate 
relationship between the optical conductivity and the kinetic energy of 
the electrons. However, due to the fact that the expression on the right- 
hand side is rather difficult to calculate, the first moment of cr{uj) is of 
little practical importance. It’s main purpose in the present context is 
to demonstrate the trend that an increase of the kinetic energy is ac- 
companied by an increase of the first moment of the optical conductivity 
spectrum. This is consistent with the notion, that an increase of kinetic 
energy is accompanied by a blue-shift of the spectral weight. 

For the energy-loss function a separate series of sum rule type equa- 
tions can be derived[25, 26, 27] 




Im— — dw 



e{uj) 



mV 



(8.35) 



which is similar to the f-sum rule for the optical conductivity, Eq. (8.22). 

As a result of the fact that the real and imaginary part of the energy 
loss function are connected via Kramers-Kronig relations, the following 
relation exists 

/•oo _i 

/ Im — — -du) = 7T (8.36) 

J-oo cue(a;) 

This expression can in principle be used to calibrate the absolute intens- 
ity of an energy-loss spectrum, or to check the experimental equipment, 
since the right-hand side does not depend on any parameter of the ma- 
terial of which the spectrum is taken. We can use the relation between 
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e{uj) and cr{to), Eq. (8.9), to express Eq. (8 36) as a function of iT(a;). Using 
Cauchy’s theorem, it is quite easy to prove from Eq. (8.36), that 

/ Re-- —duj = — (8.37) 

Jo — i\uj 2A 

Often the intra-band optical conductivity is analyzed in terms of a fre- 
quency dependent scattering rate = (ne^/m)Re{cj(u;)“^}, which 

follows directly from the experimental real and imaginary part of the 
optical conductivity. Taking the limit A ^ 0 in Eq. (8.37), we observe that 



1 , ne^ 

, , dio = hm — 

T{iAj) A^o 2A m 



= oo 



(8.38) 



Hence ultraviolet divergency appears to be a burden of integral formulas 
of the frequency dependent scattering rate [28, 29, 30] which is hard to 
avoid. 

In section 3.1 we will encounter a relation between the loss-function 
and the Coulomb energy stored in the electron fluid [26] 

— 1 47T^e^ 

-duj = — —{^o\pkP-k\^o) (8.39) 



Im- 



e{k,io) 

This expression is limited to the ground state at T = 0, as was also the 
case forEq. (8.33). The integrands on the left-hand side of Eq. (8.33) and 
Eq. (8.39) are odd functions of frequency. In contrast the f-sum rule, and 
the other expressions given in this subsection all involve integrals over 
an even function of frequency, which is the reason why the latter can be 
represented as integrals over all (positive and negative) frequencies. The 
fact that h occurs on the right-hand side of Eqs. (8.33) and (8.39) implies 
that these expressions are of a fundamental quantum mechanical nature, 
with no equivalent in classical physics. 

Recently Turlakov and Leggett derived an expression for the third 
moment of the energy loss function, which in the limit of /c ^ 0 is a 
function of the Umklapp potential of Eq. (8.11) 

47T^ 



Im- 



— UJ 



.(w) 



du> = 







UgP-g 



(8.40) 



The fact, that the right-hand side of Eq. (8.40) isfinite implies, that for 
CO ^ oo the loss function of any substance must decay more rapidly 
than Im{— e(u;)“^} oc and that the optical conductivity decays 

faster than Re{cj(t(;)} oc to~^. This expression is potentially interesting 
for the measurement of changes in Umklapp potential, provided that 
experimental data can be collected up to sufficiently high photon energy, 
so that the left-hand side of the expression reaches its high frequency 
limit. 
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3. The internal energy of superconductors 

A necessary condition for the existence of superconductivity is, that 
the free energy of the superconducting state is lower than that of the 
non-superconducting state. At sufficiently high temperature important 
contributions to the free energy are due to the entropy. These contribu- 
tions depend strongly on the nature of the low energy excitations, first 
and foremost of all their nature be it fermionic, bosonic or of a more 
complex character due to electron correlation effects. At T = 0 the free 
energy and internal energy are equal, and are given by the quantum 
expectation value of the Hamiltonian, which can be separated into an 
interaction energy and a kinetic energy. 

3.1 Interaction energy in BCS theory 



s-wave symmetry d-wave symmetry 




Figure 8.3. The k-space representation of the superconductivity induced change of 
pair correlation function for the s-wave (left panel) and d-wave symmetry (right 
panel). Parameters: A/IT = 0.2, iodIW = 0.2. Doping level x = 0.25 

We consider a system of electrons interacting via the interaction 
Hamiltonian given in Eq. (8.23). In the ground state of the system, the 
interaction energy, including the correlation energy beyond the Hartree- 
Fock approximation, is just the quantum expectation value of the second 
(interaction) term of (8.23). Here we are only interested in the difference 
in interaction energy between the normal and superconducting state. 

^corr ~ ^corr ~ {{PkP-k)s ~ {PkP-k)n) = ^k^Qk (8-41) 

k k 

In BCS theory the only terms of the interaction Hamiltonian which 
contribute to the pairing are the so-called reduced terms, i.e. those terms 
in the summation of Eq. (8.23) for which the center of mass momentum 
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p + q = t). The quantum mechanical expectation value of the correlation 
function is 

^9k ^ X l^P+fcl ^p+fc)(^p l^pl ) T ^ ^ '^p+k^p+k^v^v (8.42) 

p p 

The first term on the right-hand represents the change in exchange cor- 
relations, whereas the second term represents the particle-hole mixing 
which is characteristic for the BCS state. A quantity of special interest is 
the real space correlation function 6g{r, r') = {n{r)n{r')) s — {n{r)n{r'))n- 
The Fourier transform of this correlation function is directly related to 
5gk appearing in the expression of the interaction energy, Eq. (8.41) 

^9k = ^j d\ I (8.43) 

We see, that if the correlation function Sg{r, r') could be measured some- 
how, and the interaction Vk is known, than the interaction energy would 
follow directly from our knowledge of 5g{r,r'): 

El,,, - E^„, = Jd\J dW(r - r')Sg{r, r') (8.44) 

In a conventional superconductor the quasi-particles of the normal state 
are also the fermions which become paired in the superconducting state. 
(Note, that now we are using the concept of Landau Fermi-liquid quasi- 
particles for the normal state. Later in this manuscript we will ex- 
plore some consequences of not having a Fermi liquid in the normal 
state, where the quasi-particle concept will be abandoned.) Although 
the quasi-particle eigen-states of a conventional Fermi liquid have an 
amount of electron character different from zero, their effective masses, 
velocities and scattering rates are renormalized. The conventional point 
of view is, that pairing (enhancement of pair correlations) reduces the 
interaction energy of the electrons, by virtue of the fact that in the super- 
conducting state the pair correlation function g{r,r') = ('L|h(r)h(r')|'L) 
increases at distances shorter than the superconducting coherence length 
^ 0 - If the interaction energy V{r— r') is attractive for those distances, 
the interaction energy, Eq. (8.44), decreases in the superconducting state, 
and V{r — r') represents a (or the) pairing mechanism. In Fig. 8.3 we 
show calculations of dg^ assuming a bandstructure of the form 

W 

= — [cos kxtt -|- cos kyo] — fi (8.45) 

while adopting an order parameter of the form 

Afc = Ao0(|efc — ^1 — ojd ) 



(8.46) 
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Figure 8.4- The coordinate space representation of the superconductivity induced 
change of pair correlation function for the s-wave (left panel) and d-wave symmetry 
(right panel). Parameters: A/W = 0.2, ujdIW = 0.2. Doping level: x = 0.25 

for s-wave symmetry, and 

Afc = Aq [cos kxtt — cos kyo\ 0(|efc — — ojd) (8.47) 

for d-wave symmetry. The parameters used were A/TT = 0.2, = 

0.2, and Ep/W = 0.43 corresponding to x=0.25 hole doping counted 
from half filling of the band. The chemical potential in the supercon- 
ducting state was calculated selfconsistently in order to keep the hole 
doping at the fixed value of x=0.25 [31, 32, 33, 34]. From Fig. 8. 3 we 
conclude that s-wave pairing symmetry requires a negative 14 regard- 
less of the value of /c, whereas the d-wave symmetry can be stabilized 
either assuming I 4 > 0 for k in the (vr, tt) region, or I 4 < 0 for k near 
the origin. Both types of symmetry are suppressed by having I 4 > 0 at 
small momentum, such as the Coulomb interaction. 

In Fig. 8.4 we display the correlation function in coordinate space 
representation. This graph demonstrates, that d-wave pairing is stabil- 
ized by a nearest-neighbor attractive interaction potential. An on-site 
repulsion has no influence on the pairing energy, since the pair correla- 
tion function has zero amplitude for r — r' = 0. On the other hand, for 
s-wave pairing the ’best’ interaction is an on-site attractive potential, 
since the s-wave Sg{r, r') reaches it’s maximum value at r — = 0. 

3.2 Experimental measurements of the Coulomb 
interaction energy 

In a series of papers Leggett has discussed the change of Coulomb 
correlation energy for a system which becomes superconducting [35], and 
has argued, that this energy would actually decrease in the supercon- 
ducting state. Experimentally the changes of Coulomb energy can be 
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measured directly in the sector of fc-space of vanishing k. The best, 
and most stable, experimental technique is to measure the dielectric 
function using spectroscopic ellipsometry, and to follow the changes as 
a function of temperature carefully as a function of temperature. Be- 
cause the cuprates are strongly anisotropic materials, it is crucial to 
measure both the in-plane and out-of-plane pseudo-dielectric functions, 
from which the full dielectric tensor elements along the optical axes of 
the crystal then have to be calculated. We followed this procedure for 
a number of different high Tc cuprates, indicating that the Coulomb 
energy in the superconducting state increases for k=0. However, for 
k ^ 0 this need no longer be the case. Summarizing the situation [36]: 
the Coulomb interaction energy increases in the superconducting state 
for small k. This implies, that the lowering of internal energy in the 
superconducting state must be caused either by other sectors of k-space 
(in particular at around the (7r,7r) point, see Fig. 8.3!), or by a lowering 
of the kinetic energy in the superconducting state. The latter is only 
possible in a non Fermi liquid scenario of the normal state. 

3.3 Kinetic energy in BCS theory 




Figure 8.5. Occupation function as a function of momentum in the normal (dash) 
and the superconducting (solid) state for Fermi liquid (left panel) and an example of 
a broad distribution function, not corresponding to a Fermi liquid (right panel). 

In BCS theory the lowering of the pair-interaction energy is partly 
compensated by a change of kinetic energy of opposite sign. This can 
be understood qualitatively in the following way: The correlated motion 
in pairs causes a localization of the relative coordinates of electrons, 
thereby increasing the relative momentum and the kinetic energy of the 
electrons. Another way to see this, is that in the superconducting state 
the step of at the Fermi momentum is smoothed, as indicated in the 
left panel of Fig. 8.5, causing Ekin to become larger[37j. 
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A pedagogical example where the kinetic energy of a pair is higher 
in the superconducting state, is provided by the negative U Hubbard 
model [38]: Without interactions, the kinetic energy is provided by the 
expression 

Ekin = -t + E.C.\^) (8.48) 

Let us consider a 2D square lattice. If the band contains two electrons, 
the kinetic energy of each electron is —2t, the bottom of the band, hence 
Ekin = (In a tight-binding picture the reference energy is the center 
of the band irrespective of Ep, causing Ekin to be always negative). Let 
us now consider the kinetic energy of a pair in the extreme pairing limit, 
i.e. U ^ t, causing both electrons to occupy the same site, with an 
interaction energy —U. The occupation function rik in this case becomes 

""^"^Wkliil + Aek/Uy 

This implies that the kinetic energy approaches Ekin —8t‘^/U. Hence 
the kinetic energy increases from E^-^ = —4t to E'^^^ = — ^ when 
the local pairs are formed. The paired electrons behave like bosons of 
charge 2e. A second order perturbation calculation yields an effective 
boson hopping parameter[39] t' = /U . In experiments probing the 

charge dynamics, this hopping parameter determines the inertia of the 
charges in an accelerating field. As a result the plasma frequency of such 
a model would be 

2 2 

cUp 5 = 47r^(2e)^^2~ (8.50) 

whereas if these pair correlations are muted 

ah 

uip^n = dvrne^-^ (8.51) 

Because the plasma frequency is just the low frequency spectral weight 
associated with the charge carriers, this demonstrates, that for conven- 
tional pairs {i.e. those which are formed due to interaction energy lower- 
ing) the expected trend is, that in the superconducting state the spectral 
weight decreases. Note, that this argument can only demonstrate the 
direction in which the plasma frequency changes when the pair correla- 
tions become reduced, but it does not correctly provide the quantitative 
size of the change, since the strong coupling regime of Eq. (8.50) implies 
the presence of a finite fraction of uncondensed ’preformed’ pairs in the 
normal state. The same effect exists in the limit of weak pairing correl- 
ations. In Ref. [40] ((Eq. 29), ignoring particle-hole asymmetric terms) 
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the following expression was derived for the plasma resonance 




— 



dk 



(8.52) 



where V is the volume of the system, and £"1 = e| + |Afcp. Integrating 
in parts, using that A|£^^9fcefc = dk {ck/Ek), and that dkCk = 0 at the 
zone-boundary, we obtain 



dvre^ 



‘^p,s 



V 



E 



rik 

rrik 



(8.53) 



where d'^ Ck / dk'^ , and = l — Ck/Ek- For a monotonous band 

dispersion the plasma frequency of the superconductor is always smaller 
than that of the unpaired system: Because the sign of the band-mass 
changes from positive near the bottom of the band to negative near the 
top, the effect of the broadened occupation factors is to give a slightly 
smaller average over hence cOp is smaller. Note that the mass of 

free electrons does not depend on momentum, hence in free space ujp is 
unaffected by the pairing. 

To obtain an estimate of the order of magnitude of the change of 
spectral weight, we consider a square band of width W with a Fermi 
energy Ep = Ng/ (2VF), where Ng is the number of electrons per unit cell. 
To simplify matters we assume that 1 / ruk varies linearly as a function of 
band energy: l/m(e) = iW — 2Ep — 2e)/(IFmo). We consider the limit 
where A << W,Ep. Let us assume that the bandwidth ~ 1 eV, and 
A ~ Id meV corresponding to Tc =90 K. The reduction of the spectral 
weight is then 0.28 %. If we assume that the bandwidth is 0.1 eV, the 
spectral weight reduction would typically be ll.d %. 



3.4 Kinetic energy driven superconductivity 

If the state above Tc is not a Fermi liquid, the situation could be 
reversed. The right-hand panel of Fig. 8. 5 represents a state very dif- 
ferent from a Fermi liquid, and in fact looks similar to a gapped state. 
Indeed even for the ID Luttinger liquid n(/c) has an infinite slope at 
kp. If indeed the normal state would have a broad momentum distri- 
bution like the one indicated, the total kinetic energy becomes lower 
once pairs are formed, provided that the slope of n{k) at kp is steeper 
in the superconducting state. This is not necessarily in contradiction 
with the virial theorem, even though ultimately all relevant interactions 
(including electron-phonon interactions) are derived from the Coulomb 
interaction: The superconducting correlations involve the low energy 
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scale quasi-particle excitations and their interactions. These effective 
interactions usually have characteristics quite different from the original 
Coulomb interaction, resulting in Ec/Ekin —2 for the low energy quasi- 
particles. Various models have been recently proposed involving pairing 
due to a reduction of kinetic energy. In strongly anisotropic materials 
such as the cuprates, two possible types of kinetic energy should be dis- 
tinguished: Perpendicular to the planes[41, 42] (along the c-direction) 
and along the planar directions [43, 44, 45, 46, 47, 48, 49, 50, 51]. 

4. Experimental studies of superconductivity 
induced spectral weight transfer 

4.1 Josephson plasmons and c-axis kinetic 
energy 

C-axis kinetic energy driven superconductivity has been proposed 
within the context of inter-layer tunneling, and has been extensively 
discussed in a large number of papers[43, 44, 41, 52, 42, 21, 53, 54, 55, 
56, 57, 20, 58, 59, 60, 61, 62, 63, 64]. One of the main reasons to suspect 
that superconductivity was c-axis kinetic driven, was the observation of 
’’incoherent” c-axis transport of quasi-particles in the normal state[65] 
and, rather surprisingly, also in the superconducting state[66, 67, 68], 
thus providing a channel for kinetic energy lowering for charge carriers 
as soon as pairing sets in. As discussed in section 2.4 a very useful tool 
in the discussion of kinetic energy is the low frequency spectral weight 
associated with the charge carriers. In infrared spectra this spectral 
weight is contained within a the ’Drude’ conductivity peak centered at 
a; = 0. Within the context of the tight-binding model a simple relation 
exists between the kinetic energy per site, with volume per site Vu, and 
the low frequency spectral weight[18, 19] 

Here the plasma frequency, uop, is used to quantify the low frequency 
spectral weight: 

-I- / Rea{uj)doj = - Ji (8.55) 

8 Jo+ 8 

where the integration should be carried out over all transitions within 
the band, including the d-function at w = 0 in the superconducting state. 
The 5{uj) peak in Recr(u;) is of course not visible in the spectra directly. 
However the presence of the superfluid is manifested prominently in the 
London term of Ree(u;) (proportional to Im(r(u;)): ei(u;) = 

In La 2 -a;Sra,Cu 04 the London term is manifested in a spectacular way 
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as a prominent plasma resonance perpendicular to the superconducting 
planes [69]. This is commonly used to determine the superfluid spec- 
tral weight, from the experimental spectra. Apart from universal 
prefactors, the amount of spectral weight of the 5{uj) conductivity peak 
corresponds to the Josephson coupling energy, which in turn is the inter- 
layer pairhopping amplitude. It therefore provides an upper limit to the 
change of kinetic energy between the normal and superconducting state 
[41, 52], because the spectral weight transferred from higher frequencies 
to the 5(u;)-peak cannot exceed this amount. This allowed a simple ex- 
perimental way to test the idea of c-axis kinetic energy driven supercon- 
ductivity by comparing the experimentally measured values of the con- 
densation energy (Econd) and Ej. The inter-layer tunneling hypothesis 
required, that Ej k. Econd- In the spring of 1996 the first experimental 
results were presented[53] for T12201 (Tc=80 K), showing that Ej was 
at least two orders of magnitude too small to account for the condensa- 
tion energy (see Fig. 8.6). Later measurements of Ac[57] (approximately 
17 fmi) andthe Josephson plasma resonance (JPR) [56] at 28 cm“^, allowed 
a definitedeterminationof the Josephson coupling energy of this compound, 
indicating that Ej ~ 0.3/xeV in T12201 with Tc = 80 K (see Fig. 8.7). 
This is a factor 400 lower than Econd ~ 100/reV per copper, based either 
on cy experimental data[70], or on the formula Econd = 0.5A"(0)A^ with 
A(0) = leV~^ per copper, and A ~ IhmeV . In Fig. 8.8 the change in 
c-axis kinetic energy and the Josephson coupling energies are compared 
to the condensation energy for a large number of high Tc cuprates. For 
most materials we see that Ej < Econd^ sometimes differing by several 
orders of magnitude. 

These arguments falsifying the inter-layer tunneling mechanism have 
been questioned [21], arguing that a large part of the specific heat of 
T12201 is due to 3D fluctuations, and that these fluctuations should 
be subtracted when the condensation energy is calculated. However, 
it was recently shown[71] that due to thermodynamical constraints the 
fluctuation correction can not exceed a factor 2.5 in the case of T12201 
(as compared to a factor 40 in Ref. [21]). Hence the discrepancy between 
the Josephson coupling energy and the condensation energy of T12201 
is still two orders of magnitude. 

However, as stressed above, Ej provides only an upper limit for AEkin- 
A c-axis kinetic energy change smaller than Ej is obtained if we take into 
account the fact that a substantial part of J(t(;)-function is just the spec- 
tral weight removed from the sub-gap region of the optical conductivity. 
Usually it is believed that in fact the latter is the only source of intensity 
of spectral weight for the J-function, known as the (phenomenological) 
Glover-Tinkham-Ferell[72] sum rule. According to the arguments given 
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Figure 8.6. Grazing reflectivity of a Tl2Ba2Cu06 thin film (upper panel) and 
Lai, 85 Sro.i 5 Cn 04 single crystal (lower panel) measured with the polarization of the 
incident light tilted at an angle of 80° relative to the copper-oxygen planes. For LSCO 
the Josephson plasma resonance can be clearly seen at 40 cm“^. For T12212 no the 
Josephson plasma resonance is observed, indicating that it is located below the lower 
limit of 30 cm“^ of the spectrometer. This implies that the Josephson conpling en- 
ergy in this compound is at least two orders of magnitude lower than required by the 
inter-layer tunneling hypothesis. Data from Ref. [54] 



in section 3.4 we may conclude that = -E'fcin,n when we observe, 

that all spectral weight origins from the far-infrared gap region in agree- 
ment with the Glover-Tinkham-Ferrell sum rule. If, on the other hand, 
superconductivity is accompanied by a lowering of c-axis kinetic energy, 
part of ojp g originates from the higher frequency region of inter-band 
transitions, which begins at typically 2 eV. In other words, we may say 
that is an upper limit to the kinetic energy change 

71 2 

47re2a2‘^^’’* 



0 ^kin^n ^kin^s ^ 



(8.56) 
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Figure 8.7. P-polarized reflectivity at 80° angle of incidence of Tl2Ba2Cu06. From 
top to bottom: 4K, 10 K, 20 K, 30 K, 40 K, 50 K, 60 K, 75 K, and 90 K. The curves 
have been given incremental 3 percent vertical offsets for clarity. Data from Ref. [56] 



A direct determination of Ekin,s ~ Ekin,n is obtained by measuring ex- 
perimentally the amount of spectral weight transferred to the S{lv) peak 
due to the passage from the normal to the superconducting state, as 
was done by Basov et al.[20, 60]. These data indicated that for under- 
doped materials about 60% comes from the sub-gap region in the far 
infrared, while about 40% originates from frequencies much higher than 
the gap, whereas for optimally doped cuprates at least 90% originates 
from the gap-region, while less than 10% comes from higher energy. Ex- 
perimental artifacts caused by a very small amount of mixing of ab-plane 
reflectivity into the c-axis reflectivity curves may have resulted in an 
overestimation of the spectral weight originating from high energies [60], 
in particular those samples where the electronic (Tc{uj) is very low due 
to the 2-dimensionality. Optimally doped YBCO is probably less prone 
to systematic errors due to leakage of Rab into the c-axis reflectivity, 
since ctc{uj) of this material is among the largest in the cuprate family. 
The larger (Tc(cp) causes the c-axis reflectivity to be much larger at all 
frequencies, thereby reducing the effect of spurious mixing of a6-plane 
reflectivity in the optical spectra on the Kramers-Kronig analyzes. 

In summary < O.lEj in most cases. For several of the single- 

layer cuprates it has become clear now, that AEj^i^ significantly under- 
shoots the condensation energy, sometimes by two orders of magnitude 
or worse, as indicated in Fig. 8.8. 
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Figure 8.8. Intrinsic Josephson coupling energy [20, 55, 56, 57, 58, 59, 66, 69, 75] 
versus condensation energy[70, 76] 



4.2 Josephson plasmons in multi-layered 
cuprates 

This situation may be different for the bi-layer compounds. In these 
materials in principle the coupling within the bi-layer may provide an 
additional source of frustrated inter-layer kinetic energy, which can in 
principle be released when the material enters the superconductng state. 
This can in principle be monitored with infrared spectroscopy, because 
quite generally a stack of Josephson coupled layers with two different 
types of weak links alternating (in the present context corresponding to 
inter-bilayer and intra-bilayer) should exhibit three Josephson collective 
modes instead of one: Two of those modes are longitudinal Josephson 
plasma resonances, which show up as peaks in the energy loss function 
lm.{—l/e{u))). In between these two longitudinal resonances one expects 
a transverse optical plasma resonance, which is revealed by a peak in 
Recj(t(;). In essence the extra two modes are out-of-phase oscillations 
of the two types of junctions. This has been predicted in Ref. [77] 
for the case of a multi-layer of Josephson coupled 2D superconducting 
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layers. Further detailed calculations for the bi-layer case were presen- 
ted in Refs. [78, 79]. The existence of two longitudinal modes and one 
associated transverse plasmon mode at finite frequencies has been con- 
firmed experimentally for the SmLao. 8 Sro. 2 Cu 04_5 in a series of papers 
[80, 81, 82, 83, 84] (see Fig. 8.9). 

The c-axis optical conductivity of YBCO is one order of magnitude 
larger than for LSCO near optimal doping. As a result the relative im- 
portance of the optical phonons in the spectra is diminished. In the 
case of optimally doped YBCO, the experiments indicate no signific- 
ant transfer of spectral weight from high frequencies associated with 
the onset of superconductivity. C-axis reflectivity data[75] of optimally 
doped YBCO are shown in Figs. 8. 10. Above Tc the optical conductivity 
is weakly frequency dependent, and does not resemble a Drude peak. 
Below Tc the conductivity is depleted for frequencies below 500 cm“^, 
reminiscent of the opening of a large gap, but not an s-wave gap, since 
a relatively large conductivity remains in this range. 

There is a slight overshoot of the optical conductivity in the region 
between 500 and 700 cm“^, due to the fact that the normal state and 
superconducting state curves cross at 600 cm“^. In the case of the bi- 
layer cuprates this could be explained as a result of the presence of two 
superconducting layers per unit cell, resulting in the ’transverse optical’ 
plasma mode mentioned above[62, 63, 64, 73, 74, 75]. 

For the f-sum rule the presence of this extra mode makes no difference. 
The extra spectral weight in the superconducting state associated with 
this mode has in principle the same origin as the spectral weight in the 
zero-frequency d-function. In a conventional picture the source would 
be the spectral weight, removed due to a depletion of cJc(w) in the gap- 
region. The implementation of the sum rule relevant for this case then 
states that the relative spectral weight function 



AA(a;) 



UJ. 



p,s 




— as {to')) doj' 



(8.57) 



overshoots the 100 % line close to the ’second plasma’ mode, and sat- 
urates at 100 % for frequencies far above this mode. This is indeed 
observed in Fig. 8.10. 

Additional studies of the bi-layer (and tri-layer) materials have 
provided confirmation of the transverse optical plasmon in these materi- 
als. In spite of its high frequency, making the assignment to the Joseph- 
son effect rather dubious, nevertheless the transverse optical mode either 
makes its first appearance below Tc, or gains in sharpness and intensity 
at the temperature where pairs are being formed (which for under-doped 
cuprates begins already above Tc). Also in at least a number of cases 
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Figure 8.9. (a) Real part of the c-axis dielectric function of SmLao. 8 Sro. 2 Cu 04_5 for 

4 K (closed symbols), and 20 K (open symbols) (b) The c-axis loss function, Ime(a;)“^. 
(c) Real part of the c-axis optical conductivity. Data from Ref. [83, 85]. 

the spectral weight of the ’transverse optical’ plasmon observed below Tc 
appears to originate not from the spectral weight removed from the gap 
region, but from much higher energies[60, 61, 62, 63, 64]. The implic- 
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Figure 8.10. C-axis optical spectra of optimally doped (x=6.93) and over-doped 
(x=7.0) YBa 2 Cu 307 -a,. From top to bottom: reflectivity, optical conductivity, dy- 
namical impedance and relative spectral weight (Eq. 8.57). The dynamical imped- 
ance, pi(o;)=Re47r/a)e(a)) is proportional to the energy loss function weighted by a 
factor 1/ui. The optical phonons have been subtracted from the loss-functions for 
clarity. The data are from Ref. [75, 86] 



ation of this may be, that a non-negligible fraction of frustrated c-axis 
kinetic energy is released when these materials become superconduct- 
ing. This seems to be particularly relevant for the strong intra-bilayer 
(or tri-layer) coupling of Bi2212, Bi2223 and Y123. 
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4.3 Kinetic energy parallel to the planes 



In-plane kinetic energy driven superconductivity has been proposed 
by a number of researchers: Hirsch[43, 44, 87] discussed this possibility 
as a consequence of particle-hole asymmetry. It has also been discussed 
within the context of holes moving in an anti-ferromagnetic background 
[88, 89, 90, 91, 92, 93]. More recently the possibility of a reduction of 
kinetic energy associated with pair hopping between stripes has been 
suggested[47, 51], and an in-plane pair delocalization mechanism have 
been proposed in the context of the resonating valence band model[49, 
50]. 

A major issue is the question how to measure this. The logical ap- 
proach would be to measure again <t(cu, T) using the combination of 
reflectivity and Kramers-Kronig analysis, and then compare the spec- 
tral weight function in the superconducting state to the same above Tc. 
There are several weak points to this type of analysis. In the first place 
there is the problem of sensitivity and progression of experimental er- 
rors: Let us assume, that the change of kinetic energy is of order 0.1 
meV per Cu atom (this is approximately the condensation energy of the 
optimally doped single layer cuprate T12201, with Tc = 85 K.). For 
an inter-layer spacing of 1.2 nm, this corresponds to a spectral weight 
change A(t'p) = 10^ cm“^. As the total spectral weight in the far in- 
frared range is of order = 14000^ cm“^, the relative change in spectral 
weight is of order 0.05 %. Typical accuracy reached for spectral weight 
estimates using conventional reflection techniques is of order 5%. This 
illustrates the technical difficulties one has to face when attempting to 
extract superconductivity induced changes of the kinetic energy. 

Experimental limitations on the accuracy are imposed by (i) the im- 
possibility to measure all frequencies including the sub-mm range, (ii) 
systematic errors induced by Kramers-Kronig analysis: The usual pro- 
cedure is to use data into the visible/ultra-violet range and beyond for 
completing the Kramers-Kronig analysis in the far infrared, assuming 
that no important temperature dependence is present outside the far 
infrared range. Obviously this assumption becomes highly suspicious if 
the search is concentrated on spectral weight transfer originating from 
precisely this frequency range. 

The remedy is, to let nature perform the spectral weight integral. Due 
to causality Ree(t(;) and Recj(t(;) satisfy the Kramers-Kronig relation 



Ree(cu) = 1 — / 

Jo 



8Recj(2;) 



dz 



(8.58) 



The main idea of spectral weight transfer is, that spectral weight is 
essentially transferred from the inter-band transitions at an energy of 
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several eV, down to the (5-function in cj(a;) at u; = 0. Indeed various 
groups have reported a change of optical properties in the visible part of 
the spectrum when the sample becomes superconducting[96, 97, 98, 99]. 
If this is the case, we have x = 0 for the extra spectral weight in relation 
8.58. Together with Eq. (8.56) it follows that changes in kinetic energy 
can be read directly from Ree(cu) using the relation 



= ^^^^Re(5e(a;) (8.59) 

If the spectral weight is transferred to a frequency range cuq, then the 
above expression can still be applied for cu cuq. If we measure Ree(cu) 
directly using spectroscopic ellipsometry, then indeed nature does the 
integration of cr{io) for us at each temperature. This eliminates to a 
large extent various systematic errors affecting the overall accuracy of the 
spectral weight sum. It is important to measure the complex dielectric 
constant for a large range of different frequencies. 

The second problem is that already above the superconducting phase 
transition the optical spectra of these materials have appreciable tem- 
perature dependence. What we really like to measure is the spectra 
of the same material in the superconducting state, and in the ’normal’ 
state, both at the same temperature. Typical magnetic fields required 
to bring the material in the normal state are impractical, let alone the 
complications of magneto-optics which then have to be faced. A more 
practical approach is to measure carefully the temperature dependence 
over a large temperature range, with small temperature intercepts, and 
to search for changes which occur at the phase transition. 

In Fig. 8.11 the spectral weight from 0 to 10000 cm“^ is shown as a 
function of temperature for the case of Bi2212[99j. Note that this integ- 
ral corresponds to minus the ab-plane kinetic energy. We observe, that 
in the superconducting state the kinetic energy drops by an amount of 
about 1 meV per Cu. This is in fact a relatively large effect. This surpris- 
ing result seems to tell us that in the cuprates the kinetic energy in the 
superconducting state is lowered relative to the normal state. This cor- 
responds to the unconventional scenario depicted in the right-hand panel 
of Fig. 8. 5, where the normal state is a non Fermi liquid, whereas the su- 
perconducting state follows the behavior of a (more) conventional BCS 
type wave-function with the usual type of Bogoliubov quasi-particles. 
The amazing conclusion from this would be, that there is no need for a 
lowering of the interaction energy any more. The condensation energy 
of optimally doped B12212 is about 0.1 meV per Cu atom[76j. 
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Figure 8.11. Measured values of the quantity + 8 Reaab(oj)dcu of Bi2212 

(Tc=88 K). The data are taken from Ref. [99, 100]. To make the conversion to kinetic 
energy summed over the two afe-plane directions, the numbers along the vertical axis 
have to be multiplied with a factor — 10®Ru/(47re^a^) = —83 meV / eV^. 



5. Conclusions 

The optical conductivity is a fundamental property of solids, con- 
tains contributions of vibrational and electronic character. Among the 
electronic type of excitations the intra-band and inter-band transitions, 
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excitons, and plasmons of different types correspond to the most prom- 
inent features in the spectra. In addition multi-magnon excitations or 
more exotic collective modes can often be detected. The careful study of 
the optical properties of solids can provide valuable microscopic inform- 
ation about the electronic structure of solids. In contrast to many other 
spectroscopic techniques, it is relative easy to obtain reliable absolute 
values of the optical conductivity. As a result sum rules and sum rule 
related integral expressions can often be applied to the optical spectra. 
Here we have treated a few examples of sum rule analysis: Applica- 
tion of the f-sum rule to the phonon spectra of transition metal silicides 
provides information on the resonant electron-phonon coupling in these 
materials. Integration of the energy-loss function gives the value of the 
Coulomb energy stored in the material, which is seen to increase when a 
high Tc cuprate enters the superconducting state. The spectral weight 
within the partially band of the high Tc cuprates is seen to become larger 
in superconducting state. This effect exists both perpendicular to the 
planes and parallel to the planes. This spectral weight change can be 
associated with a decrease of kinetic energy when the material becomes 
superconducting. Although the relative spectral weight change along 
the ab-plane is quite small, it indicates a fairly large change of the ab- 
plane kinetic energy, large enough to account for the energy by which the 
superconducting state of these materials is stabilized. In addition the 
real and imaginary part of the optical conductivity can be used to study 
the intrinsic Josephson coupling between the superconducting planes. 
In superconductors with two or more different types of weak links al- 
ternating, such as SmLai_a;Sra,Cu4, YBa2Cu307_a,, Bi2Sr2CaCu208, a 
rich spectrum of plasma-oscillations is observed in the superconducting 
state, and sometimes above Tc, due to the multi-layered structure of 
these materials. This has provided important insights in the nature of 
the coupling, and it has been used to extract quantitative values of this 
coupling. 
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Abstract We review the problem of stripe states in strongly correlated systems, 
and some of the theoretical, numerical and experimental methods used 
in the last few years to understand these states. We compare these 
states to more traditional charge-ordered states such as charge density 
waves (CDW) and phase-separated systems. We focus on the origin 
of stripe states as an interplay between magnetic and kinetic energy, 
and argue that the stripe state is generated via a mechanism of kinetic 
energy release that can be described via strongly correlated models such 
as the t-J model. We also discuss phenomenological models of stripes, 
and their relevance for magnetism and for the pinning of stripes by the 
underlying lattice and by disordered impurities. Recent experimental 
evidence for the existence of stripe states in different cuprate systems is 
also reviewed. 

Keywords: charge inhomogeneities, strongly correlated electronic systems, charge- 
density-wave states, striped phase, doped Mott insulators, high-Tc su- 
perconductors, pattern formation in low-dimensional systems. 
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1. Introduction 

The problem of strong electron correlations in transition-metal oxides 
and U and Ce intermetallics has been a subject of intense research in the 
last 20 years. This interest has been driven mostly by puzzling exper- 
imental findings in materials such as organic conductors and supercon- 
ductors, heavy- fermion alloys, and high-temperature superconductors. 
These systems are characterized by large Coulomb interactions, low di- 
mensionality, strong lattice coupling, and competition between different 
phases: antiferromagnetism, ferromagnetism, spin density waves (SDW), 
superconductivity, and charge density waves (CDW). The strong inter- 
play between different order parameters is believed to lead to charge and 
spin inhomogeneities, and to a myriad of energy and length scales that 
makes the problem very difficult to treat with the methods and tech- 
niques used for the study of Fermi-liquid metals. Although the problem 
of the quantum critical behavior of metals in the proximity of an isolated 
zero-temperature phase transition has been subject of much study and 
heated debate [1], our understanding of the problem of electrons close 
to multiple phase transitions is still in its infancy. Here we will review 
both the experimental evidence for the existence of certain inhomogen- 
eous states called ’’stripe” states and some of the current theoretical 
approaches used to understand their origin, nature, and importance in 
the context of magnetism and superconductivity [2] . 

The formation of static or dynamic spin-charge stripes in strongly cor- 
related electronic systems has been corroborated recently by several ex- 
periments, especially in manganites [3, 4], nickelates [5-8], and cuprates 
[9-34]. The experiments span a large variety of techniques, from scan- 
ning tunneling microscopy (STM) [4,9-14], neutron (and x-ray) scatter- 
ing [5,6,15-25], nuclear magnetic (and quadrupole) resonance (NMR and 
NQR) [7, 26, 27], muon spin rotation (/xSR) [28, 29], optical and Raman 
spectroscopy [8, 30, 31], transport [32], angle-resolved photoemission 
(ARPES) [33], and ion channeling [34]. 

Charge and spin modulated states, such as CDWs, Wigner crys- 
tals, SDWs, antiferromagnetism, and ferrimagnetism are common occur- 
rences in many transition-metal compounds. These systems are charac- 
terized by an order parameter (such as the charge and/or spin density) 
that is modulated with a well-defined wave vector Q. Because of the 
modulations and the coupling to the lattice, these states usually present 
lattice distortions which are easily observed in diffraction experiments 
such as neutron scattering. In this regard the stripe states discussed 
here are very much like CDW/SDW instabilities, except that in CDW 
systems the ordered state is driven by a Fermi-surface instability (usu- 
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ally generated by nesting and/or Van Hove singularities), and Coulomb 
effects are secondary because of good screening. The clearest example 
of such Fermi- surface effects occurs in Cr alloys, where the system un- 
dergoes a phase transition into a CDW/SDW state [35]. The CDW and 
SDW transitions occur at the same temperature, and the charge order 
has a period that is 1/2 that of the SDW. The main difference between 
the phase transition in Cr and the stripe states to be discussed here is 
that the charge order in stripe systems occurs at higher temperature 
than the spin order [16]. Thus, on reducing the temperature the onset 
of charge order occurs first and the spins simply follow. In a weak- 
coupling analysis of Fermi-surface instabilities, this type of transition is 
not possible because of reconstruction of the Fermi surface due to the 
appearance of long-range order. Thus there are different energy scales 
for the charge and spin order that characterizes the materials discussed 
here. 

We should stress that the CDW and/or SDW instabilities in metallic 
systems are not trivial, and although we understand the basic mech- 
anisms which drive these instabilities [36] our knowledge of their origin 
and effects on the electronic degrees of freedom is far from complete. 
Systems such as transition-metal dichalcogenides [37] have a high tem- 
perature CDW transition with a very anomalous metallic phase and show 
in addition the phenomenon of ’’stripe formation” [38]. The stripes in 
these CDW systems are understood, however, because the CDW order is 
incommensurate with the lattice and therefore phase fluctuations of the 
CDW order parameter are allowed energetically. Local CDW phase-slips 
give rise to a filamentary stripe phase which, in fact, has a Fermi-surface 
origin. 

To understand the origin of CDW stripes one may consider the com- 
plex order parameter A for a CDW with incommensurate ordering wave 
vector Q. The free energy of the problem may be expressed as [39] 

F = Fo[K(A)] + J []Q • (V - iQ)A]2 + ^]Q x VAJ^] |(9.1) 

where Fb[x] is a minimal polynomial of x that respects the symmetry 
of the lattice and renders the free energy bounded from below. For a 
triangular lattice, for instance, it can be written as [39] 

Fo[K(A)] = a(r, T)^{Af + b{r, T)^{Af + c(r, T)^{A)\ (9.2) 

where the coefficients of the expansion are smooth functions of temper- 
ature. In particular for the quadratic term o(r,T) = ao(r)(T — Tjcdw) 
where Tjcdw is the transition temperature of the incommensurate CDW 
(ICDW) state. In (9.1) m* and k are parameters specific to the material 
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under consideration and the derivative terms are written such that the 
free energy of the CDW is minimal when the ordering wave vector lies 
in the correct direction and has the correct wave length. In the case of 
an ICDW the order parameter is obtained by minimizing (9.1) to give 

A/cDU"(r) = (9.3) 

where Aq,/ = \/‘2ao{TicDW ~ T)/{3co) for T < Tjcdw and zero oth- 
erwise. The parameter c(r, T) = cq = constant. Here we have as- 
sumed that the parameters in (9.2) may be expanded in a form such as 
6(r) = 6o -|- 6i exp{iKj • r} where Kj are the shortest reciprocal-lattice 
vectors characteristic of the lattice symmetry. 

In the commensurate CDW (CCDW) case the wave vector of the 
order parameter “locks” with the lattice so that its modulation becomes 
a fraction of the lattice wave vector Ki. Then one would replace Q in 
(9.3) by Ki/g, where q is an integer, and Aq by a value Aq,c which must 
be calculated from the free energy and depends in general on various 
coefficients of Fq in (9.2). The transition temperature Tccdw is usually 
smaller than Tjcdw so that the generical behavior of the system consists 
of two transitions, first into an incommensurate phase and then into a 
commensurate phase [39]. In many systems the ICDW-CCDW transition 
does not occur and the system remains incommensurate down to very 
low temperatures [37]. 

In order to study the problem of the commensurate-incommensurate 
transition, and the topological defects which appear due to incommen- 
surability, one must generalize (9.3) to include phase fluctuations. These 
may be incorporated by writing the order parameter in the form 

A(r) = (9.4) 

where 0(r) is the angle variable which determines the commensurability 
of the system: for the ICDW 9{r) = (Q — Ki/g) • r, while for a CCDW 
6 = 0. Because we are considering the simplest problem of a single 
CDW wave vector the problem becomes effectively one-dimensional if 
the variables are redefined in a new, rotated, rescaled, reference frame 
defined by s = {x, y) = ]Q — Ki/gjr. In this case it is obvious that 6{r) = 
6{x), and by direct substitution of (9.1) we find that the dimensionless 
free energy per unit of length relative to the commensurate case becomes 

d/ = y I [d^6{x) - if + g[l- cos{q6)] | (9.5) 

where g is the coupling constant of the system and depends on the 
parameters of (9.1). The free energy in (9.5) describes a sine-Gordon 
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model where the cosine term favors the commensurate state {0{x) = 0) 
while the gradient term favors the incommensurate state {0{x) = x). 
Thus 9 is the order parameter and the discrete symmetry 9 ^ 9 + 2nlq 
is broken in the ordered phase. There is therefore a critical coupling 
value gc that separates these two phases. However, it is easy to see 
that there are other solutions which minimize the free energy. In fact, 
variation of (9.5) with respect to 9 yields 

(P‘9 

-^=gqs\n{q9) (9.6) 

which has a particular solution 

c\ 

9k{x) = - arctan /2^ , (9.7) 

where the boundary conditions are 9{x = — oo) = d9{x = —oo)/dx = 0. 
Notice that (9.7) changes smoothly from 9 = 0 at x = — oo to 6* = 27r/q 
when X ^ 1/ yfg. In the context of the sine-Gordon model this is called 
a topological soliton or kink, while in the CDW literature [39] it is called 
a discommensuration. In general, the solution of (9.6) is given by [40]: 

2 

6<(x) = - arcsin[r/sn(y^x//c, /c)] (9-8) 

where g = ±1 and sn(u, A:) denotes the sine-amplitude, which is a Jac- 
obian elliptic function of modulus k. The sine-amplitude is an odd func- 
tion of its argument u and has period 4K(k), where K{k) is the complete 
elliptic integral of the first kind. By substituting (9.8) in (9.5) and min- 
imizing with respect to k one finds that k ~ ‘2y/g. In the limit g ^ 0 
one has also k ^ 0 and sn(rt, k) = sin(rt), whence 9{x) ^ x as expected. 
On the other hand, when g ^ 1 one finds /c ~ 1 and sn(rt, k) ~ tanh(u), 
in which case (9.7) is obtained. For a generic value of g the solution 
has the form of a staircase. The plateaus in the staircase are multiples 
of 2Tr/q and correspond to regions where the CDW is in phase with the 
lattice, while in the transitions between the plateaus the CDW is not 
locked, leading to discommensurations. For large values of g the discom- 
mensurations are rather narrow and we find stripe states. These states 
have been observed experimentally in CDW systems [38]. 

In contrast to these CDW stripes, the stripe systems which we will 
discuss here have their origin in Mott insulators with very large Coulomb 
energies, whereas typical CDW/SDW systems are very good metals in 
their normal phase (Cr is a shiny metal while La 2 Cu 04 is opaque and 
grayish). It is exactly the “mottness” of these systems which complic- 
ates the theoretical understanding of their nature. If we take seriously 
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the analogy between dichalcogenides and cuprates we could think of the 
stripes as phase-slips of an incommensurate order parameter associated 
with the Mott phase. The primary question concerns the order para- 
meter of a Mott phase. Antiferromagnetic order usually occurs in a 
Mott insulator but is essentially a parasitic phase (systems of spinless 
electrons at 1 /2-filling with strong next-nearest neighbor repulsion, and 
frustrated magnetic systems, can be Mott insulators without showing 
any type of magnetic order [41]). Unfortunately, the order parameter 
which characterizes the Mott phase in a finite number d of spatial dimen- 
sions is not known. Within the dynamical mean-field theory (d ^ oo) 
the order parameter of the Mott transition has been identified with a 
zero mode of an effective Anderson model [42] , but generalizations for the 
case of finite dimensions have not been established. The search for the 
order parameter which characterizes “mottness” is one of the important 
problems of modern condensed matter physics. 

The aim of this work is to summarize the current literature on the 
stripe phase in high-Tc superconductors. Although there is a consensus 
for the existence of stripes in manganites and nickelates, no agreement 
has yet been achieved concerning the superconducting cuprates. Des- 
pite this controversy, the presence of stripes is now firmly established in 
La 2 -a;Sra,Cu 04 (LSCO) [16, 17, 30, 31, 32, 33]. In addition, recent exper- 
iments suggest that they may also be present in YBa 2 Cu 307_5 (YBCO) 
[19-26,34], as well as in Bi2Sr2CaCu208+5 (BSCCO) [12, 13]. In this 
work we discuss some of the different experimental techniques which 
prove or suggest the presence of stripes in cuprates, and we present 
some theoretical ideas on the existence and relevance of the stripe state. 

This review is structured as follows: in section II, a survey of the 
theoretical derivations of the stripe phase as a ground state of models 
which are appropriate for describing doped Mott insulators is presen- 
ted. In section III we discuss the experimental observation of stripes, 
and in section IV the role of kinetic energy. In section V we consider 
some phenomenological models, which provide a means to go beyond 
the question of existence of stripes and allows one to predict measurable 
quantities. Finally, in section VI, we present the most recent experi- 
mental results for YBCO and BSCO, as well as the open questions and 
topics of debates. In section VII we draw our conclusions. 

2. Origin of stripes 

One of the main problems in condensed matter theory since the dis- 
covery of high temperature superconductors in 1986 [43] is related with 
the possible dilute phases of Mott insulators [44] . These materials have a 
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large charge transfer gap, so at half- filling are insulating two-dimensional 
(2D) antiferromagnets well described by the isotropic Heisenberg model 
[45]. These are trademarks of “mottness” [46] and led Anderson [47] 
to propose that cuprates may be well described by a Hubbard model 
with large intra-site repulsion U. Later studies showed that close to 
half-filling and infinite U the model maps into the t-J model [48] 

H = -t + J T. ( 9 - 9 ) 

<ij>,a <i,j> 

where t is the hopping energy and J ~ /U <C t,U is the exchange 
interaction between neighboring electron spins, Sj = c\ {ci^a 

is the electron annihilation operator at the site i with spin projection 
a =1, 1, and cj“ with a = x,y, z is a Pauli matrix). In Eq. (9.9) P is the 
projection operator onto states with only single site occupancy (double 
occupancy is forbidden). Eq. (9.9) reduces trivially to the Heisenberg 
model at half-filling and describes the direct interplay between the two 
main driving forces in the system, magnetism (characterized by J) and 
kinetic energy (characterized by t). 

The existence of a stripe phase in cuprates was first suggested in the 
context of Hartree-Eock studies of the Hubbard model close to half-filling 
and at zero temperature (T = 0) [49]. This calculation is essentially 
analogous to the one used to study CDW/SDW transitions in metal- 
lic materials. Eor U < t, vertical stripes (parallel to the x- or y-axis 
of the crystal) were shown to be lower in energy [49, 50, 51], whereas 
for large U > t diagonal stripes were found to be energetically more 
favorable [51, 52]. The crossover from vertical to diagonal stripes was 
calculated numerically to occur at t//t ~ 3.6 [51]. Such calculations have 
recently been generalized to finite temperatures, and the phase diagram 
was derived as a function of T and doping n/^, (Fig. 9.1 [53]). One 
important feature of these mean-field calculations is that they predict 
the formation of charge-ordered domain walls at which the staggered 
magnetization changes phase by vr. The magnetic order parameter is 
therefore maximal not at (vr/a, tt/o) as in an ordinary antiferromagnet, 
but at an incommensurate vector (vr/a ± 6, tt/o) where <5 = vr/l' <C 1 
and I denotes the charge stripe spacing. This incommensurability is an 
important feature of the stripe problem because, as we will demonstrate 
below, it leads to a reduction in the kinetic energy of the holes. These 
calculations, however, always predict that the stripe states possess a gap. 
The simple reason for this effect is that the only way in Hartree-Fock 
to reduce the energy of the system is by opening a gap at the Fermi 
surface. Furthermore, Hartree-Fock calculations in strongly interacting 
systems are not quantitatively reliable because they are unable to take 
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fluctuation effects into account, and therefore should be considered only 
as providing some qualitative insight into the ground-state properties. 
They, however, do provide a ’’high energy” guide (snapshot picture) of 
the possible phases of the problem, and in fact they have been fun- 
damental for the interpretation of certain experiments such as neutron 
scattering. 




Figure 9.1. Phase diagram in the plane of temperatnre T and hole concentration x 
{uh = 2x for LSCO) obtained by Machida and Ichioka [53] from mean-field studies 
of the Hnbbard model. In the figure, N indicates the normal phase and C denotes 
the commensurate antiferromagnetic phase. In addition, two other incommensurate 
phases exist, with vertical (VIC) or diagonal (DIG) stripe order. The VIC phase is 
metallic, but the DIC is insulating at zero temperature. 

Recent theoretical efforts have focused not only on determining the 
ground-state properties of the Hubbard, but also of the t-J model. 
Numerical techniques such as density matrix renormalization group 
(DMRG) [54], quantum Monte Carlo [55], and exact diagonalization 
[56], have been applied to the 2D t-J model with differing degrees of 
success. The main problem is that a strongly interacting problem like 
the t-J model is subject to strong finite-size and boundary-condition 
effects which are difficult to control. 

2.1 Numerical Studies 

Early numerical calculations on the t-J model have shown that for 
physical values oi J/t and close to half- filling there is a tendency for 
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phase separation [57]. This phase separation can be pictured in the 
limit of t = 0 (classical limit) as a lowering of the system energy by 
placing all the holes together in order to minimize the number of broken 
antiferromagnetic bonds. This simple picture leads to separation into 
two distinct phases: a commensurate, insulating region and an insu- 
lating, hole-rich region. It naturally overestimates the importance of 
the magnetic energy relative to the kinetic energy, and therefore can be 
correct only when J ^ t. For finite values of t, the hole wave func- 
tion delocalizes and this picture breaks down. The main question is for 
which values of J/t a phase separation may arise. Emery, Kivelson and 
Lin [57] found that phase separation can occur for infinitesimal values 
of J/t sufficiently close to half- filling. These results, however, have been 
questioned in the light of more recent numerical data. There is no doubt 
that the t-J model undergoes phase separation for J t as all numer- 
ical calculations indicate. Close to the physical region of J < t, the 
current evidence for phase separation is weak, and so the issue remains 
controversial. 

DMRG calculations in large clusters [54] indicate the presence of stripe 
correlations in the t-J model. These studies, however, have been criti- 
cized on the basis of the special role of boundary conditions. Recent work 
on the Ising t-J model indicate that stripe formation does occur in this 
system, independent of the boundary conditions [58]. It was shown via 
non-perturbative analytical calculations that minimization of the hole 
kinetic energy is the driving force behind stripe formation. This result 
has been confirmed by a number of numerical calculations in the t-J 
model [59], as well as in the t-Jz model [60]. Another important conclu- 
sion from these studies is that in the stripe phase the superconducting 
correlations are extremely weak. In fact DMRG calculations show that 
the stripe state is a GDW/Luttinger-liquid state with vanishing dens- 
ity of states at the chemical potential, and thus is naturally insulating 
[54]. The DMRG calculations then support the idea that stripe cor- 
relations compete with superconductivity instead of enhancing it. This 
is consistent with experimental findings in Nd-doped LSGO, where the 
superconducting transition is reduced when static stripe order sets in 
[16]. 

Although the DMRG calculations were originally performed in a t- 
J model, essentially the same physics is found in the t-Jz model. The 
reason for the similarity between the t-J (where the spins are dynam- 
ical) and the t-Jz (where the spins are static) may be understood on 
the basis of the fluctuation timescales for each component in the prob- 
lem. In the t-J model the spins fluctuate with a rate Tg ~ ^/J, while 
the timescale for hole motion is ~ h/t. When J/t < 1 (the physical 
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regime of the model) one has Tg > Tg, that is, the holes move “faster” 
than spins. In this case a Born-Oppenheimer approximation is reason- 
able, since the spins have slow dynamics, and the two problems become 
essentially identical [56]. The advantage of working with the t-Jz model 
is that many of its properties are significantly easier to study both nu- 
merically and analytically. 

The introduction of next-nearest-neighbor hopping f favors mobile d- 
wave pairs of holes for t' > 0 , and single-hole excitations (spin-polarons) 
for < 0 [61]. At = 0 the stripe state is very close in energy to the 
d-wave pair state, and thus a small change in the boundary conditions or 
inclusion of small perturbations in the Hamiltonian can easily favor one 
many-body state relative the other. The quasi-degeneracy of different 
many-body states is an important characteristic of strongly correlated 
systems. Moreover, in real materials other effects may also be responsible 
for the selection of the ground state, that is, for lifting of the quasi- 
degeneracy. Indeed, by including lattice anisotropies, which arise in the 
low-temperature tetragonal (LTT) phase of LSCO co-doped with Nd, the 
stripe state can be easily selected [62, 63, 64]: Hartree-Fock calculations 
of the Hubbard model have shown that a very small anisotropy (on the 
order of ten percent) in the hopping parameter t is already sufficient 
to stabilize the striped phase, independent of the boundary conditions 
(open or periodic) [63] . Monte Carlo studies of the t-J model have also 
confirmed these results [64]. 

2.2 Stripes and phase separation 

The problem of the formation of inhomogeneous states in a system 
with phase separation can be easily understood from a classical point of 
view by studying the Ginzburg-Landau free energy functional. Let ip be 
the order parameter of a system described by a free energy, F, of the 
form 

F[iP] = + ^\iPf + ^\ipf (9.10) 

where ip may be complex for a superconductor, a{T, x), fd{x), and 7 > 0 
are functions of the temperature T and some parameter x (such as doping 
or pressure). In the theory of second-order phase transitions, the \ip\^ 
term is neglected close to the critical line because /3 > 0 in this region of 
the parameter space. Here, however, we assume that [5 may be negative, 
and therefore this term is required so that the free energy is bounded 
from below. The critical line in the (T, x) plane is given by Tc{x) (as 
shown in Fig. 9.2) and we assume the existence of a quantum critical 
point (QCP) ai X = Xa (that is, Tc{xa) = 0). Close to the critical line 
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we introduce the parameterization: 

a{T,x) = ao[T/Tc{x) -1], 

/3{x) = l3o[T,{x)/T,{xs)-l], (9.11) 

while 7 is approximately independent of x and T. Notice that with 
this choice the parameter (3{x) is positive for x > Xg, signaling that in 
this regime the transition is of second order. However, P{x) vanishes at 
X = Xg and becomes negative for x < Xg, indicating that the nature of 
the phase transition changes at small x. In fact the point {xg,Tc{xg)) is 
a tricritical point. 




Figure 9.2. Temperature-doping phase diagram for a system close to phase separa- 
tion. The symbols are explained in the text. 



For X > Xg the term is irrelevant close to the phase transition, 
and the transition is of second order depending on wether T is greater 
or smaller than Tc{x). Minimizing the free energy with respect to the 
order parameter yields 



IV’o(t,T)P 



«o (1 - T/Tc{x)) 

(3o {T,{x)/n{xg) - 1 ) 



(9.12) 



for T < Tc{x) and x > Xg. Notice, however, that at x < Xg the parameter 
P{x) vanishes, and one must include the \^p\^ term. In this case, the free 
energy has two minima (instead of one) at the critical line indicating 
that the system has two phases, one with 'ip = 0 (normal) and another 
with Ip = ipQ (ordered). Minimization of F with respect to the order 
parameter provides the condition for the phase transition 



1 fi 

= —a{T*,x)-i, 
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T*{x) 



Tc{x) + 



3/3gTe(x) r T,{x) 
16ao7 [Tc{xs) 




(9.13) 



The solution of these equations gives two critical lines, Ti{x) and T 2 {x) 
on Fig.9.2. These lines terminate at x\ and X 2 , and for x\ < x < X 2 
there is a coexistence region with two phases (normal and ordered). 

Long-range interactions are readily introduced by modifying the 
term in the free energy to 

Fc = J dr y'dr'|V'(r)p|— ^-^|V’(r')p. (9.14) 

In this case of fully phase-separated states the cost in electrostatic energy 
is too high and phase separation is frustrated to a finite length scale, t'ps, 
that depends on the coefficient of the jV'l® term. The formation of finite 
droplets with ip = and size t'ps is therefore more favorable than the 
separation of the system into two homogeneous phases with = 0 and 
il) = tpQ. Stripes can also be generated in this model if one adds terms 
which break the rotational symmetry 

^ [C0s(ga:) ± COs(gj^)] |V’(q)P , (9.15) 

q 



depending on whether the interaction with the lattice may be repres- 
ented in terms of L = 0 (plus sign) or L = 2 (minus sign) angular 
momentum states {s- and d-wave, respectively). In the L = 0 case a 
checkerboard state is favored, but even a small d-wave term generates 
stripes along the x- or y-directions. 

Disorder can also frustrate the phase separation as one may show by 
adding a “random mass” term 

Fd = J dr m{r)\ip{r)\‘^ (9.16) 

to the free energy, where m(r) is a gaussian variable with average zero 
and variance u. Using the replica-technique with n replicas (n ^ 0 at 
the end of the calculation) and averaging over disorder gives 



F = 






a=l 



n 

--E 

a^b=\ 



/ 



dr|V'a(r)|Vfe(r)P, 



(9.17) 



where is the free energy without disorder and with n fields ipn- No- 
tice that in the replica-symmetric case {ipn = V’ foi' 8*11 ^) the disorder 
generates a term of the order which decreases the effective value 
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of /3, therefore reducing the value of Tc{xg)- In a renormalization-group 
(RG) sense this term is relevant, and if the disorder is sufficiently strong 
it will bring the tricritical point to zero temperature (that is, the tricrit- 
ical point becomes a quantum critical point (QCP) and will completely 
destroy the first-order phase transition). However, in the ordered phase 
the system may still possess a coexistence phase with different values 
of the order parameter. Once again we would have a situation where 
the system forms droplets of the paramagnetic phase = 0) inside the 
ordered phase. The size of these droplets depends on the strength of 
the disorder and it is easy to make them adopt a stripe conformation by 
adding a term of the form (9.15) that breaks the rotational symmetry. 

Although the phenomenology of the problem is quite clear, what is 
not so evident is how to apply this theory to the cuprates. Emery et al. 
[65] proposed that a model similar to the one discussed here (the Blume- 
Emery-Griffiths model) may be applied to the cuprates if one defines a 
pseudo-spin Si which takes the values = -|-1 and = — 1 on regions 
corresponding to hole-rich and hole-poor, respectively, whereas Si = 0 
indicates a local density equal to the average value. In this case ip{r) is 
the coarse-grained version of Si and the above discussion is applicable. 
Notice, once again, that this model completely disregards the kinetic 
energy of the problem and can be applied only in the situation where 
t = 0. It is therefore not at all surprising that stripes appear. The 
inclusion of itinerant degrees of freedom is not straightforward. One 
of the main effects of the presence of itinerant degrees of freedom is 
the generation of dissipation which can change the dynamical properties 
(and exponents) of the system. This problem has been the object of 
recent intensive study in the context of quantum phase transitions when 
the coupling between the magnetic order parameter and the electrons is 
weak, and the electrons may be treated as a Eermi liquid [66]. In this 
case the electronic system serves as a heat bath for the relaxation of 
the magnetic order parameter. In Mott insulators, the mere existence 
of a Eermi surface and a Fermi-liquid state can be questioned and thus 
it is clear that the weak-coupling formalism cannot be applied to these 
systems. The charge degrees of freedom cannot be modeled purely as a 
heat bath because their feedback effect in the magnetic system is very 
strong. 

It is interesting to compare the two mechanisms for stripe formation 
quoted previously. In one mechanism (represented by the Hartree-Fock 
calculations), stripes are long period GDWs arising from Fermi-surface 
nesting in a weakly incommensurate system [49, 50, 51, 52]. There are 
four features which arise from a Fermi-surface instability: 1) the trans- 
ition is spin driven, i.e., there is a single transition temperature Tc below 
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which the broken-symmetry solution of the Hartree-Fock equations is 
stable; 2) in the low-T phase there are gaps or pseudo-gaps on the Fermi 
surface; 3) the spacing between domain walls is equal to vr/x, where x 
is the hole concentration; 4) the high-T phase should be a Fermi liquid. 

In the case of stripes arising from Coulomb-frustrated phase separ- 
ation, the situation is quite different [67]: 1) the transition is charge 
driven, i.e., local spin order between the antiphase domain walls can 
develop only after the holes are expelled from the magnetic regions. 
Ginzburg-Landau considerations indicate either a first-order transition, 
in which spin and charge order arise simultaneously, or a sequence of 
transitions in which first the charge order and then the spin order ap- 
pears as T is lowered [68]; 2) the stripe spacing is not necessarily a 
simple function of x, and there is no reason to expect the Fermi energy 
to lie in a gap or pseudo-gap; 3) a high-T Fermi-liquid phase is not a 
prerequisite. 

3. Experimental detection of stripes in high-Tc 
cuprates: LSCO 

Although the first predictions for stripe formation in doped Mott insu- 
lators were made 13 years ago, not much attention was paid to these res- 
ults in connection with high-Tc superconductors until 1995, when exper- 
imental data from neutron-scattering measurements in cuprates were in- 
terpreted consistently within a stripe picture [16]. Co-doping of cuprates 
has been extremely important for revealing the modulated charge states. 
However, the inclusion of co-dopant usually reduces Tc, raising doubts 
about the coexistence of superconductivity and the striped phase [16, 69] . 
The first experimental detection of stripes in the cuprates was achieved 
in a Nd co-doped compound La 2 -x-yNdj^Sra:Cu 04 . For y = 0.4 and 
X = 0.12, Tranquada et al. [16] found that the commensurate magnetic 
peak at Q = (vr/a, vr/a) shifts by a quantity 5 = -ir/i, giving rise to four 
incommensurate peaks. In addition, new Bragg peaks appear at the 
points (±2(5,0) and (0, ±2(5), indicating that the charges form domain 
walls separated by a distance i, and that the staggered magnetization un- 
dergoes a phase-shift of vr when crossing them. The position of the peaks 
indicates that the stripes are oriented along the vertical and horizontal 
directions, with a density of one hole per two Cu sites (quarter- filled). 

The reason why static stripes could be detected in this compound 
is based on a structural transition induced by the Nd atoms. Indeed, 
co-doping with many rare-earth species, including Nd and Eu, produces 
a buckling of the oxygen octahedra around the Cu sites and a corres- 
ponding transition from the low-T orthorhombic (LTO) to a low-T tetra- 




Charge inhomogeneities in strongly correlated systems 



291 



gonal (LTT) phase. The critical concentration of Nd needed to destroy 
superconductivity is a function of the charge-carrier density, i.e., the 
concentration x of Sr atoms. However, the buckling angle of the octa- 
hedra is a universal parameter: for tilts above a critical angle 6 ~ 3.6°, 
superconductivity is completely suppressed in these materials [69]. For 
the values of Nd co-doping y used in the first neutron-scattering experi- 
ments, superconductivity was still present, and the authors claimed that 
in their samples Tc ~ 5 K. However, coexistence of static stripe order 
and superconductivity in LSCO is an issue that remains controversial, 
although recent experiments in La 2 Cu 04 +j^ have shown the coexistence 
of these two phases [70] in the same volume of the sample. 

Another important factor assisting the detection of charge stripes in 
LSCO systems by elastic neutron scattering was the selected doping con- 
centration X ~ 1/8. The 1/8 anomaly was known since 1988, when elec- 
trical resistivity measurements in La 2 -xBaa,Cu 04 (LBCO) were first per- 
formed [71]. A mysterious reduction of Tc was detected around x = 1/8, 
but the understanding of this phenomenon was possible only recently, 
in the light of the stripe picture. Indeed, Ba substitution also induces 
a structural transition, similar to rare-earth co-doping, which probably 
acts to pin the stripe structure, stabilizing the charge ordering, and 
hence reducing Tc- Recently, Koike et al. have shown that the 1/8 phe- 
nomenon is common to all the cuprates [72] and that a similar effect 
must occur for x ~ 1 /4 [73] . 

Though the first neutron scattering experiment was performed in a 
Nd doped sample with the “magic” hole concentration x = 1/8, further 
measurements on samples with x = 0.10 and x = 0.15 confirmed the 
existence of incommensurate peaks in the spin and charge sectors, giv- 
ing support to the stripe picture (Fig. 9.3 [16]). Moreover, systematic 
studies of superconducting LSCO samples with a range of doping values 
X has been performed by inelastic neutron scattering [17]. The detected 
incommensurability is exactly the same as that obtained in co-doped 
samples (Fig. 9.4 [16]). Both elastic and inelastic neutron scattering, in 
addition to NMR [27], NQR, ySR [28], Hall transport [32], and ARPES 
[33] measurements indicate that stripes are present in LSCO. A linear 
dependence of the incommensurability (5 as a function of the doping con- 
centration X has been detected for x < 1/8, indicating that the stripes 
behave as “incompressible” quantum fluids in this regime, that is, for 
0.05 < X < 0.12 the hole density in each stripe is fixed (one hole per 
two Cu sites), and by increasing the amount of charge in the system one 
consequently increases the number of stripes and reduces their average 
separation i(x). Moreover, Yamada et al. [74] showed that in this regime 
Tc is also proportional to 5, i.e., Tc oc x (x 6 oc l/£{x). Above x = 1/8, 
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Figure 9.3. Experimental phase diagram obtained by Ichikawa et al. [16] for Nd- 
doped LSCO. Tch and denote, respectively, the temperatures below which charge 
and spin ordering could be detected in this system by elastic neutron scattering meas- 
urements. The superconducting transition temperature Tc obtained by susceptibility 
measurements is also shown. In addition, the structural transition lines from the 
low-temperature orthorhombic (LTO) to the low-temperature tetragonal (LTT) and 
to the low-temperature-less-orthorhombic (LTLO) phases are displayed. 



however, the behavior of the system changes and 5 nearly saturates, in- 
dicating a transition to a more homogeneous phase. Recently, neutron 
scattering experiments were performed within the spin-glass regime, for 
0.02 < X < 0.05 [18]. The result was surprising: the incommensurate 
peaks are rotated by 45° in reciprocal space, suggesting that the stripes 
are diagonal and half-filled, with one hole per Cu site, analogous to nick- 
elate stripes [18]. However, this conclusion may be premature. Because 
the incommensurate peaks are observed only in the spin, but not in the 
charge sector, other explanations of the phenomenon are plausible, such 
as the formation of a spiral phase [75] . We will discuss this topic below 
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in Secs. 4.2 and 5. A summary of available experimental data concerning 
the incommensurability is presented in Fig. 9.4. 

It is interesting to compare the two mechanisms proposed theoretic- 
ally [49-53,67] for stripe formation in the light of the experimental results 
[16]. Charge order indeed appears before spin order, favoring the Emery- 
Kivelson proposal of frustrated phase separation [67], but the stripe sep- 
aration clearly displays a linear dependence on the inverse of the hole 
density, as predicted by the Hartree-Fock analysis [49-53]. Concerning 
the stripe filling, the Hartree-Fock predictions are observed in the spin- 
glass regime, whereas the Emery-Kivelson proposition holds within the 
superconducting underdoped regime. However, recent slave-boson stud- 
ies of the 3-band Hubbard model have shown that if the oxygen-oxygen 
hopping integral tpp is finite, quarter-filled stripes are more stable than 
half-filled ones [76]. DMRG studies of the t-J model found also that 
quarter-filled stripes are the lowest-energy configuration [54]. 



La2H,Sr,Cu0 4 




Figure 9. 4- Summary of data concerning incommensurability 5 — -k jl as a function of 
doping concentration x. Data were obtained from neutron-scattering measurements 
by several groups: open and full small circles are from [18] and [17], respectively; 
dark squares are from [111], the grey one from [17], and the white one from [16]; large 
circles are from Refs. ]17-22]. 

4. The single-hole problem: the role of kinetic 
energy 

The problem of a single hole in a 2D antiferromagnet has a long his- 
tory and it is probably one of the best-studied cases of strongly correl- 
ated systems. This problem is by nature single particle because it deals 
with a single particle interacting with a complex magnetic environment. 
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Physically this is realized only in physical systems with extremely small 
carrier densities, and many of their properties can be related to the po- 
laron problem [80]. Here we will not review the problem in any way 
(there are very good reviews on the subject) but we would like to stress 
the important role that the hole kinetic energy plays in determining the 
possible phases. Moreover, as we are going to show, the same physics 
may be responsible for the stripe phases in transition-metal oxides. 

The simplest limit of the t-J model with a single hole is the limit of 
J = 0, that is, U ^ oo. This limit was studied by Nagaoka [81], who 
showed that a single hole makes the system unstable toward a ferro- 
magnetic phase. The origin of ferromagnetism in this case lies in the 
minimization of the hole kinetic energy: because double occupancy is 
precluded, the kinetic energy conserves the spin projection, and there 
is no energy penalty for the formation of ferromagnetic bonds, the kin- 
etic energy is minimal when all the spins have the same direction. This 
process is essentially the same as that occuring in double-exchange sys- 
tems such as manganites, where a ferromagnetic coupling between the 
electron spin and a magnetic host produces a ferromagnetic state by 
minimizing the kinetic energy. For finite but small J (J/t <C 1) the 
same effect occurs, but instead of polarizing the entire plane of spins a 
single hole produces a ferromagnetic polarization cloud of size R: the 
hole gains a kinetic energy of order 4t — t/{R/a)‘^ by being free to move 
in the ferromagnetic region but has to pay a magnetic energy cost of or- 
der J{R/a)'^~^ for the generation of a frustrated magnetic surface with 
ferromagnetic bonds. Minimization of the total energy of the hole in- 
dicates that the radius of the ferromagnetic region decreases according 
to R/a ~ {t/ /{d — 1) as J/t increases (notice that for the case 
d = 1 this estimate always produces i? = oo for all values of t/ J) [82]. 

As J/t increases the magnetic energy generated by the frustrated mag- 
netic surface becomes too large, and R shrinks to zero. Thus, larger 
values of J/t lead to a change in the physics. A simple way to reduce 
the magnetic frustration is to reduce the frustrated surface of the spin 
configuration. Instead of a frustrated surface of misaligned spins it be- 
comes energetically favorable to create strings of ferromagnetic pairs of 
spins due to the retraceable motion of the holes. It is clear that in this 
case the energy of the string grows linearly with its size L, and therefore 
that the energy required to generate a string is approximately JL. On 
the other hand, the hole kinetic energy changes from —t to a quantity 
of order and the problem is essentially equivalent to that 

of a single particle in a linearly confining potential. The solution of 
this quantum mechanical problem is straightforward and minimization 
of the total energy shows that the size of the strings varies according 
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to L ~ independent of the dimensionality. Thus, on increasing 

J/t the single hole case exhibits a crossover from a ferromagnetic po- 
laron to the so-called spin-polaron. The confinement described here is 
not completely correct because the hole has been considered as a semi- 
classical entity whereas in fact it is a fully quantum-mechanical object, 
which could undergo quantum tunneling over classically forbidden re- 
gions. This tunneling gives rise to “Trugman loops” where the hole can 
move diagonally but with a very small tunnel splitting (that is, very 
large effective mass) [83]. 

In any case, the true situation lies between these extremes and ferro- 
magnetic polarization is concomitant with string processes. It is clear 
that the problem of the doped antiferromagnet centers on the compens- 
ation of magnetic frustration by reduction of the kinetic energy. Fur- 
thermore, the string mechanism provides a clear way to release kinetic 
energy, namely the retraceable motion of the hole. By incorporating 
both the kinetic energy (creation of ferromagnetic bonds) and the mag- 
netic energy (generation of strings) one may understand how holes can 
move in a system with strong antiferromagnetic correlations. We have, 
however, discussed only the case of a single hole but for superconduct- 
ivity it is important to understand the situation when the density of 
holes increases. The first crossover in these systems occurs when a fi- 
nite linear density of holes (say N /L is finite but N/L?' zero) is reached. 
The second crossover occurs when N/L?‘ becomes finite. Thus, in such 
strongly correlated systems one has always at least 2 crossovers: from 
single particle to ID and from ID to 2D. In the next section we will 
discuss the first crossover and show that it is related to the formation of 
stripes. 

4.1 Crossover from single particle to ID: stripes 
in the t-J model 

Consider an infinite antiphase domain wall oriented along one of the 
crystal axes directions of the system (Fig. 9. 5). The cost in energy per 
hole to create such a state is J/2(n“^ ~ 1); where n is the linear density of 
holes along the stripe. However, the hole wave function is translationally 
invariant along the stripe and the kinetic energy gain due to longitudinal 
hopping is — 2tsin(7rn)/(7rn). For J/t = 0.4 one may show that the 
energy is minimized for n = 0.32 with an energy Eb ~ — 1.255t which 
is larger than the energy of a hole in the bulk (spin polaron), given by 
Egp = — 2\/3t ~ — 2.37t [56]. Here we have not included the transverse 
motion of the hole perpendicular to the stripe, which further reduces 
the kinetic energy of the system but gives also a finite width to the hole 




296 



Strong interactions in low dimensions 



wave function. Using a retraceable-path approximation (but ignoring 
hole-hole interactions) one may calculate analytically the Green function 
for the holes [58]. 




Figure 9.5. Antiphase domain wall with one hole. Thick lines represent broken 
bonds, while dashed lines mark the position of the topological defect. 

Holes are confined to an antiphase domain wall by the potential gen- 
erated by strings of overturned spins (that is, there is a linearly growing 
potential transverse to the stripe direction). One may show also that 
in this configuration the hole is actually a holon, i.e., it carries charge 
but no spin and any motion of the hole away from the stripe produces 
a spinon, a particle with a spin of 1/2 but no charge, of energy J. In 
the bulk the hole carries both spin and charge and therefore is a spin- 
polaron. Spin-charge separation is thus local, but not macroscopic [58]. 
Because of this effect, Trugman loops [83], which are responsible for hole 
deconfinement in the absence of antiphase domain walls, are not effect- 
ive because the motion of holes away from the wall always produces an 
excitation of finite energy. 

One finds that for J /t = 0.4 and n ss 0.3 the energy of the stripe state 
is Eq ~ — 2.5t, and therefore lower than the energy of the spin polaron. 
Furthermore, the width of the hole wave function has a value on the order 
of 3 - 4 lattice units [58], and therefore extends a considerable distance 
from the antiphase domain wall, in contrast to the “cartoon” picture 
where the stripe has a width of only one lattice spacing [16]. Thus, 
considering a stripe as a completely ID object is somewhat misleading 
because each hole may make long incursions into the antiferromagnetic 
regions. Moreover, it is clear from these analytic calculations that it is 
the single-hole kinetic energy which is responsible for the stabilization 
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of the stripe state. These results have been confirmed numerically by 
DMRG and exact-diagonalization studies [59]. In previous works semi- 
phenomelogical field theoretical models were proposed to explain the 
formation of anti- and in-phase domain walls and stripes [84, 85, 86]. 
However, from the studies on the t-Jz model it becomes clear that stripe 
formation is a short distance problem (that is, it involves high energy 
states) and cannot not be properly addressed with the use of field the- 
ories that can only describe the low-energy, long- wavelength physics. 

We should stress that we are discussing the ground state, that is, 
the lowest-energy stationary state and therefore the concept of “stripe 
fluctuations” refers, in this context, to excitations which are separated 
from the ground state by an energy of order because of con- 

finement in the transverse direction [58]. These results are consistent 
not only with the DMRG results for the t-J model for small J/t [59] but 
also with those for the t-Jz model [60]. As a consequence the stripe is 
metallic, in contrast to Hartree-Fock results which always produce a gap 
[87] . As in a Luttinger liquid [88] one expects that hole-hole interactions 
drive the system toward a GDW phase, which would become insulating 
in the presence of any amount of disorder [89]. Moreover, interactions 
cause the density of states vanish at the chemical potential following a 
non universal power of the interaction parameter [88]. 

4.2 Stripes, magnetism and kinetic energy 
release 

At half-filling, cuprates are antiferromagnetic Mott insulators with 
the Gu atom carrying a spin of 1/2. La 2 Gu 04 is one of the most striking 
examples of a layered antiferromagnetic Mott insulator. The Neel tem- 
perature, instead of taking a value on the order of the planar magnetic 
exchange J 1500K), is approximately 300K. This occurs because of 
the low dimensionality of the system and indeed, an 0(3) invariant 2D 
Heisenberg model may order only at zero temperature due to the break- 
ing of continuous symmetry (Mermin- Wagner theorem) [90]. However, 
the small inter-planar coupling, J± (~ 10“^ J), stabilizes antiferromag- 
netic order at finite temperature. Magnetism in these systems is evident 
essentially across the entire phase diagram, although long-range order is 
lost with only 2% doping by Sr. Since the Sr atoms are located out of 
the Gu 02 planes and their effect is to introduce holes, the doped holes 
are essential for the destruction of long-range order. More importantly, 
it is the minimization of kinetic energy of the holes which is the dom- 
inant mechanism for the suppression of magnetism. In the following. 
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we discuss several different ways to understand the importance of hole 
motion in these systems. 

A first indication for the importance of hole kinetic energy is given 
by magnetic measurements for x < 0.02 which observe the recovery of 
the magnetization when the system is cooled below the so-called freez- 
ing temperature, Tp{x) [28]. The staggered magnetization Ms{x,T) 
vanishes at the Neel temperature T = Ti\f{x) and is a smooth function 
for Tp{x) < T < T]y{x). However for T < Tp{x) the magnetization 
seems to recover to the full value expected at x = 0 and T = 0. This 
effect can be ascribed to localization of the holes after which they affect 
the magnetization only locally. Exactly where the localization of holes 
occurs remains unresolved. However, soft X-ray (oxygen K-edge) ab- 
sorption experiments indicate that the holes are probably in the oxygen 
sites [91]. NMR experiments appear to indicate that holes would localize 
preferentially close to the charged Sr atoms for electrostatic reasons [92] . 
However, because the system is annealed as temperature is reduced, it 
is quite possible that the unscreened Coulomb interaction between holes 
plays an important role in the localization process. If this is the case, 
localized stripe patterns may form even at low doping, although disorder 
effects from Sr doping are very strong in this region of the phase dia- 
gram and one would expect any stripe pattern to be random in the Cu 02 
planes [62]. Recent neutron-scattering experiments at low doping find 
diagonal incommensurate peaks in the magnetic sector [18]. However, 
as no charge peak has yet been observed in the spin-glass regime, these 
measurements may be interpreted within the stripe model but the ques- 
tion remains open: the antiferromagnetic peaks could also be interpreted 
as the formation of a spiral phase [75] . In order to resolve this question 
unequivocally neutron-scattering experiments in samples heavily doped 
with spin-zero impurities such as Zn are required. If, as expected for a 
spiral state [75], the slope of the incommensurability as a function of Sr 
concentration x changes by a factor (1 — 2z), where z denotes the Zn 
concentration, the stripe hypothesis would be excluded in the spin-glass 
regime. 

Independent of the pattern of localization, holes may be localized 
either on the O or the Cu sites. If hole localization occurs at the O 
sites, one would expect a spin-glass phase to be observed at temper- 
atures below Tp{x) because a localized hole at an O site liberates one 
spin (configuration p^) which frustrates the antiferromagnetic coupling 
between neighboring Cu atoms [93]. If, on the other hand, holes are loc- 
alized on the Cu sites, the magnetization of the system would be reduced 
by one quantum of spin. Presumably, because of the delocalization of 
the hole wave function between O and Cu atoms the two effects can 
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occur simultaneously [48]. The key feature of these experiments is that 
they indicate the importance of the hole motion for the destruction of 
long-range order. 

The rapid suppression of magnetism with hole doping can be con- 
trasted with the slow suppression of antiferromagnetic order when Cu 
is replaced by a non-magnetic atoms such as Zn or Mg [94]. In this 
case, long-range order seems to be lost only at 41% doping, that is, at 
exactly the classical percolation threshold for a 2D Heisenberg system. 
As has been shown in recent theoretical and numerical studies of the 
diluted quantum Heisenberg model, magnetic order seems to disappear 
only close to the classical percolation threshold even in the quantum 
system [95]. These results have been investigated experimentally and 
in fact the quantum fluctuations introduced by the dopants apparently 
are not sufficient to produce a quantum critical point (QCP) below the 
value of classical percolation [94]. Although the comparison between 
the problem of hole doping and Zn doping is not at first obvious, from 
the chemical point of view Zn introduces a static hole in the Cu plane 
because it has the same valence, but also has one extra proton. The 
situation on doping by Zn is therefore similar to the problem of holes 
localized at Cu sites. Indeed the recovered magnetization in the hole- 
doped case, M(x, 0), is very close to the value which one would obtain 
on replacing Cu by a density x of Zn atoms. Thus, further confirmation 
is obtained that the hole kinetic energy is the driving force behind the 
suppression of antiferromagnetic order in these systems. 

5. Phenomenological models: stripes and 
antiferromagnetism 

In the previous sections we have argued that the kinetic energy of holes 
is fundamental for understanding the stripe phenomenon in cuprates. 
However, dimensional crossovers are very difficult to measure experi- 
mentally. Phase transitions, on the other hand are easy to observe, 
because they produce strong effects in the thermodynamic properties. 
Because Mott insulators are usually antiferromagnetic one may ask if 
such dimensional crossovers in the hole motion affect the antiferromag- 
netic phase? In the previous section we provided evidence that the 
kinetic energy of the holes is responsible for the destruction of antiferro- 
magnetism in these systems when the hole concentration is of order of 
0.01-0.02. How is it possible that such small doping levels can destroy 
a robust antiferromagnetic phase, with a Neel temperature which is of 
order 300K? 
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A possible way to understand the effect of the hole motion is to con- 
sider the formation of infinitely long stripes. The first obvious effect is 
a breaking of the spatial rotational symmetry. In the antiferromagnetic 
phase the spin rotational symmetry is also broken, indicating that both 
symmetries must be broken in the ground state of a striped antiferro- 
magnetic phase. As a consequence the Goldstone modes associated with 
the broken symmetries must carry information about them. For an or- 
dinary (non-striped) antiferromagnetic phase these are spin-wave modes 
characterized by an energy dispersion F'(k) = Cgk^ where c« is the spin- 
wave velocity, and a spin-stiffness ps associated with the twist of the 
order parameter [45]. In a striped antiferromagnetic phase the Gold- 
stone modes remain spin waves, but because of the broken rotational 
symmetry their dispersion is different if the mode propagates along the 
direction of broken symmetry or perpendicular to it, i.e., the energy 
dispersion is not circularly symmetric and -\- c\k\, 

where || and T refer respectively to the directions parallel and perpen- 
dicular to the stripes. At wave lengths longer than the stripe separation 
I and energies lower than the first spin-wave gap due to the folding of 
the Brillouin zone, this kind of dispersion is guaranteed by the nature 
of the broken symmetries. 

In an ordinary antiferromagnet the spin-wave velocity is simply re- 
lated to the lattice spacing a and the exchange constant J hy Cg = SJa'^. 
Thus, a striped antiferromagnet may be modeled simply by assuming 
that the only effect of the stripes is to introduce anisotropy in the ex- 
change constants. Let us consider the case of a spatially anisotropic 
Heisenberg model with exchange constants Jx and Jy in the x- and y- 
directions, respectively, in which case the spin- wave velocities in each 
direction are given by [96] 

cl = 2S‘^a^Jy{Jx + Jy) 

cl = 2S‘^a^Jx{Jx + Jy)- (9.18) 

Microscopically, one may regard the stripes as causing local modification 
of the exchange across an antiphase domain wall from J to a value 
J'(< J). This alteration of J leads to a macroscopic change in the 
values of the exchange constants in the same way that the introduction 
of impurities in a solid leads to an average change in the unit-cell volume. 

To relate J and J' to Jx and Jy is not a trivial task. One possibility 
would be to solve the linear spin-wave theory for the striped antifer- 
romagnet and calculate the derivative of the spin-wave energy at the 
ordering vector Q. For stripes with a separation of Ng lattice sites, this 
procedure requires the solution of Ng coupled differential equations. Be- 
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sides being computationally intensive, the solution would not provide 
significant insight into the origin of J' and would just exchange one 
phenomenological parameter by another. 

The simplest theory describing a striped antiferromagnet is the spa- 
tially anisotropic non-linear a model 



‘S'e// = 






1 rl3h 

2 Jo 

2a?‘{Jx + Jy) 



dr J dx J dy Jy {dyfi)^ -|- Jx {dxfiY 



{drfi) 



(9.19) 



where h is a unit vector field. The symbols have been chosen to suggest 
the continuum limit of an underlying effective integer-spin Heisenberg 
Hamiltonian on a square lattice [97]. The underlying anisotropy para- 
meter is the ratio of the two exchange constants, or of the two velocities. 



a = Jx/Jy (9.20) 

The value of a characterizes the theory, but its exact dependence on 
microscopic parameters is not easy to derive. 

We proceed by making use of well-established techniques to analyze 
the behavior of the field theory described by the action (9.19) to predict 
the physical properties of the system of interest. It is useful to re- 
express (9.19) symmetrically by a dimensionless rescaling of variables 
x' = (a)' y' = (a )V4yA (A 1/a is a momentum cut-off), 

t' = \j2{Jx + Jy)y0^7^SaT /h. The effective action (9.19) becomes 

rhAf3cQ p r 

Seff = dr' J dx' J dy' {dyhf , (9.21) 

where /j, denotes x',y', and r', 

go{a) = hcoA/ = \2{l-^ a)/ {aK)/S (9.22) 

is the bare coupling constant, cq = [2(Jj, -|- Jy) yJJYJjJ {aS) /fi the spin 
wave velocity and 

(9.23) 

the classical spin stiffness of the rescaled model. The original anisotropy 
is now contained in the limits of integration. 

Notice that while a depends on the ratio Jx/ Jy, the spin stiffness de- 
pends on the product JxJy Thus, given a microscopic model where Jx 
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and Jy are expressed in terms of microscopic quantities the field theory 
is well defined. Unfortunately no calculations yet exist for the micro- 
scopic form of these quantities, and certain assumptions are required 
concerning their behavior. If the spatial rotational symmetry is broken 
at the macroscopic level, that is, one has infinitely long stripes in the y 
direction, a simple choice would he Jy = J and Jx = whence 

= y/api (9.24) 

where 

PI = JS^ (9.25) 



is the spin stiffness of the isotropic system. This choice is valid only 
when the system is composed of a mono-domain of stripes [98]. If the 
system is broken into domains, in which case the rotational symmetry 
is broken micro- but not macroscopically the choice (9.24) may not be 
the most appropriate. At sufficiently long wave lengths the system is 
essentially isotropic and therefore the spin stiffness is the same in all 
directions, [96] 

pO = PI, (9.26) 



which is obtained by choosing Jx = ^/aJ and Jy = Jj^fa. We note 
that these choices are essentially arbitrary and are based on qualitative 
expectations concerning the nature of the correlations at very long wave 
lengths. One may show that the choice (9.26) is appropriate very close 
to the antiferromagnetic phase {x < 0.02) where the breaking of the 
system into domains is quite probably because of disorder effects [96]. 
However, at larger doping (x = 1/8) the choice (9.24) is more appro- 
priate because long-range stripe order is observed [98] . With these two 
parameterizations one may analyse the problem and calculate physical 
quantities for comparison with experiments. One general consequence 
of the anisotropy introduced by the presence of stripes is a growth of 
quantum fluctuations because of the reduction of effective dimensional- 
ity. In fact, by using large N methods and RG calculations, one may 
demonstrate that the effective spin stiffness is given by 



where 



9c{a) 



Ps{a) 




go(l) l 

9c{a)\ ’ 



\/87r^^a/(l -|- a) |ln (^y/a + \/l + 
y/ahi[{l + \/l -I- a)/\/a]| 



(9.27) 






(9.28) 
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is a critical coupling constant. Notice that (9.27) is reduced from its 
classical value p^{a) for fixed anisotropy a, and that it vanishes at some 
critical value cTc, whence gdac) = go- Hence, as a function of the an- 
isotropy, the model exhibits quantum critical point where the system 
undergoes a quantum phase transition from an ordered Neel state to 
a paramagnetic phase. The loss of antiferromagnetic order at x = 0.02 
can thus be considered as a consequence of the enhancement of quantum 
fluctuations due to the presence of stripes. 

As explained previously, these considerations are valid when the holes 
move along the stripes and modify the exchange constant across the 
stripe. However, when localization occurs at low temperatures (as ob- 
served in the recovery of magnetization in NQR experiments) the stripes 
essentially cease to exist and the system undergoes a phase transition 
into a spin-glass phase. The simplest way to understand this phase is to 
consider hole localization at the oxygen sites with consequent liberation 
of one spin 1/2 [93]. This spin frustrates the antiferromagnetic order, 
because the superexchange interaction of the O spin with the neigh- 
boring Cu spins is antiferromagnetic. This problem may be treated by 
considering the O spin as a classical localized dipole moment [75] . 

Finally, the theoretical results concerning the existence of stripes and 
the appropriate model for describing them can be summarized as fol- 
lows: the proposal that the doped t-J model undergoes a phase sep- 
aration is supported by variational arguments [77], diagonalization on 
small clusters [77], and Green-function quantum Monte Carlo calcula- 
tions [78]. On the other hand, several quantum Monte Carlo calculations 
[55], series expansions [79], exact diagonalization [56], and DMRG cal- 
culations [54] yield results contradicting these claims and supporting 
the stripe picture. In order to gain more insight into the problem, we 
begin by considering the simplest possible case, namely, the single-hole 
problem. 

6. Phenomenological models: Transverse 
fluctuations and pinning of stripes 

While much theoretical effort has been concentrated on determining 
whether stripes are the ground state of models such as the Hubbard and 
the t-J models, which are supposed to describe high- Tc superconductors, 
a parallel research direction has also developed which consists of phe- 
nomenological studies of the striped phase. In this case, one assumes the 
existence of stripes and discusses further aspects such as their effect on 
the antiferromagnetic state (see previous section). Motivated by issues 
such as the static or fluctuating nature of stripes and the mechanism 
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of stripe pinning, a phenomenological theory for the pinning of stripes 
has been developed. Zaanen et al. have related transverse stripe fluctu- 
ations to the restricted solid on solid model (RSOS) which describes the 
growth of surfaces [99] . In a simplified form of the model, the transverse 
kink excitations of stripes are mapped to a quantum spin-1 chain model 

[99] , whose Hamiltonian is 

^ = E [-^ {SnSl+i + SlSl^,) - + J(5^)2] . (9.29) 

n 

Here, t has the role of a hopping parameter for transverse kinks, J con- 
trols the density of kinks and the D term represents a nearest-neighbor 
interaction of kinks. The spins take the values = 0, ±1, where -|-1 
and —1 are associated respectively with stripe kinks and anti-kinks and 
5^ = 0 describes unperturbed (flat) segments. The full phase diagram 
for this problem was determined numerically by den Nijs and Rommelse 

[100] after earlier calculations by Schulz [101], who treated the spin-1 
problem as two coupled spin- 1/2 chains. We have recently reanalysed 
the calculations of Schulz [102] and derived the correct phase diagram 
from this formalism, which agrees with the one obtained in Ref. [100] 
(see Fig. 9.6). Six different phases can be identified, depending on the 
values of the D and J parameters. If J is positive, the last term of Eq. 
(9.29) determines that 5^ = 0 and the stripe is straight (flat phase). If 
J is negative, both values 5^ = ±1 are equally favorable with respect 
to the J term and the D term determines the value of Si^. HD is pos- 
itive, nearest-neighbor segments prefer to be similar and therefore 
and will have the same sign. This gives rise to the ferromagnetic 
phase (diagonal stripes), with a sequence of kinks or anti-kinks. On the 
other hand, if D is negative, and prefer to have opposite signs, 
and the stripe will be bond-centered and flat, with a “zig-zag” shape 
(a kink follows an anti-kink and vice versa). In addition, both the flat 
and the bond-centered flat phases, which are gapped, can undergo a 
Kosterlitz-Thouless transition to gapless rough or bond-centered rough 
phases, respectively. The sixth phase, which was not identified by Schulz, 
corresponds to a gapped, disordered, flat phase (DOF), (Fig. 9.6). In 
contrast to the flat phase, this phase has a finite density of kinks and 
anti-kinks, which are positionally disordered, but have an antiferromag- 
netic order in the sense that a kink 5^ = 1 is on average followed by 
an anti-kink 5^ = — 1 (rather than another kink), with any number of 
5*^ = 0 states in between them. The DOF phase is the valence-bond 
phase which is responsible for the Haldane gap. 

In the limit of negligible nearest-neighbor interaction (D ~ 0), the 
above model can be related to the t-J model [103] by considering the 
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Figure 9.6. Sketch of the phase diagram for the spin-1 chain. The stripe configur- 
ations represented by circles, and the corresponding values of are shown below. 
There are six different phases; 1) a gapped flat phase, corresponding to straight 
stripes (Sz = 0); 2) a gapless rough phase (spins equal to zero and ±1 distributed 
randomly); 3) a gapped bond-centered (BC) flat phase, which has a long-ranged zig- 
zag pattern (periodic alternation of Sz = 1 and Sz = — 1); 4) a gapless BC rough 
phase with a zig-zag pattern (antiferromagnetic correlations with disordered S'z = ±1 
but no Sz = 0 states); 5) a diagonal stripe phase, corresponding to a ferromagnetic 
state in the spin language; 6) a gapped disordered flat phase (DOF), where a kink 
(S'z = -1-1) is followed on average by an anti-kink (Sz = —1), but with some ^z = 0 
states in between. 



transverse dynamics of a single vertical stripe in a frozen Neel back- 
ground. The transverse dynamical properties of holes are described by 
the t-Jz model, and they move under the condition that the horizontal 
separation between two neighboring holes cannot be larger than one 
lattice constant. Notice that this condition does not restrict the mo- 
tion of the stripe: it may still perform excursions very far from the 
initial straight-line configuration, but the line cannot be broken. In this 
case the t-J Hamiltonian describing hole dynamics may be mapped onto 
a spin-1 chain Hamiltonian analogous to Eq. (9.29), but with D = 0 
[103]. A duality transformation of the initial quantum string Hamilto- 
nian maps the problem onto one describing a ID array of Josephson 
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junctions [104], which is known to exhibit an insulator-superconductor 
transition at {t/J)c = 2/tt^ [105]. This Kosterlitz-Thouless transition 
represents the unbinding of vortex-antivortex pairs in the equivalent 
XY model, which translates to a roughening transition for the stripe 
problem. In this way, the transition between the flat and rough phases 
along the vertical line {D = 0) of the phase diagram could be determined 
precisely by analytical means [104]. 

These models are related to the sine-Gordon model, and by studying 
the spectrum of the quantum string in a Hilbert-space sector of zero to- 
pological charge, the meaning of the transition in the “string” language 
may be clarified. At {t/J)c the (insulating) pinned phase, which has 
an energy spectrum with a finite gap, turns into a (metallic) depinned 
phase where the spectrum becomes gapless [104]. This procedure al- 
lows the connection of two important and different classes of problems, 
namely the transverse dynamics of stripes in doped antiferromagnets 
and a system with the well-known properties of the sine-Gordon model. 

In all the models discussed hitherto, the pinning potential arises from 
the discrete nature of the lattice. However, the introduction of holes 
into the MO 2 planes (M = Gu or Ni) is not the only consequence of 
doping a Mott insulator such as La 2 M 04 . Doping an antiferromagnetic 
insulator also introduces disorder into this material due to the presence 
of counterions, which act as attractive centers for holes. Doping with 
divalent atoms, such as Sr^"*" produces quenched disorder, because the 
ionized dopants are located randomly between the Gu02 planes. In con- 
trast, doping with excess oxygen generates annealed disorder. Indeed, 
oxygen atoms have a low activation energy and remain mobile down to 
temperatures of 200-300 K. 

In order to account for the random pinning potential provided by the 
Sr atoms in nickelates and cuprates, one may add a disorder potential 
to the previous phenomenological Hamiltonian (9.29) with D = 0. This 
allows a determination of the influence of both disorder and lattice effects 
on the striped phase of cuprates and nickelates. We consider the problem 
of a single stripe along the vertical direction confined in a box of size 
2£, where (. denotes the stripe spacing. The system is described by the 
phenomenological Hamiltonian 



^ = E 

n 



—2t cos 




+ J {Un+l 




(9.30) 



with t the hopping parameter, Un the displacement of the n-th hole 
from the equilibrium (vertical) configuration, its conjugate transversal 
momentum, J the stripe stiffness, and Vn{un) an uncorrelated disorder 
potential satisfying {Vn{u)Vn'{u'))d = d6{u—u')6ny , where {■■■)d denotes 
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the Gaussian average over the disorder ensemble and d is the inverse 
of the impurity scattering time. Eq. (9.30) may be straightforwardly 
related to Eq. (9.29) by noting that = Un+i — Un and that the hopping 
terms and are connected to translation operators, which can be 
written in the momentum representation as t± = )104]. We 

are considering the lattice parameter o = 1. 

A dimensional estimate provides the dominant features of the phase 
diagram. At large values of the hopping constant t ^ J, the first term 
may be expanded as — 2t cos(p„/7i) ~ const. + t{pn/K)^. In the case 
of no impurity potential, Vn{un) = 0, hole dynamics is governed by 
the competition between the kinetic term t{kn)^, which favors freely 
mobile holes, and the elastic one, J{un+i — Un)^ , which acts to keep them 
together. When the confinement is determined by the lattice pinning 
potential, the average hole displacement Un+i ~ Un is of order 1 (the 
lattice constant is unity) so the wave vector ~ 1. A transition from 
the flat phase, with the stripe pinned by the underlying lattice, to a free 
phase is then expected at t/J ~ 1. 

We now consider the opposite limit of strong pinning by impurities. In 
this case, the potential provided by the lattice is irrelevant and the typ- 
ical hole displacement is on the order of the separation between stripes, 
1/^n ~ Un+i — Un ^ C By Comparing the kinetic t(l/£)^ and the elastic 
J(I')^ terms, we observe that a transition should occur at t/J (£)4. 

Indeed, by deriving the differential renormalization group (RG) equa- 
tions to lowest nonvanishing order in the lattice and disorder parameters, 
one obtains a set of flow equations [89] , which indicate that the transition 
from the flat (lattice-pinned) to the free phase occurs at (t/J)c = 4 /tt^, 
and the transition from the disorder-pinned to the free phase occurs at 
{t/J)c = (36/7t^)I'^. The pinning phase diagram of the striped phase is 
shown in Eig. 9.7, in which 5 = l/2i. 

By comparing these results with recent measurements on nickelates 
and cuprates one concludes that nickelates occupy the lower left corner 
of the phase diagram, i.e., they have static stripes which are pinned by 
the lattice and by the impurities. By contrast, cuprates are character- 
ized by freely fluctuating stripes and so appear in the upper right corner. 
An appropriate treatment of the striped phase in cuprates must there- 
fore include stripe-stripe interactions and the model becomes similar to 
that for a 2D fluctuating membrane [89, 106]. In this phenomenological 
framework, both nickelate and cuprate materials can be understood in 
a unified way, the difference between them being simply the parameter 
t/J which measures the strength of quantum fluctuations. 

Although the number of holes is intrinsically connected with the num- 
ber of pinning centers, recent experimental developments show that it is 
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Figure 9. 7. Zero-temperature pinning phase diagram of the stripe phase in the pres- 
ence of lattice and impurity pinning. Three phases can be identified: a quantum 
membrane phase with freely fluctuating Gaussian stripes, a flat phase with the stripes 
pinned by the lattice, and a disorder-pinned phase [89]. 



possible to control these two parameters independently. Co-doping the 
superconducting cuprate material LSCO with Nd or Zn increases the 
disorder without modifying the number of charge carriers [16, 72, 107]. 
On the other hand, growing the superconducting film on a ferroelectric 
substrate and using an electrostatic field as the control parameter allows 
the number of charge carriers in the plane to be altered for a fixed Sr con- 
centration X [108]. This class of experiments constitutes an important 
step towards the control of a normal metal-superconducting transition. 

One may then investigate the stripe pinning produced by Zn and Nd 
co-doping [109]. The two dopants play fundamentally different roles in 
the pinning process. Nd, as with other rare-earth co-doping, induces 
a structural transition which produces a correlated pinning potential 
trapping the stripes in a flat phase. The situation is analogous to the 
pinning of vortices by columnar defects or screw dislocations [110]. In 
this case transverse fluctuations are strongly suppressed, long-range or- 
der is achieved and thus the incommensurate peaks observed by neutron 
diffraction become sharper after the introduction of the co-dopant, as 
observed experimentally [16]. On the other hand, in-plane Zn- and Ni- 
doping provide randomly distributed point-like pinning centers, similar 
to oxygen vacancies in the vortex-creep problem. Within the model 
in which a stripe is regarded as a quantum elastic string, the effect of 
randomness is to “disorder” the string, promoting line-meandering, des- 
troying the ID behavior and broadening the incommensurate peaks. A 
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perturbative treatment of the RG equations discussed previously show 
at the next higher order that this kind of pinning is relevant only in 
under-doped systems, in agreement with experiments [111]- 

Finally, it is essential to go beyond the studies of transverse stripe 
excitations to consider the coupling between longitudinal and transverse 
modes. Longitudinal modes may be described by a Luttinger-liquid 
Hamiltonian, and the coupling between longitudinal and transverse fluc- 
tuations was investigated using bosonization [102]. One finds that a lon- 
gitudinal CDW instability can arise if the stripe is quarter-filled and the 
underlying lattice potential has a zig-zag symmetry. This result has shed 
additional light on the connection between the formation of a LTT phase 
and the subsequent appearance of charge order in high- Tc cuprates (Fig. 
9.3). 

Experimentally, the suppression of superconductivity in LSCO co- 
doped with Nd (Fig. 9.3), and also the upturn of the resistivity in the 
normal phase, are correlated with a structural transition from the LTO 
to the LTT phase. Indeed, at x = 1/8 the charge ordering temperature 
Tco reaches its highest value and the superconducting temperature Tc 
shows a local minimum. Neutron diffraction experiments indicate that 
in the underdoped phase of LSCO the stripes are quarter-filled [16]. The 
formation of the LTT phase favors a zig-zag symmetry of the transverse 
stripe degrees of freedom. Thus, below Tltt the CDW instability dis- 
cussed above becomes relevant and stabilizes a bond centered string with 
zig-zag symmetry. If the stripe spacing is exactly commensurate, as at 
X = 1/8, a long-range-ordered CDW (Wigner crystal) can form, lead- 
ing to the suppression of Tc- On the other hand, for incommensurate 
doping values, solitonic modes are present in the stripe which prevent 
long-range charge order. Longitudinal charge order has hitherto not 
been observed. Nonetheless, the upturn of the in-plane resistivity below 
Tltt suggests proximity to an insulating phase inside the LTT phase 
of underdoped cuprates, which is likely to be the bond-centered zig-zag 
stripe [102]. 

7. Experimental detection of stripes in YBCO 
and BSCCO 

An important question at this point is whether charge stripes are pe- 
culiar to the lanthanates or a generic feature of all the cuprates. The 
answer is not yet completely settled, and further experiments are re- 
quired to achieve an unambiguous conclusion. Measurements on YBCO 
and BSCCO compounds begin to provide a comprehensive picture. 
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Inelastic neutron scattering experiments recently performed by Mook 
et al. on YBCOe.e [20], which corresponds to a hole doping of x = 0.10, 
detected a dynamical incommensurability in the magnetic sector of 
5 = 0.105 ± 0.01, which is exactly the value measured by Yamada et al. 
for the corresponding charge concentration in LSCO [17]. Later, mag- 
netic incommensuration was also observed at 5 = 0.0625 in YBCOe.ss, 
which corresponds to a doping x = 1/16 [21]. In addition, measurements 
of phonon broadening at a wave vector consistent with the stripe pic- 
ture (twice the magnetic wave vector) confirmed the previous results for 
YBCOe.e and YBCOe.ss [21]. Eventually, a static charge order peak has 
been observed in a 21g crystal of YBCOe.ss, at a wave vector which is ex- 
actly double the dynamical magnetic incommensuration, 26 = 0.127, as 
expected within the stripe picture [22]. Although the charge peaks are 
small, 6 orders of magnitude below the strongest crystal Bragg peak, 
their existence is undeniable. However, it should be emphasized that 
no charge order has been observed in YBCOe.s and YBCOe.e, so the 
situation is not yet resolved. 

Another important feature measured recently in YBCO is the ID 
nature of the stripes [23]. In a 4g crystal of detwinned YBCOe.e, one 
could observe not four, but only two incommensurate magnetic peaks 
(the second set of perpendicular peaks have nearly vanished, because the 
sample was almost completely detwinned). The results suggest stripes 
aligned along the 6— axis, in agreement with far-infrared spectroscopic 
measurements by Basov et al. [31], which indicate that the superfluid 
density is larger along the 6— direction. This behavior cannot be attrib- 
uted to the chains, because in underdoped materials the missing atoms 
in the chains would inhibit the chain contribution to superconductivity. 

As a conclusion, one could state that neutron scattering experiments 
in YBCO at several different doping concentration [24] confirm the stripe 
picture sketched for LSCO and reveal the universality of the previous 
results. 

Concerning BSCCO, the majority of experimental results are obtained 
from scanning tunneling microscopy (STM) and spectroscopy (STS) [7- 
12]. The advantage of STM lies in its ability to measure simultaneously, 
with atomic resolution, both the surface topography and the local dens- 
ity of states (LDOS) of a material. The topographic image can be real- 
ized due to the exponential dependence of the tunneling current I on the 
separation of tip and sample. In addition, the differential conductance 
G = dl/dV, where V is the sample bias voltage, is proportional to the 
LDOS of the sample at the tip location. 

Low-T STS in BSCCO samples (Tc = 87K) revealed the existence 
of a large number of randomly distributed regions, with characteristic 
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lengthscales of order 30 A, which have anomalous LDOS features. These 
features were initially referred to as quasiparticle scattering resonances 
(QPSRs) and were thought to be due to quasiparticle scattering from 
atomic-scale defects or impurities [9] , but later measurements performed 
in Zn-doped samples indicated that these inhomogeneities do not origin- 
ate from impurities. The locations of Zn impurities were identified from 
the zero-bias conductance map and the LDOS map taken simultaneously 
at the same location showed no correlation between the intensity of the 
integrated LDOS and the location of the Zn impurities [10]. 

Spatial variations of the tunneling spectrum and of the superconduct- 
ing gap can be observed in pure as well as in impurity-doped BSC CO 
samples, and seem to be intrinsic to the electronic structure. The gap 
ranges from 25meV to 65meV and has a gaussian distribution [10]. The 
average gap is very similar to that reported previously from tunneling 
measurements. The spectra obtained at points with larger integrated 
LDOS exhibit higher differential conductance, smaller gap values and 
sharper coherence peaks, which are the characteristic features of spectra 
taken in samples with high oxygen doping concentration. This observa- 
tion suggests the interpretation that the inhomogeneities may arise from 
differences in local oxygen concentrations [10]. 

Recent experiments in underdoped BSCCO indicate that these high- 
Tc materials are granular superconductors, with microscopic supercon- 
ducting grains separated by non-superconducting regions. By doping 
the material with Ni impurities, it was observed that the position of Ni 
atoms coincide with regions of small gap (A < 50 meV). In underdoped 
BSCO these small-gap regions, which have large G{A) are separated by 
percolative regions with large gap A and low G(A) [11]. 

Qualitatively new information is provided by STS measurements in 
magnetic field up to 7.5T. The quasiparticle states generated by vortices 
in overdoped BSCCO show a “checkerboard” pattern with a periodicity 
of four unity cells [12], in agreement with the charge periodicity expected 
within the stripe picture [16]. Indeed, the magnetic spatial periodicity 
previously detected by neutron scattering in overdoped LSCO in the 
presence [112] or absence [17] of a magnetic field is eight unit cells, 
exactly twice the charge spacing. Shortly after these measurements, the 
4a periodicity was observed by Kapitulnik et al. in nearly optimally 
doped BSCCO without magnetic field [13]. Transformation of the real- 
space data to reciprocal space showed a periodicity of 4a in the randomly 
distributed regions with anomalous LDOS, which was manifest in four 
distinct peaks in reciprocal space [13]. Two peaks corresponding to a 
periodicity of 8a along the diagonal due to the periodically missing line 
of Bi atoms in the BiO plane were also seen clearly, confirming the 
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sample quality. However, later studies by Davis et al. have cast doubt 
on the stripe interpretation: by analyzing the energy dependence of the 
wave vectors associated with the modulation, they have argued that the 
checkerboard LDOS modulation in BSCCO is an effect of quasiparticle 
interference, and not a signature of stripes [14] . Thus there is currently 
no agreement concerning the interpretation of the STM data. 

In summary, one may state that the presence of stripes is now firmly 
established in LSCO (static in Nd-doped LSCO, dynamical in pure 
LSCO). Recent neutron scattering experiments indicate that they are 
also present in YBCO. However, the magnetic YBCO stripes seem to 
be dynamical, whereas the charge ones are static. Concerning BSCCO, 
only STM measurements, which are just sensitive to charge and have the 
disadvantage of being susceptible to surface defects and pinning, were 
performed hintertho. They suggest that a static charge stripe is present 
in this compound, although many further measurements are required for 
a definitive understanding. 

8. Conclusions 

Doped antiferromagnetic insulators have recently attracted a great 
deal of attention because many of the materials in this class exhibit novel 
and interesting behavior. The cuprates, for example, become metallic at 
low doping concentration, and even superconducting at relatively high 
temperatures, whereas other systems, such as nickelates, show metal- 
lic behavior only at very high doping and are never superconducting. 
Manganites, on the other hand, can display the phenomenon of giant 
magneto resistance. Despite the different electric and magnetic prop- 
erties exhibited by these compounds, a common perovskite structure 
connects them. Moreover, spontaneous symmetry breaking and stripe 
formation seems also to be a shared feature. 

Stripe-like ground states were first predicted from Hartree-Fock cal- 
culations of the Hubbard model [49-53] . Later studies of the t — J model 
also confirmed the initial results [54]. However, this theoretical work 
attracted significant attention only when Tranquada et al. detected 
the existence of static spin and charge order in Nd-doped LSCO [16]. 
The peaks measured by elastic neutron scattering were incommensurate 
with pure antiferromagnetic order, and suggested that the system had 
undergone a phase-separation into ID regions rich in holes (stripes), 
which were acting as domain walls in the staggered magnetization. The 
fact that the magnetization changes phase by vr when crossing a do- 
main wall has the consequence that the magnetic periodicity is twice 
the charge-stripe spacing. The associated incommensurability is there- 
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fore one half of the charge incommensurability, and the detection of 
both magnetic and charge incommensuration gave undeniable support 
to the stripe theory [16]. Later inelastic neutron scattering experiments 
in pure LSCO showed that there is a spin gap in these materials, but 
that incommensurate peaks can still be measured at rather low ener- 
gies. The actual value of the spin gap depends on the doping. The 
incommensurability measured in these compounds is exactly the same 
as that obtained in Nd-doped LSCO, which is understandable consid- 
ering replacement of La^"*" with Nd^"*" does not add charge carriers to 
the system, but induces a structural transition that helps to pin the 
stripes. The presence of stripes in LSCO has been confirmed by several 
different experimental techniques. Inelastic neutron-scattering experi- 
ments [17-23] indicate that incommensurate peaks are also detectable in 
YBCO, with a linear dependence of the incommensurability as a func- 
tion of doping concentration similar to that observed in lanthanates. 
These results seem to indicate that the striped phase could be a generic 
feature of cuprates, instead of a peculiarity of LSCO. The requirement 
of very large samples imposed by the neutron scattering renders exper- 
imental progress in the field very slow. Concerning BSCCO, at present 
only STM data is available and while these may support the existence of 
stripes [12, 13], the question remains open. It is important to note here 
that STM is a surface probe, whereas neutron scattering measures bulk 
properties. Thus, surface impurities could play a dominant role in STM 
experiments, but a secondary one in neutron scattering. The years to 
come will hopefully show the truth behind all the controversies. 

From the theoretical side there has been steady progress in under- 
standing stripe phases. Different approaches have been applied to the 
problem with differing degrees of success. Mean-field theories of dif- 
ferent kinds [113, 114, 115], gauge theories [116], and quantum liquid 
crystal phenomenology [117] have been employed to describe the stripe 
state. In this review we focused primarily on studies based on the t- 
J model, where DMRG calculations have shown the presence of stripe 
phases [58, 60]. These studies have the advantage that rather few para- 
meters determine the physics of stripe formation. Although this kind 
of approach describes very well the nature of the stripes, it seems to 
indicate that the stripe state is essentially insulating and extra degrees 
of freedom, such as phonons [118], may be required to explain the ex- 
perimental data in these systems [119, 120]. 

Phenomenological models have also contributed to a significant evol- 
ution in understanding. Appropriate models for describing stripe fluc- 
tuations have been developed, and analogies with other known systems 
established [99, 103, 104]. The effect of stripe pinning by impurities and 




314 



Strong interactions in low dimensions 



by the underlying lattice, as well as the differing roles of rare-earth and 
planar impurities, has been clarified [89, 102, 104, 106, 109]. 

An important task remaining for the coming years is to show, both 
experimentally and theoretically whether and how stripes are connected 
to superconductivity. Systematic investigation of the different ways to 
suppress superconductivity may yield answers to this complex question. 
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Abstract In this chapter we review some of the recent experimental studies per- 
formed on isolated one-dimensional electron systems. Such systems offer 
a direct way to test the theoretical predictions of Luttinger liquid the- 
ory. We describe here several experimental configurations that enable 
to probe the conductance of clean and disordered wires, the tunneling 
density of states and the dispersion of elementary excitations in the 
wires. The effects of Coulomb interaction on each of these quantities 
will be discussed in the context of Luttinger liquid theory. We hope 
this chapter will convey the richness of possibilities that exists in the 
physics of interacting electrons in one dimension and in its experimental 
exploration. 

Keywords: Cleaved Edge Overgrowth, Tunneling density of states, Spin-Charge 
separation, GaAs. 



1. Introduction 

One-dimensional (ID) electronic systems are expected to show unique 
transport behavior as a consequence of the Coulomb interaction between 
carriers [1]. Unlike in two and three dimensions [2], where the Cou- 
lomb interaction affects the transport properties only perturbatively, in 
ID they completely modify the ground state from its well-known Fermi 
liquid form. The success of Landau Fermi liquid theory in two and 
three dimensions lays in its ability to lump the complicated effects of 
the Coulomb interaction into the Fermi surface properties (i.e. mass 
and velocity) of some newly defined particles known as quasi- particles 
[3] . Within this new description the quasi- particles are interacting only 
weakly and thus the underlying transport properties may still be de- 
scribed in terms of single-particle physics. However, in ID the Fermi 
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surface is qualitatively altered even for weak interactions [4] and, hence, 
Landau Fermi liquid theory breaks down. Today, it is well established 
theoretically that the low temperature transport properties of interact- 
ing ID electron systems are described in terms of a Luttinger liquid (LL) 
rather than a Fermi-Liquid. This state is characterized by strong cor- 
related electron behavior [5] . Of course, there can be no true long-range 
order in ID due to the large quantum mechanical zero-point fluctuations 
of the electrons. The correlation functions thus decay algebraically in 
space and in time with exponents that depend continuously on the in- 
teraction strength [6, 7, 8, 9]. 

In recent years there have been numerous experiments that probe the 
physics of electrons confined to ID. In this chapter we review some of 
the central ones that were performed on isolated ID electron systems. 
We do not aim to review all the experiments on quantum wires but 
rather describe in detail a select set of experiments through which the 
manifestation of the intricate nature of Coulomb interactions in ID will 
hopefully become clear. The experimental results will be compared to 
the predictions of Luttinger liquid theory; however, the theory described 
in detail in chapter 4, will not be derived here. 

2. Technological Background 

Recent developments in nano fabrication methods and synthesis tech- 
niques have opened up the possibility to investigate individual ID sys- 
tems. Traditionally, two types of approaches have been taken: 1) Elec- 
trostatic confinement of electrons to ID; and 2) Synthesis of true ID 
crystals. 

One of the early approaches, based on the first method, was to lat- 
erally confine a two-dimensional electron gas (2DEG) into ID [10, 11]. 
The high mobility 2DEG is grown by molecular beam epitaxy (MBE) 
using conventional modulation doping methods. Two metallic gates that 
are separated by a narrow gap are then evaporated onto the surface of 
the heterostructure containing the 2DEG. When a negative voltage is 
applied to the gates the 2DEG underneath them is depleted and a nar- 
row ID channel of electrons, connected to 2D reservoirs at the ends, 
is formed. Eurther increase in the applied bias on the gates will con- 
tinuously tune the density of the ID wires all the way to depletion. 
This approach extends the early work done on quantum point contacts 
in which two large regions of a 2DEG are connected through a narrow 
orifice [12]. Using this method, quantum wires, several microns long, 
were formed. Alternatively, one can etch away the 2DEG and form a 
ID mesa structure [13]. This method is particularly useful for optical 




Transport in quantum wires 



323 



measurements. It avoids the use of metal gates, which absorb the in- 
cident and emitted light. The advantage of the split gate technique is 
that it allows a rather easy way to contact the ID wire. However, the 
minimal width of such wires is determined by the distance of the gates to 
the 2DEG which in typical samples is larger than lOOnm. Furthermore, 
the typical confining potential that restricts the motion to ID in this 
geometry is rather shallow (a few meV in GaAs samples) which makes 
them rather susceptible to disorder. Another method that takes advant- 
age of the planar geometry for contacting the ID wire is the growth 
on V- shaped pre-patterned substrates [14, 15]. However, limitations in 
the growth process prevent this method from producing high mobility 
quantum wires. 

An alternative approach that provides very strong electrostatic con- 
finement and exceptional quality of wires is the method of cleaved edge 
overgrowth (GEO) [16, 17]. One begins by growing a modulation-doped 
quantum well (QW) with a desired width of a few nm (say 20nm). A 
tungsten metal gate is then evaporated on the top surface. This gate 
will later enable to separate the 2DEG that has formed in the QW into 
two parts that would serve as electrical contacts to the wire. The sub- 
strate is then reinserted into the MBE and is cleaved along the 110 
direction. A second modulation doping sequence is immediately grown 
on the atomically flat cleavage plane that is perpendicular to the QW. 
This introduces electrons at the edge, thereby forming one or more edge 
states along the cleave. Strong overlap between the edge states and the 
2DEG couple the two systems intimately along the entire edge. The ID 
wire region is obtained by decoupling the edge states from the 2DEG 
with the help of the tungsten top gate, which after the cleave, extends 
exactly to the edge of the QW. The wire, thereby obtained, has a length 
which is determined by the tungsten gate and is, therefore, lithograph- 
ically defined. The cross-sectional dimension of the wire is determined 
by the width of the QW and by the electric field binding the electrons 
to the cleavage plane (typically lOnm wide). Figure 1 shows a blowup of 
the critical device region under the various bias conditions. The strong 
confinement in this geometry results in subband separation in excess of 
20meV and transport mean free path in excess of 20 /xm. Most of the 
experiments described in this chapter are based on the GEO method. 

Another approach to study individual ID electron systems is the use of 
ID crystals. The most mature approach is the use of carbon nanotubes 
[18, 19]. Recently there has been tremendous improvement in the syn- 
thesis of carbon nanotubes and one can reproducibly obtain single wall 
and multi wall nanotubes. Garbon nanotubes can be viewed as seam- 
less tubes formed out of sheets of graphite. Depending on the way the 
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Cleaved Edge Overgrt'wih 




Blow Up of Wire Region 

V, 




Figure 10.1. The cleaved edge overgrowth scheme - (a) - The first MBE growth of 
the QW and the in situ cleavage process, (b) - The second MBE growth on the 
atomically flat cleavage plane, (c) - A blowup of the critical device region showing 
the two dimensional contacts and the role of the top gate. 

sheet is rolled one can obtain insulating, semiconducting and metallic 
carbon nanotubes. In this chapter we shall focus on measurements done 
on metallic tubes only. 

Recently one dimensional crystals made of a variety of semiconduct- 
ing material such as GaAs, InAs and ZnSe were formed using metal- 
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catalyzed vapor-liquid-solid growth processes. This type of ID wires 
offer many possibilities for basic and applied research in ID since they 
can be doped to form n and p type ID conductors and possibly even a 
combination of both within one wire. Furthermore, superlattice growth 
of different semiconducting materials has been demonstrated offering 
various band-gap engineering possibilities. 

It should be emphasized that irrespective of the various realizations 
of ID systems the physics described here is universal to all of them. The 
various wire systems provides access to a broad range of the relevant 
parameters in ID, which include density of carriers, wire dimensions (i. 
e. lengths and cross section), disorder, and the strength of Coulomb 
interaction. 

3. Conductance in clean wires 

One of the fingerprints of a clean non-interacting ID conductor is its 

2 

quantized conductance in multiples of the universal value Gq = This 
quantization results from an exact cancellation of the increasing electron 
velocity and the decreasing density of states as the carrier density in- 
creases [20, 21]. Therefore, as subsequent ID electronic subbands are 
filled with electrons the conductance increases in a series of plateaus or 
steps with values equal to Gq multiplied by the number of partly oc- 
cupied wire modes (iV). Surprisingly, the inclusion of interactions does 
not alter this prediction. Early papers [ 6 , 7, 8 , 9], considering infinitely 
long wires, did in fact predict quantization of conductance with a renor- 
malized, non-universal, value of G = gGq, where 5 ~ (1 -|- U/2Ef)~^ ■ 
Here, U is the strength of the Coulomb interaction between neighboring 
electrons and Ep is the Fermi energy. The ratio U/Ep is proportional to 
Vs, the electron spacing, divided by the Bohr radius, so that g decreases 
with decreasing electron density. In practice, however, the wire is of 
finite length and for transport measurements one must connect the wire 
to large, Fermi liquid like, reservoirs. In the clean limit, the contact res- 
istance to the reservoirs dominates the dc conductance and the universal 
value, Gq , is restored [ 22 , 23, 24]. The reason is that in DC transport, 
current is being carried by plasmons whose frequency, ui, is given by the 
external bias, eV. The nature of plasmons with a wavelength smaller 
than the wire length is indeed significantly modified by the presence of 
interactions in the wire. However, the wavelength of the emitted plas- 
mons is given by vp/to {vp is the Fermi velocity) and hence in the limit 
of DC transport such wavelength will exceed the wire length and the 
plasmons will primarily reflect the behavior in the contacts where Fermi 
liquid persists. Therefore, in the limit of DC transport one expects to 
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observe the universal value of conductance. Oreg and Finkelstein [25], 
have further demonstrated that if one correctly calculates the conduct- 
ance due to the self consistent electric field in the wire rather than the 
external electric field, the universal value is restored even for the infinite 
wire case. The universal nature of the conductance of a clean ID wire 
makes it extremely difficult to determine the role of Coulomb interaction 
in experimentally realizable systems. 

The first experiment to address the issue of ballistic conductance used 
the split gate method to study 2/xm and 5;um long wires [10]. Their res- 
ults show that the conductance is nearly quantized (within 5%) to the 
universal value as expected for clean wires. At low temperatures a weak 
power law dependence of the conductance could be detected. This power 
law dependence has been attributed to the presence of impurities in the 
wire and will be discussed in greater detail in Sec. 5. A different result 
has been obtained in experiments based on the CEO method [17]. In 
these experiments, studying the length dependence of the conductance 
and determining the disorder mean free path to be in excess of 20;um 
ruled out the presence of disorder. Surprisingly, the measured conduct- 
ance deviated significantly from the expected universal value and was 

2 

found to be an integer multiple of where a <1 may vary from 0.6 
to 0.9 depending on the cross sectional dimensions of the wire (see Fig. 
2). Furthermore, the parameter a decreases as the temperature decreases 
reaching a finite value when extrapolating to zero temperature. The ori- 
gin of this non-universal conductance quantization has been traced to 
the way electrons are being coupled from the 2D reservoirs into the wire 
[26, 27]. 

The coupling into a ID system can be done in one of two ways. The 
first is adiabatic coupling where the cross section of the wire tapers out 
continuously to two or three dimensions. Such geometry is possible only 
for the wires made using split gates or grown on pre-patterned substrates 
[14, 15]. However, it is not suitable for any of the other wire systems 
such as the ones made using the CEO method or the single crystal wires. 
The second alternative is the use of tunnel contacts, which would clearly 
lower the overall conductance as is being reflected by the parameter a in 
the CEO experiments. However, the breakdown of single-particle phys- 
ics in ID forces the injected electron to decompose into the naturally 
existing many-body excitations of the wire, which weakens the coupling 
of the wire to its surroundings. The coupling of electrons into and out 
of the ID system, therefore, provides detailed information on the nature 
of interactions in ID and will be discussed in detail in Sec. 4. Of course, 
four terminal measurements can provide a glimpse on the intrinsic con- 
ductance of the ID system provided that the coupling of the voltage 
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Vt(V) 



Figure 10.2. Conductance quantization in CEO wires - Conductance of a 2/im CEO 
wire as a function of the top gate voltage. The bare result is the measured conduct- 
ance. The curve indicated by G x 1.15 corresponds to the expected universal steps. 

, 2 

Therefore the measured conductance is an integer multiple of ^ . 



contacts to the wire is very weak. Four terminal measurements in wires 

fabricated using the CEO method indeed show [28] that despite the fact 

2 

that the two terminal conductance is reduced below ^ , the propaga- 
tion of electrons along the wires is ballistic resulting in a vanishing four 
terminal resistance. 

4. Tunneling Density of States 

Coulomb interaction in ID results in the formation of long-range cor- 
relations that decay in space in a power law fashion [7]. In contrast to 
weakly interacting electrons in 2D and 3D where it is convenient to con- 
sider quasi-particles in momentum space, in ID a real space picture is 
more appropriate. Heuristically, one can imagine that the electrons, in 
the strongly interacting limit, order in a Wigner like lattice where each 
electron tries to maximize its distance from its neighbors [5] . Of course 
true long-range order cannot exist in ID due to quantum mechanical zero 
point motion, however, such real space description encompasses many of 
the unique features associated with the Luttinger liquid. For example, 
the tunneling density of states measures the probability for inserting one 
extra electron into the system. In the case of a true Wigner crystal, the 
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ordered chain of electrons will have to split up and rigidly shift in order 
to make room for the tunneling electron. Therefore, the tunneling pro- 
cess alters the state of many of the electrons in the wire. Although each 
electronic state may only be slightly modified due to the tunneling elec- 
tron, and hence have an overlap matrix element that nearly equals unity, 
the product of many such overlap matrix elements for all the electrons 
in the system will be strongly suppressed. It is therefore clear that the 
Coulomb interaction in ID will suppress the tunneling density of states 
[7, 8 , 29]. 

A formal solution to the problem of the tunneling density of states 
has been derived by Kane and Fisher based on Luttinger liquid theory 
[7]. For spinless electrons they find that the tunneling density of states 

into the center of a LL is given by oc where e is the 

energy of the tunneling electron and g = {\J^ + • Here U is 

the Coulomb interaction between neighboring electrons. Assuming the 
electrons tunnel from a Fermi liquid metal into a LL one finds that 
the corresponding current voltage (I-V) characteristics is given by / oc 

Uc{e)d£ = corresponding differential conductance is 

given by ^ oc K"'" , where ac = + g — 2). In the case of tunneling 

into the end of a LL a different exponent is obtained: I oc Vc{e)d£ = 

e 9 de = V s ^ and the corresponding differential conductance is given 
by ^ oc , where ccg = (^ — 1). In both cases, the non-interacting 
limit, given by g=l, corresponds to a linear I- V characteristics and hence 
a constant tunneling density of states. Tunneling across a single barrier 
in a LL can be considered as tunneling from one end of the LL to another. 
Hence, I oc h'e{£)i^e(y ~ ^)d£ = and ^ oc where 

«e-e = 2ae = 2(i - 1). 

The tunneling density of states can be studied experimentally by 
measuring the current voltage characteristics of a tunnel junction to 
the center or end of a quantum wire or across a barrier within the wire 
[30, 31, 32, 33]. The parameter g may be deduced by fitting the power 
law behavior to the predicted one based on LL theory. In carbon nan- 
otubes, there are two propagating modes and each mode has two spin 
directions [34]. Hence, there are altogether four degenerate modes. The 
Coulomb interaction produces one charge mode and three neutral modes 
that are unaffected by the Coulomb interaction. Hence, g in the above 
expressions should be replaced by {g+2>)/A and I /5 with {1 / g+2>) / A. The 
predicted value of g for the ( 10 , 10 ) armchair tubes varies from 5 = 0.2 to 
0.3. 
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A systematic study of the tunneling density of states to the center 
and to the end of a carbon nanotube was carried out by Yao et al [31]. 
A carbon nanotube was positioned on top of three metal electrodes. The 
weak coupling between the electrodes and the tube and the fact that the 
tube extends to both sides of the metal contact facilitates probing the 
tunneling density of states into the center of the tube. The measured 
I- V characteristics between two such metal contacts produced a power- 
law with an exponent O!c=0. 34-^0. 35. The deduced value of ^=0.22 is in 
very good agreement with the predicted value [34] . A strong verification 
of the theory has been obtained by studying the tunneling conductance 
across an artificially created kink in the nanotube. The kink is produced 
by manipulating the nanotube using an atomic force microscope (AFM) 
[30] . Such a kink produces a weak link that dominates the conductance. 
It can be viewed as connecting two ends of a nanotube with a large tunnel 
barrier and produces a geometry that probes the tunneling density of 
states from one end of the nanotube to the other, namely ag-e- The 
tunneling density of states across such a kink is, therefore, expected to 
give a power-law that is different from that measured using the metal 
contact, however, the deduced g is expected to be the same. In the 
experiments by Yao et al [31] the measured exponent was found to be 
Q!e-e = 0.22 and the corresponding ^=0.18 in reasonable agreement with 
the one deduced from the tunneling into the center of the tube. 

The discussion above assumes that the wire length is infinite and the 
temperature is lower than the applied voltage. However, in actual exper- 
iments these conditions are not necessarily met and one must consider 
the implications of having a wire with finite length and at finite tem- 
perature. The role of temperature is to produce a cutoff in the spatial 
extent of the Coulomb correlations in the wire [7] . Luttinger liquid the- 
ory predicts that the extent of these correlations, Lg, depends on the 
temperature according to Lg = , where vp is the Fermi velocity. 

When the applied bias is larger than the temperature, kpT should be 
replaced by eV. As the temperature is lowered, a longer wire is needed 
in order to be able to follow the power-law behavior to lower and lower 
temperatures. Once Lg > L the differential conductance will saturate at 
a value corresponding to oc F" = {L being the length of the 

wire). In the experiments by Tarucha et al [10] such behavior was ob- 
served in the temperature dependence of the conductance through 2/xm 
and 5;um long quantum wires. Finally we would like to briefly men- 
tion that another model system that behaves according to LL theory is 
the edge states of a fractional quantum Hall system. Due to the strong 
magnetic field, charge propagation is chiral and hence these ID modes 
are termed chiral LL (CLL) [35]. The tunneling density of states into 
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the edge of a 2DES subject to a strong magnetic field has been stud- 
ied extensively using the CEO method [36, 37]. Although the measured 
tunneling exponent agrees with the theory when the filling factor is 1/3 
there are significant deviations from the theoretical predictions once the 
filling factor is tuned away from 1/3. The origin of this discrepancy is a 
subject of current research. 

5. Conductance in disordered wires 

Disorder in ID systems plays a crucial role even in the absence of 
electron-electron (e-e) interactions [38, 39, 40]. Eor example, localization 
of carriers, and the corresponding suppression of conductance is expected 
in both the interacting and non-interacting cases [39, 40]. Therefore, in 
order to isolate experimentally the role of interactions we focus here 
on the properties of a clean (ballistic) ID system where even a single 
impurity in an otherwise perfectly clean wire will have a dramatic effect 
on the transport properties [6, 7, 8, 9]. 

The difference between a Luttinger liquid and Eermi- liquid becomes 
dramatic already in the presence of a single impurity even in the practical 
case of a finite wire [22, 23, 24, 25]. According to Landauer’s transport 
theory [20, 21], the conductance of a single channel wire with a barrier is 
given by G =1 t ^ , where j t is the transmission probability through 
the barrier. This result holds even at finite temperatures assuming the 
transmission probability is independent of energy, as is often the case 
for barriers that are sufficiently above or below the Eermi energy. In ID, 
interactions play a crucial role in that they form charge density correla- 
tions. These correlations, similar in nature to charge density waves, are 
easily pinned by even the smallest barrier, resulting in zero conductance 
at zero temperature. A simple way to understand the role of interaction 
is to consider the effects of screening of a single impurity by the ID elec- 
trons [8] . The screening is accompanied by Eriedel oscillations that form 
around the impurity due to the sharp cutoff at the Eermi momenta. The 
oscillations have a 2kp periodicity and in ID decay only as 1/x {x being 
the distance from the impurity). Electrons propagating in the wire will 
not only be scattered by the impurity but also by the Eriedel oscillations 
that formed around it. Had the amplitude of the Eriedel oscillation been 
constant as a function of x, a gap in the spectrum would form exactly 
at the Eermi energy, similar to the Peierls instability [41], resulting in 

a insulating behavior. The fact that the oscillations decay as 1/x res- 

2 2 

ults only in a singularity in the density of states given by v{e) = £s 
Transport measurements [42], being sensitive to the density of states 
near the Fermi energy are, therefore, predicted to show a power law be- 
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^ 2 

havior of the conductance as a function of temperature, G{T) = Ts 
In fact the suppression in the tunneling density of states at the end 
of a wire discussed in Sec. 4 can also be viewed as resulting from the 
weakly decaying Friedel oscillations formed at the sharp boundary of the 
wire and, therefore, give exactly the same power law dependence for the 
differential tunneling conductance. 




'I'op Ciate Voltage [V] 

Figure 10.3. Conductance of a disordered CEO wire as a function of the top gate 
voltage. The disorder in the wire is apparent from the lack of conductance plateaus. 
Inset: A zoom-in of the conductance of the wire in the subthreshold region. 

A particularly interesting case of disorder is the case of a double bar- 
rier where resonant tunneling (RT) occurs. The geometry we have in 
mind is not of a short ID segment coupled via a tunnel barriers on each 
side to two long ID wires. In the case of non interacting electron, the 
conductance due to RT between two Fermi liquid leads is easily calcu- 
lated using the Landauer formula [43], Gpi = x / I ’ where 

I t{e) p has the Breit-Wigner line shape centered on the resonant energy, 

Eo , I t{e) p= -jr— — b ^ , / is the Fermi function and Fj is the intrinsic 

width of the level. When ksT >> Fj the case of interest here, one finds 





332 



Strong interactions in low dimensions 



that Gfl = cosh where /x is the chemical potential 

in the leads. The main outcome of this analysis is the line shape of 
the resonance being the derivative of the Fermi function, its full width 
at half maximum equals 3.53 A:bT, and the area under the peak (or the 
peak height multiplied by ksT ) is proportional to F*. In the conven- 
tional theory of RT [44], Fj depends on the transmission probabilities 
through the individual barriers, which are independent of temperature 
and hence should lead to a peak area independent of temperature. In the 
case of interacting electrons one must consider RT between two Luttinger 
liquids. Here, the individual transmission probabilities are suppressed 
as the temperature is lowered (as in the case of tunneling into the end of 
a LL) [7, 8 ]. Therefore it is expected, and has been shown theoretically 

[45, 46], that the extracted Fj should drop to zero as F* oc Ta . The 
resonance line shape, however, in the case of ^ Fj, has been shown 
[45, 47] to be only slightly modified by the interactions and the change 
is too small to be detected experimentally. Such RT geometry has been 
recently realized using the CEO method where a ID island a few hun- 
dreds of nm long is weakly connected to two ID wire segments [48]. The 
conductance through several resonant states is shown in Fig. 10.3. Such 
sequence of resonances is well described by Coulomb blockade theory. 
The separation between peaks, which measures the charging energy, is 
estimated to be 2.2meV. 

Figure 10.4 shows the extracted Fj for the peaks marked in Fig. 10.3. It is 
clear that Fj is not constant but rather drops as a power law of temper- 
ature. The extracted values of g for the two peaks are 0.82 (peak in 
Fig. 10.3) and 0.74 (peak ^2 in Fig. 10.3). The change in 5 results from the 
change in density induced in the ID wire when moving from one peak to 
the next. Due to the spin degeneracy, the Coulomb interaction produces 
one charge mode characterized by an interaction parameter gc and one 
neutral spin mode which is very weakly affected by the interactions with 
5 s = 1. The extracted g is related to gc of the charge mode and gs of 
the spin mode via + ^)- Therefore, we find that 5c=0.69 for 

peak and 5 c= 0.59 for peak ^ 2 . 

At sufficiently high temperatures the assumption of tunneling through 
a single resonant state breaks down and one would expect an increase 
in the extracted F due to transport through a few excited states of the 
ID island [45, 49, 50, 51]. The possibility of an excited state affecting 
the temperature dependent conductance is of interest since it allows a 
better test of the Luttinger liquid model. The excited state spectrum of 
the ID island is extracted from differential conductance measurements 
at finite source drain voltage, Vds- Fig. 10.5a shows a gray scale plot of the 




Transport in quantum wires 



333 




Figure 10. 4- The intrinsic line width of the resonance Ti , vs temperature (in units 
of gate voltage). Both parameters are extracted from a fit to the derivative of the 
Fermi function. Fi is seen to decrease as a power law of the temperature indicating 
Luttinger liquid behavior. The dashed lines are a power law fit to the data. 



differential conductance as a function of the top gate voltage and Vds- 
For peak (in Fig. 10.3) several excited states can be observed. The 
lowest three, at V^s = — 0.4meF, = — 0.7meF , and = — 1.3meF 

are only very weakly coupled (approximately 15% of the intensity of the 
main peak) and would, therefore, contribute very little to the overall con- 
ductance. However, the fourth excited state at Vgg = —l.QmeV is more 
strongly coupled. Since an excited state contributes to the conductance 
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only when 4/csT > /S.E (AE is the energy of the excited state), within 
the measured temperature range of 0.25K to 2.5K only the ground state 
contributes significantly and one expects a single power law behavior as 
is indeed observed in Fig. 10.4. It should be noted that theoretically, the 
Luttinger parameter can also be written in terms of the charging energy, 
Uc, and the level spacing, AE, as g ^ + [^^]- experiment 

described here the ratio of ^ 5 and, hence, one expects g = 0.4. The 

large disagreement between the measured Luttinger parameter and the 
expected one is not understood at this stage. 
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Figure 10.5. Gray scale plots of the nonlinear differential conductance of two peaks. 
Darker color stands for higher differential conductance. The scale is nonlinear in order 
to enhance low features, (a) The peak marked as in Fig. 10.3 {Vds is stepped with 
100 /iV intervals), (b) A different resonance that has a strongly coupled state at Vda 
= 0.6 meV {Vds is stepped with 20 /rV intervals). 

A different case is presented in Fig. 10.5b with a strongly coupled ex- 
cited state at Vds = —O.QmeV. Here, one expects that at temperat- 
ures above 1.2K this excited state would contribute to the conductance. 
Fig. 10.6 shows the temperature dependence of the extracted Fj of this 
peak. Indeed above IK, Fj deviates from the low temperature power 
law, indicating a contribution of an additional transport channel to the 
total conductance. At low temperatures though, only the ground state 
contributes to the conductance. Therefore, a power-law fit to the low 
temperature data enables to extract a g value of 0.66 for this wire. Using 
this g value and the measured energy of the excited state (-0.6meV from 
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Fig. 10.4 ) LL theory [45] was used to predict the dependence of over the 
entire temperature range [48] . The dotted curve in Fig. 10.6 is the result of 
such a calculation where only the coupling strength to the excited state 
has been adjusted. We see that the temperature dependence predicted 
by the model agrees quantitatively with the measured dependence, fur- 
ther supporting the fact that Luttinger liquid behavior describes the 
transport properties of these resonances. 




Deduced Temperature (Units of gate voltage) 



Figure 10. 6. The intrinsic line width of the resonance described in Fig. 10.5b vs tem- 
perature (in units of gate voltage). The dashed line is a fit to the data based on Ref. 
45. g is determined from the low-temperature behavior and the energy of the excited 
state is determined fromFig. 10.5b .The coupling strength to the excited state is the 
only adjustable parameter in the fit. 



Recently, RT has also been observed in carbon nanotubes [52] and in 
the tunneling into the 1/3 edge state at the edge of a 2DEG subject to 
a high magnetic field [53]. Their results are also well described within 
the framework of LL theory [46, 54]. 

6. Excitation Spectrum 

The validity of Fermi liquid theory in 2D and 3D assures that even 
in the presence of Coulomb interaction between the electrons, the low- 
lying excitations are quasi particles with charge e and spin 1/2. The 
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Coulomb interaction may dress up the single particle excitation such as 
to modify their propagation velocity, and effective mass compared to 
the non-interacting Fermi velocity, however, the single particle nature of 
the excitations remain [2] . Of course, collective modes such as plasmons 
may also exist in addition to the quasi-particle excitations. 

ID electronic systems, on the other hand, have only collective excita- 
tions [1]. A unique property of ID systems is that these collective modes 
decouple into two kinds: collective spin modes and collective charge 
modes. Coulomb interactions couple primarily to the latter, and thus 
strongly influence their dispersion. Conversely, the excitation spectrum 
of the spin modes is typically unaffected by interactions, and therefore 
remains similar to the non-interacting case. For example, charge excita- 
tions with Fermi momentum tikp propagate with a velocity Vp = vpjg. 
Thus, the stronger the Coulomb repulsion, the larger the propagation 
velocity. However, as was argued in Sec. 3, this unique excitation spec- 
trum is not manifested in the transport properties of clean ID systems. 
Furthermore, the decoupling of the spin and charge degrees of freedom 
will have only subtle effects on the transport properties of disordered 
wires such as to modify the power laws in the I-V characteristics and 
modify the excitation spectrum of a quantum dot embedded in a LL 
[34]. 

One of the direct ways to probe the excitation spectrum of clean ID 
systems is through inelastic light scattering (Raman scattering) where 
light is scattered off the ID electron system [55]. The incoming photons 
excite the elementary excitations of the wire and exit the wire with a dif- 
ferent energy and momentum. The difference in energy and momentum 
of the incident and scattered photons corresponds to the energy and mo- 
mentum of a specific excitation in the wire. By monitoring the different 
energies and momenta of the outgoing photons one can map out the disper- 
sion of elementary excitations of the wire. The distinction between charge 
and spin excitations is achieved by performing the experiment with par- 
allel and perpendicular polarizations of the incident and scattered light 
respectively. Numerous experiments in GaAs quantum wires have used 
inelastic light scattering to measure the dispersion of collective excita- 
tions in ID [56, 57, 58, 59, 60]. As expected from LL theory, the collective 
spin mode was found to propagate with a velocity nearly equal to the 
Fermi velocity and the collective charge excitation was found to be sig- 
nificantly enhanced [61, 62]. Interestingly, in addition to the spin and 
charge dispersion branches, a third excitation branch has been observed 
in all the experiments. This branch was found to be insensitive to the 
relative polarization of the incident and scattered light and to propag- 
ate with the Fermi velocity suggestive of single particle excitations. This 
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branch has been a puzzle for some time since it contradicted the pre- 
dictions of LL theory, which states that single particle excitations in ID 
do not exist. However, it was recently shown [62] that this mysterious 
branch originates from higher order terms in the inelastic light scattering 
cross section of the spin density excitation. 

Inelastic light scattering is limited to excitations with relatively low 
momenta. The maximum momentum transfer is given by twice the mo- 
mentum of the incident photon, which is typically much smaller than the 
Fermi momentum. Therefore, information on the complete dispersion 
including 2kp excitations could not be obtained using this technique. 

Recently, the complete dispersion curve of the elementary excitations 
in ID has been measured in a clean ID electron systems using a novel 
transport method [63]. Two parallel ID wires have been fabricated by 
CEO from a GaAs/AlGaAs double quantum well (QW) heterostructure. 
The upper QW is 20nm wide, the lower one is 30nm wide and they are 
separated by a 6 nm Alo. 3 Gao. 7 As barrier. A modulation doping sequence 
was used that renders only the upper QW occupied by a 2D electron gas 
with a density n = 2 ■ 10^^ and a mobility /x = 3 • Itf’cm? /V s. The 
CEO creates two quantum wires in the two QW’s along the whole edge of 
the sample. Both wires are tightly confined on three sides by atomically 
smooth planes and on the fourth side by a triangular potential formed 
at the cleaved edge. The 2DEG overlaps the upper wire (UQWR) and 
is separated from the lower wire (LQWR) by the tunnel barrier, 6 nm 
thick, separating the two QW’s (Eig. 10.7). 

The measurement of a single, isolated tunnel junction between the 
wires is facilitated by controlling the density of electrons under the tung- 
sten top gates. The 2^m wide gates are deposited prior to the cleave at 
a distance of 2;um from each other (see Eig. 10.7). Eirstthe gate is biased 
(g 2 in Eig. 10.7) while monitoring the 2- terminal conductance (G) between 
contacts to the 2DEG on opposite sides of the gate. When the voltage 
on g 2 relative to the 2DEG (V 2 ) is negative enough to deplete the 2DEG, 
G drops sharply because the electrons have to scatter into the wires in 
order to pass under g 2 . Since tunneling into the LQWR is weak, most 
of the current is carried at this stage by the UQWR. Decreasing V 2 fur- 
ther depletes the modes in the UQWR under g 2 one by one, causing a 
stepwise decrease in G. Once again, a deviation of the size of the steps 
from the universal value is seen (see Sec. 3) . When the last mode in the 
UQWR is depleted, only LQWR modes are left to carry current. This is 
seen in Eig. 10.8 as a very small step (typically a few percent of theUQWR 
conductance steps). Decreasing V 2 further, depletes these modes as well 
and G is suppressed to zero. A value of V 2 on the tunneling step is then 
chosen, forcing the electrons to tunnel between the wires. In order to 
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Figure 10.7. (A) Illustration of the double wire setup and the contacting scheme. 

The ID wires span along the whole cleaved edge of the sample (front side in the 
schematic). A barrier separates the lower wire from the upper wire (dark gray) and 
the 2DEG that overlaps it (light gray). The 2DEG is used to contact both wires. 
Several tungsten top gates can be biased to deplete the electrons under them (only gi 
and g 2 are shown). A magnetic field is perpendicular to the wires plane. The depicted 
configuration allows the study of the conductance of a single wire- wire tunnel junction 
of length L. (B) Equivalent circuit of the measurement configuration: The current 
flows uniformly between the wires along the whole length of the junction. 



focus on one of the two resultant junctions, the length of one of them is 
reduced by depleting both wires with an additional gate (gi in Fig. 10.7). 
Because the short tunnel junction is much more resistive than the long 
one, the UQWR between gi and g 2 is at electrochemical equilibrium 
with the source (the 2DEG lying between gi and g 2 ), while the LQWR is 
at electrochemical equilibrium with the drain (the semi-infinite 2DEG to 
the right of gate g 2 in Eig. 10.7) . As a result, 1^^ drops across an isolated 
wire-wire tunnel junction of length L (the distance between gi and g 2 ). 

Measuring the tunneling current through a single tunnel junction al- 
lows to determine experimentally the dispersion relations of the element- 
ary excitations in the wires [64, 65, 66, 67, 68, 69]. Being separated by 
a thick barrier, the wires are essentially independent of each other. The 
junction is long enough for tunneling to be treated as spatially invariant 
to a good approximation (L ^ Ai? ~ lOnm, where Ai? is a typical Eermi 
wavelength in the wires). Therefore, when an electron tunnels between 
the wires, not only its energy is conserved, but also its momentum. The 
energy of a tunneling electron is controlled by changing Vgd, while its 
momentum is controlled by changing B. To first order, B shifts the dis- 
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persions of the modes in the UQWR- Eui{B,k) - hy ks = eBd/fi {ui 
enumerates the modes of the UQWR, d is the distance between the wires 
centers) relative to the dispersions of the modes in the LQWR- Eij{B, k) 
{Ij enumerates the modes of the LQWR). Tunneling between the wires 
is suppressed unless there is a A: that satisfies the tunneling condition 
Eui{B, k — ks) = Eij{B, k) — eVgd, for which one wire is occupied while 
the other is not. Thus, current is appreciable only in regions of the 
(Vsd,B) plane that are bounded by BiVgd) that satisfies the tunneling 
condition with \k\ or \k — ksl equal to one of the Fermi wave numbers of 
one of the modes in the wires, kp,ui or kpqj ■ These boundaries show up 
as peaks in the nonlinear differential tunneling conductance G{Vsd,B), 
i.e. the measurement directly probes the dispersion of one wire with the 
help of the Fermi points of the other wire (see Fig. 10.9). 




Figure 10.8. Conductance as a function of the top gate voltage. The conductance 
steps correspond to successive depletion of the upper wire modes. Inset - Once the 
upper wire is fully depleted (beyond the last conductance step) the remaining con- 
ductance is due to tunneling between the wires. The inset shows a blowup of this 
tunneling conductance. 

It has been shown theoretically [67, 68] that in the presence of inter- 
actions this measurement technique provides direct information on the 
single-particle spectral functions within each wire. The spectral func- 
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tion, which is the Fourier transform of the one-particle retarded Green’s 
function, measures the integrity of an electron as an elementary excita- 
tion in a many-body system. For non-interacting electrons, the spectral 
function is given by A{k,£) = 27T(5(e — Ek) where £k is the dispersion 
of the electronic band. Coulomb interaction will typically broaden the 
spectral features. However, in systems obeying Fermi liquid theory, a 
distinct single-particle like spectral feature remains. In ID, such single 
particle spectral features are completely absent. Instead, two spectral 
features appear, corresponding to the spin and charge excitations of the 
system. Thus measuring the spectral function of the wires corresponds 
to directly measuring the collective excitation spectrum of the interact- 
ing system. In contrast to the method of inelastic light scattering, the 
/^-difference that one can induce between the wires has no fundamental 
limitation - it is easy to attain ks > ‘^kp with reasonable H’s. The result 
of a typical measurement is presented in Figs. 10.9 a, c. The most prom- 
inent features in such scans are the dispersion curves of the elementary 
excitations in the wires. 

In order to determine the effect of the Coulomb interactions on the 
excitation spectrum, the measured excitation spectrum G{Vsd,B) was 
compared with the expected excitation spectrum of non-interacting elec- 
trons. The latter is solely determined by the band mass m and by the 
density of electrons. Consider, for example, tunneling of non-interacting 
electrons between mode ui and mode Ij. At B = 0, tunneling is expected 
to be significant only if the dispersion ui overlaps that of Ij, otherwise 
it is impossible for an electron to tunnel whilst conserving its energy 
and momentum. To compensate for a density mismatch between the 
modes, a bias eVgd = Epgj — Ep^ui must be applied for the dispersions 
to overlap {Ep^^i and Epij are the Fermi energies in ui and Ij). Thus 
a point of enhanced current is expected on the I^^-axis (see Fig. 10.9b). 
Several such points can be seen in Fig. 10.9a,c, each corresponding to 
tunneling amongst a different pair of modes. This is especially clear 
in panel (c), where a smooth background has been removed from the 
raw data in order to improve the visibility of the dispersions. Tunnel- 
ing between the modes is also possible near Vgd = 0. As H is ramped 
up the spectra are shifted hy kp relative to one another. Initially, tun- 
neling remains rare because the available initial states are unoccupied. 
This persists until k''^\ = edB\’^ /h = \kp^ui ~ kpgj \ , when initial states 
become available at the Fermi level, allowing tunneling between states 
propagating in the same direction. Increasing B further blocks tunnel- 
ing because now all available final states are occupied until B satisfies: 
= edB 2 ^ /h = \kp^ui + kpgjl, when empty final states become avail- 
able at the Fermi level, allowing tunneling between states propagating 
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Figure 10.9. (A) G(T4,d ,B) as a function of Vsd and B for a G/rm long tunnel junc- 

tion. The bar above the figure gives the color scale. Some of the dispersions can be 
easily discerned. The calculated noninteracting dispersions (thick dashed lines) do 
not describe the data well. A reduced mass model yields a superior fit everywhere, 
exemplified by the thin dashed lines at high B.The evident enhancement of G(Vsd, 
B) at Vsd < 0 and B < 5T is attributed to tunneling directly from the 2DEG in the 
upper QW to the LQWR. Also visible is the suppression of G(V),d ,B) near Vsd = 0. 
(B) A schematic of the regions of momentum conserving tunneling (gray) for which 
we expect the tunneling current to be enhanced. At V* sd , the density mismatch 
between mode ui and mode Ij is compensated for and the spectra overlap. Tunneling 
between the Fermi points of the modes occurs at and . The boundaries, 
which show up as peaks in G(V),ci,B), give the dispersions of the electrons. (C) The 
lower part of (A) after subtracting a smoothed background. The scale has been op- 
timized to improve the visibility. The dispersions of the various bands in both wires 
are easily discerned, as well as the suppression of G(V),ii ,B) around Vsd = 0. 

in opposite directions. Thus enhanced tunneling is expected between 
the wires at i?^’'^andi? 2 '^(Fig. 10.9b). These crossing points determine the 
Fermi momenta in each wire, hence allowing an independent measure- 
ment of the density of electrons in each mode, the only parameter needed 
to completely determine the non- interacting dispersion. Determining 
the density in this method does not depend on the strength of the Cou- 
lomb interactions. Their presence merely smears the crossing points in 
the {Vsdi B) plane, but does not shift them to different values of B. In 
reality such crossing points can be seen very clearly, as for example in 
Figs. 10.9a,c. 
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In practice the analysis is slightly complicated by the small changes of 
density in each mode induced by 5 as it is ramped up - in wires with finite 
cross-section the lower modes are populated at the expense of the higher 
ones. This effect is very small for mostof the modes in Figs. 10. 9a, c, but has 
a noticeable effect on the modes that make up the upper crossing point 
at = 7T. The simplest quantitative interpretation of the G{Vsd,B) 
scans requires the solution of the single particle Schrodinger equation for 
the levels in each of the two wires in the presence of B. From the solution 
one obtains the non- interacting dispersion of the electrons in each of the 
wires. Examples of such non-interacting dispersions are overlaid on the 
data in Figs. 10.9a,c. One can clearlysee that the density is determined 
correctly since the calculated dispersions fit the measured In spite 

of this, they clearly deviate everywhere else from the measured curves. 
Similar mismatches between measured and calculated dispersions are 
always observed, suggesting that the non-interacting behavior does not 
describe the excitation spectrum. In order to quantify the deviations 
from the non- interacting behavior, the data was fitted again with a 
non-interacting model with a renormalized mass m* = 0.75m. The 
main conclusion is that a substantial enhancement of the velocity of 
the collective excitations, namely Vpjvp = mim* is observed. This 
enhancement is in line with the predictions of Luttinger liquid theory 
stating: Vpjvp = \jg and hence g =0.75. This value is in agreement 
with the values obtained from the resonant tunneling experiments (Sec. 
5) also done on similar wires. Near the crossing point at B 2 iT one 
finds that the calculated non-interacting curves bound the regions of 
enhanced conductance (see Fig. 10.9a). Such behavioris expected to result 
from spin-charge separation [70, 71], in which the velocity of the spin 
degrees of freedom is given by the non-interacting velocity. 

Recently, further verification for spin-charge separation was obtained 
from the intricate oscillatory patterns observed as a result of the finite 
length of the tunnel junction [72]. In CEO samples, where the elastic 
mean free path exceeds the length of the junction, the finite length of the 
junction is the main cause of breaking of translation invariance and hence 
momentum relaxation. The oscillations in B can be viewed as Aharonov- 
Bohm oscillations resulting from flux penetrating the area of the junction 
and are thus given by: AB ■ A = AB ■ d ■ L = (po, where L is the length 
of the junction and (po = hje. The oscillations in Vgd can be viewed 
as resulting from an increase in momentum: Ak ■ L = = 27 t, 

where Vc is the velocity of the charge excitations. In case of spin-charge 
separation, two periodicities in Vsd are expected corresponding to the 
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two excitation velocities. The oscillatory pattern will therefore form an 
additional beating pattern, AVgiow with '^^^‘>iowL(vc-vs) _ Such a 
beating has been recently observed [72] and the deduced charge and 
spin velocities agree once more with a g = ^ = 0.7. 

7. Summary 

In this chapter we reviewed some of the experimental work performed 
on isolated ID systems in order to unravel the intricate nature of e-e in- 
teractions in ID. Recent technological breakthroughs have clearly paved 
the way for even more controlled and sophisticated experiments but at 
the same time left a vast number of fundamental phenomena to be ex- 
plained. One of the main topics that has received rather little attention 
experimentally and yet is at the heart of Luttinger liquid theory is the 
role of spin and the phenomena of spin-charge separation on ID. Many 
theoretical predictions such as the dependence of the spin velocities on 
interaction strength remains to be tested and would therefore be a sub- 
ject of fruitful research in the future. 
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Abstract In this Chapter, we present recent theoretical developments on the fi- 
nite temperature transport of one dimensional electronic and magnetic 
quantum systems as described by a variety of prototype models. In 
particular, we discuss the unconventional transport and dynamic - spin, 
electrical, thermal - properties implied by the integrability of models as 
the spin- 1/2 Heisenberg chain or Hubbard. Furthermore, we address 
the implication of these developments to experimental studies and the- 
oretical descriptions by low energy effective theories. 



Keywords: one dimensional quantum many body systems, 
transport, integrability 



1. Introduction 

The electronic and magnetic properties of reduced dimensionality ma- 
terials are significantly modified by strong correlation effects. In par- 
ticular, over the last few years, the physics of quasi-one dimensional 
electronic systems, has been the focus of an ever increasing number of 
theoretical and experimental studies. They are realized as three dimen- 
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sional (3D) compounds composed of weakly interacting chains or, in 
a latest and very promising development, as monoatomic width chains 
fabricated by self-assembly on surfaces. 

Experimentally, recent studies made possible by the synthesis of new 
families of compounds characterized by very weak interchain coupling 
and low disorder, indicate unconventional transport and dynamic be- 
havior; for example, unusually high thermal conductivity in quasi-one 
dimensional magnetic compounds [1, 2, 3], ballistic spin transport in 
magnetic chains [4, 5] or optical conductivity in quasi-lD organic con- 
ductors, showing a low frequency very narrow “Drude peak” even at 
relatively high temperatures [6, 7]. 

Theoretically, it is well known that one dimensional (ID) systems of 
interacting electrons do not follow the phenomenological description of 
the ordinary Landau Fermi liquids, but rather they are characterized 
by a novel class of collective quantum states coined Luttinger liquids 
[8]. Furthermore, it has quite recently been realized that several proto- 
type models commonly used to describe ID materials imply ideal trans- 
port properties (dissipationless) even at high temperatures. This phe- 
nomenon is the quantum analogue of transport by nondecaying pulses 
(solitons) in ID classical nonlinear integrable systems [9]. 



Of course, ID electronic and magnetic systems have, since the sixties, 
been a favorite playground where theoretical ideas were confronted with 
experimental results on an ever improving quality and variety of quasi- 
ID compounds. We are now in a position to claim reliable theoretical 
analysis on the thermodynamics, quantum phase transitions and spectral 
functions of prototype many body Hamiltonians used to describe ID 
materials. The tools at hand range from exact analytical solutions (e.g. 
using the Bethe ansatz (BA) method) [10], the low energy Luttinger 
liquid approach and powerful numerical simulation techniques as the 
Quantum Monte Carlo (QMC) [11] and Density Matrix Renormalization 
Group (DMRG) [12] method. In particular, the ground-state properties 
as well as the low-temperature behavior of the correlation functions and 
of most static quantities in the scaling (universal) regime of Luttinger 
liquids have been extensively studied in recent decades and are well 
understood by now [13, 14, 15, 16]. 

On the other hand, although most experimentally relevant, less stud- 
ied and understood are the transport and dynamic properties of ID 
interacting electronic or magnetic systems. Paradoxically, while the 
equilibrium properties of prototype integrable models as the spin- 1/2 
Heisenberg or Hubbard model have been extensively analyzed, their fi- 
nite temperature transport has attracted little attention; most studies 
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till a few years ago, have basically focused on the low energy descrip- 
tion in terms of the Luttinger model. A noticeable exception has been 
the issue of diffusive versus ballistic behavior and thermal conductivity 
of spin chains, a long standing and controversial issue. The difficulties 
encountered with the transport quantities can be attributed to the fact 
that the scattering and dissipation in clean ID fermionic systems are not 
dominated by low-energy processes and thus the transport properties are 
not universal. 

Presently, transport properties are at the focus of intense theoretical 
activity; in particular, prototype integrable models (as the Heisenberg, t- 
J, Hubbard, nonlinear-a) are studied by exact analytical techniques (e.g. 
Bethe ansatz, form factor method) and numerical simulations. However, 
the complexity of these methods often renders the resulting behavior 
still controversial. Furthermore, the transport of quasi-one dimensional 
systems is (re-) analyzed within the effective Luttinger liquid theory or 
by semiclassical, Boltzmann type, approaches. 

It is fair to say that the study of finite temperature/frequency con- 
ductivities in strongly correlated systems presents at the moment funda- 
mental conceptual as well as technical challenges. Development of new 
analytical and numerical simulation techniques is required, as well as 
progress on the basic understanding of scattering mechanisms and their 
effects. 

In the following, we will mostly concentrate on the conductivity of 
bulk, clean systems where the scattering mechanism is due to electronic 
or magnetic interactions (Umklapp processes). In particular, we will not 
address issues on the transport of mesoscopic systems (e.g. nanowires, 
nanotubes) or other dissipation mechanisms as coupling to phonons or 
disorder. 

In section 2 we start by presenting some elements of linear response 
theory (or Kubo formalism), the theoretical framework commonly used 
for describing transport properties. Then, in section 3 and 4 we continue 
with a presentation of the state of the transport properties of prototype 
systems, in particular the Heisenberg and Hubbard model. In section 
5, we present a short overview of alternative approaches based on low 
energy effective field theories as the Luttinger liquid, sine-Gordon and 
quantum nonlinear-cj models. Finally, in section 6, we close with a 
critical assessment of the present status and a discussion of open issues. 

This presentation is definitely not an exhaustive account of theoretical 
studies on the transport properties of one dimensional quantum systems 
but it rather aims at presenting a coherent and self-contained view of 
some recent developments. 




350 



Strong interactions in low dimensions 



2. Linear response theory 

In this section we introduce the basic definitions and concepts that 
will be used in the later development. The framework of most trans- 
port studies is linear response theory where the conductivities are given 
in terms of finite temperature (T) dynamic correlations calculated at 
thermodynamic equilibrium [17]. For instance, the real part of the elec- 
trical conductivity at frequency eo is given by the corresponding dynamic 
current correlation 



= 2t^ D5{uj) + Gregi^^) (H-1) 

f + OO 

= i dte'^\[j{t),j]), z = (jj + i'q (11.3) 
Jo 

with j the appropriate current operator. In a spectral representation 
the conductivity is, 

1 — e~d‘^ 7T 

areg{>^) = y V] Pn V] | (n | J | m) f 5{(jJ-{em-en)), (11.4) 

OJ J-j ^ . 

^ m^n 

I n),€n denoting the eigenstates and eigenvalues of the Hamiltonian, 
the corresponding Boltzmann weights and (3 the inverse temperature (in 
the following we take % = kb = e = 1)] the dc conductivity is given by 
the limit adc = CTreg{oj 0). We will mostly discuss one dimensional 
tight-binding models on L sites where the current operator does not 
commute with the Hamiltonian. 

To define the current operators we use the continuity equations of 
charge, magnetization or energy for the electrical, magnetic and thermal 
conductivity, respectively. We will explicitly present them below in the 
discussion of the Heisenberg and Hubbard models. 



A quantity that presently attracts particular attention is the prefactor 
D of the (5— function, named the Drude weight or charge stiffness. This 
quantity was introduced by W. Kohn in 1964 as a criterion of (ideal) 
conducting or insulating behavior [18] at T = 0 in the context of the 
Mott-Hubbard transition. This meaning becomes clear by noting that 
D is also the prefactor of the low frequency, imaginary (reactive - non- 
dissipative) part of the conductivity. 
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D = -[u;a^\u;)l 



+0 — 



L 






E 

m^n 



(n I j I m) 



^rr). 



(11.5) 

here (T) denotes the thermal expectation value of the kinetic energy, 
generalizing the zero temperature expression to T > 0 by consider- 
ing a thermal average. Thus, a finite Drude weight implies an “ideal 
conductor”, a freely accelerating system. The second definition of the 
Drude weight follows from the familiar optical sum-rule [19, 20, 21] using 
eq.(ll.l). 




i-T), 



( 11 . 6 ) 



with the average value of the kinetic energy replacing for nearest neigh- 
bor hopping tight binding models the usual ratio of density over mass 
of the carriers for systems in the continuum. 

At T = 0 the Drude weight Dq = D(T = 0) is the central quantity 
determining charge transport. As already formulated by Kohn in a very 
physical way, Dq can also be expressed directly as the sensitivity of the 
ground state energy eo to an applied flux 4> = eA {e = 1), 



Dq = 



1 52 eo, 



2L d(j)' 



2 10 ^ 0 * 



(11.7) 



For a clean system, since at T = 0 there cannot be any dissipation, one 
expects that areg{^ ^ 0) = 0 and we have to deal with two fundament- 
ally different possibilities with respect to Dq: 



Dq > 0 is characteristic of a conductor or metal, 

Dq = 0 characterizes an insulator. 

The insulating state can originate from a filled electron band (usual band 
insulator) or for a non- filled band from electron correlations, that is the 
Mott-Hubbard mechanism; the latter situation is of interest here. Note, 
that the same criterion of the sensitivity to flux has been applied to 
disordered systems, in the context of electron localization theory [22]. 

The theory of the metal-insulator transition solely due to Coulomb 
repulsion (Mott transition) has been intensively investigated in the last 
decades by analytical and numerical studies [23] of particular models of 
correlated electrons and it is one of the better understood parts of the 
physics of strongly correlated electrons. 
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At finite temperatures, within the usual Boltzmann theory for weak 
electron scattering, the relaxation time approximation represents well 
the low frequency behavior, 

cj(u;) = cjdc/(l + iwr), (11.8) 

where the relaxation time r depends on the particular scattering mech- 
anism and is in general temperature dependent. In the following, we 
consider only homogeneous systems without any disorder, so the relev- 
ant processes in the solid state are electron-phonon scattering and the 
electron-electron (Coulomb) repulsion. When the latter becomes strong 
it is expected to dominate also the transport quantities. 

Even in a metal with Dq > 0 it is not evident which is the relev- 
ant scattering process determining r(T) and adc{T). In the absence 
of disorder and neglecting the electron-phonon coupling the standard 
theory of purely electron-electron scattering would state that one needs 
Umklapp scattering processes to obtain a finite r. That is, the relev- 
ant electron Hamiltonian includes the kinetic energy the lattice 

periodic potential V and the electron-electron interaction Hint, 



H — Hkin + V-\- Hint- (11-9) 

Then, in general, the electronic current density j is not conserved in 
an Umklapp scattering process as the sum of ingoing electron momenta 
equals the sum of outgoing ones only up to a nonzero reciprocal vector 
G, ki = mG. In other words, the noncommutativity of the current 
with the Hamiltonian, [H,j] 7 ^ 0, leads to current relaxation and thus, 
by the fluctuation-dissipation theorem, to dissipation. The interplay 
of V and Hint, however, turns out to be fairly involved in the case of 
strong electron-electron repulsion. This will become clear in examples 
of integrable tight binding models of interacting systems that we will 
discuss below, which have anomalous (diverging) transport coefficients. 

Experiments on many novel materials, - strange metals - with correl- 
ated electrons, question the validity of the concept of a current relaxation 
rate 1/r. Prominent examples are the superconducting cuprates with 
very anisotropic, nearly planar, transport [23] where the experimentally 
observed cr(iu) in the normal state can be phenomenologically described 
only by strongly frequency (and temperature T) dependent T). The 
experiments on cr(uj) in quasi-lD systems are covered elsewhere [7]. 

With this background, we will now discuss different possible scenaria 
for the behavior of the T > 0 conductivity. A clean metallic system at 
T = 0 is characterized by a d— function Drude peak and a finite frequency 
part that vanishes, typically with a power law dependence, implying zero 
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Figure 11.1. Schematic representa- Figure 11.2. Illustration of the con- 

tion of the typical behavior of the con- ductivity of a clean metal remaining 

ductivity for a clean metal. an ideal conductor at finite temperat- 

ures. 

dc regular conductivity. In the common sense scenario, at finite temper- 
atures the (5— function broadens to a “Drude peak” of width inversely 
proportional to a characteristic scattering time and thus a finite u; ^ 0 
limit implying a finite dc conductivity. The scattering mechanisms can 
be intrinsic, due to interactions, or extrinsic due to coupling to other 
excitations, phonons, magnons etc. This typical behavior is shown in 
Fig. 11.1. 

Actually, for a finite size system (as often studied in numerical sim- 
ulations) D is nonzero even at finite T; it only goes to zero, typically 
exponentially fast, as the system size tends to infinity. Physically, this 
expresses the situation where the thermal scattering length is less than 
the system size. 

But it is also possible that constraints on the scattering mechanisms 
limit the current decay, so that the system remains an ideal conductor 
{D > 0) even at T > 0. A schematic representation of a system remain- 
ing an “ideal conductor” at finite T is shown in Fig. 11.2. 

In a system with disorder, D vanishes even at zero temperature and 
the dc residual conductivity is finite (provided the disorder is not strong 
enough to produce localization). 

For an insulating system, e.g. due to interactions or the band struc- 
ture as we discussed above, D vanishes at zero temperature; in the 
conventional case, D remains zero at T > 0, while activated carriers 
scattered via different processes give rise to a finite dc conductivity. But 
it is also possible that D becomes finite, turning a T = 0 insulator to 
an ideal conductor; for instance, a system of independent particles (e.g. 
one described within a mean field theory scheme) , insulating due to the 
band structure, turns to an ideal conductor at T > 0. Finally, it is also 
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conceivable that both D and a^c remain zero at T > 0, a system that 
can be called an “ideal insulator” . 

To the above scenaria we should add the possibility that the low fre- 
quency conductivity at finite temperatures is anomalous, e.g. diverging 
as a power law of the frequency, resulting in an infinite dc conductivity. 
Actually, as we will discuss later (Discussion section), this kind of beha- 
vior is fairly common in classical one dimensional nonlinear systems. 



Thus, the first step in characterizing a system is the evaluation of 
the Drude weight at T = 0 in order to find out whether the system 
is conducting or insulating. The peculiarity that has recently been no- 
ticed is that most prototype models, assumed faithful representations 
of the physics of several quasi-one dimensional materials, have finite 
Drude weight also at finite temperatures (even T oo), thus imply- 
ing intrinsically ideal conductivity. In other words, interactions do not 
present a sufficient scattering mechanism to turn these systems into nor- 
mal conductors. This behavior is unlike the one observed in the higher 
dimensional version of the same models, that become normal conduct- 
ors at finite temperatures [24]. This unconventional behavior has been 
attributed to the integrability of these models. 

To evaluate the Drude weight is not an easy matter as, although 
frequency independent, it represents a transport property and thus it 
cannot be obtained via a thermodynamic derivative (e.g. of the free 
energy). Direct calculation using the optical sum rule eq.(11.6) is obvi- 
ously involved requiring the value of all current matrix elements. A very 
convenient and physical formulation is the one by W. Kohn, eq.(11.7), 
that generalized at finite temperatures [25] reads. 



J-. 1 






| 0 - 



( 11 . 10 ) 



By considering the change of the free energy as a function of flux (that 
vanishes in the thermodynamic limit as it is proportional to the suscept- 
ibility for persistent currents) we can also arrive at an expression for 
the Drude weight as the long time asymptotic value of current-current 
correlations [26], 

D = ^ = /3Cjj. ( 11 . 11 ) 

n 

As an example, for a ID tight binding free spinless fermion system with 
nearest neighbor hopping t, the application of a flux cj) modifies the single 
particle dispersion to = — 2tcos(/c -|- (/>) giving. 
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Dq = - sin(7rn) = N{eF)jF 

7T 

D{T)r^Do-^{jf (n = i). (11.12) 

Here, n is the fermion density, N^cf) the density of states and Jf the 
current at the Fermi energy. Notice the quadratic decrease with tem- 
perature of the Drude weight that, as we will see later, is generic even 
for interacting one dimensional fermionic systems out of half-filling. 

In the recent literature, that we will discuss below, the Drude weight 
of integrable systems is evaluated by the BA technique at zero or finite 
temperatures using the Kohn expression (11.10). The difficulty in this 
approach is the need for the estimation of finite size energy corrections 
of the order of 1/L, a rather subtle procedure within this method. 

Another approach, proved particularly efficient in establishing that 
systems with a finite Drude weight at finite temperature exist, uses an 
inequality proposed by Mazur [27]. This inequality states that if a system 
is characterized by conservation laws Qn then: 

lim ^ (11.13) 

r^oo T Jo ^ {Qi) 

Here ( ) denotes a thermodynamic average, the sum is over a subset of 

conserved quantities Qn orthogonal to each other in the sense (QnQm) = 
{Qn)^n,rm = A and we take (A) = 0. 

Thus, for time correlations {A{t)A) with non-singular low frequency 
behavior we can obtain a bound for Caa = lim^^oo (A(t)A), 

For integrable systems, such as the spin- 1/2 Heisenberg or Hubbard 
model that are known to possess nontrivial conservation laws because 
of their integrability, useful bounds can be obtained by considering just 
the first non-trivial conservation law. We should stress however that this 
approach has not provided yet a complete picture of the Drude weight 
behavior as we will discuss below in concrete examples. 

Finally, another argument relating the behavior of the Drude weight 
to the (non-) integrability of a model is by the use of Random Matrix 
Theory [28, 29, 25]. It is known that integrable systems are character- 
ized by energy level crossings upon varying a parameter and so Poisson 
statistics in the energy level spacing; thus it can be argued that the 
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typical value of diagonal current matrix elements (slope of energy levels 
with respect to an infinitesimal flux) is of the order of one, plausibly 
implying a finite Drude weight according to eq.(ll.ll). On the contrary, 
nonintegrable systems, due to level repulsion, are described by Wigner 
or GOE statistics and thus the characteristic value of diagonal current 
matrix elements is of the order of e~^ (inversely proportional to the 
density of many body states) implying now a vanishing Drude weight as 
L ^ CO. 

Besides electrical transport, the thermal conductivity of ID systems 
has recently attracted particular interest; within linear response theory 
it is given by the analogous Green-Kubo formula expressed in terms of 
the energy current - energy current dynamic correlation function, 

k(ijj) = (11.15) 

ILO 

Unlike the conductivity, there is no “mechanical force” (as the flux (p) 
that can be applied to the system in order to deduce expressions sim- 
ilar to the Drude weight, but the long time asymptotic value of energy 
current correlations has an analogous meaning. 

Finally, in magnetic systems, the “spin conductivity” (spin diffusion 
constant) can be probed, for instance, by NMR experiments that meas- 
ure at high temperatures the Fourier transform of spin-spin autocorrel- 
ations at the L armor frequency lon, 

/ +00 r 

dt / dqe^‘^^\Sl{t)Stq). (11.16) 

-OO J 

By using the continuity equation, 

(11.17) 

for a system where the total spin z— component is conserved, the spin- 
spin dynamic correlations can be analyzed via the corresponding spin- 
current correlations in analogy to electrical transport [30]; the role of 
local charge is played by the z— component of the local magnetization 
(see next section for a more detailed discussion on this point). 

We will now briefly discuss different methods, analytical and numer- 
ical, that are available for the study of finite temperature dynamic correl- 
ations in strongly interacting systems. Among the analytical approaches 
that have been used for the study of transport and dynamic properties 
of ID systems, each has its own advantages and drawbacks. The tra- 
ditional memory function approach [31] provides a complete picture of 
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the temperature/frequency dependence but it is a perturbative method 
based on the assumption of a regular relaxation behavior that might 
be dangerous in ID systems. The high temperature moment expansion 
provides useful information on the possibility of anomalous transport 
but the extraction of transport coefficients is also based on the phe- 
nomenological assumption of regular, diffusive behavior [32]. Progress 
in the exact evaluation of dynamic correlations in integrable systems 
has recently been achieved in the calculation of the Drude weight by 
the Bethe ansatz technique and of the frequency dependent conductiv- 
ity by the form factor method. The Drude weight studies however are 
still controversial as they involve the calculation of finite size corrections, 
while the form factor approach has so far been limited to the calcula- 
tion of zero temperature correlations and mostly in gapped systems. It 
is expected however that progress in BA techniques will provide a full 
picture of the dynamic properties of integrable systems. It is amusing 
to remark the paradoxical situation where the only strongly correlated 
systems for which we can probably have a complete solution of their dy- 
namics are the integrable ones, which however, exactly because of their 
integrability, show unconventional behavior. 

Among numerical simulation techniques, the ED (exact diagonaliza- 
tion) provides exact answers over the full temperature/frequency range 
but of course only on finite size systems [33]. Due to the exponentially 
growing size of Hilbert space, this limits the size of systems that can 
be studied to only about 20 to 30 sites, depending on the complexity 
of the Hamiltonian. We should also remark that, in principle, the full 
excitation spectrum is required for the evaluation of finite temperature 
correlations ^ Furthermore, the obtained frequency spectra are discrete, 
d— functions corresponding to transitions between energy levels, so that 
some ad-hoc smoothing procedure is needed; this is particularly cru- 
cial in attempting to extract the low frequency behavior. Nevertheless, 
finite size scaling in ID systems can provide very useful hints on the 
macroscopic behavior, particularly at high temperatures where all en- 
ergy levels are involved. This regime is the most favorable in attempting 
to simulate the physical situation where the scattering length is less or 
comparable to the system size. 

The Quantum Monte Carlo techniques allow the study of far larger 
systems and they provide directly the dynamic correlations at finite tem- 
peratures but in imaginary time [35]. By analytical continuation, using 



^In a recent advance, finite temperature dynamic correlations for a prototype model have 
been successfully evaluated using only one quantum state (microcanonical ensemble) [34]. 




358 



Strong interactions in low dimensions 



for instance the Maximum Entropy procedure, one is able in principle to 
extract the main features of the frequency dependence; experience shows 
however, that fine issues as the temperature dependence of the Drude 
weight or the presence of diffusive behavior which is a low frequency 
property, are difficult to establish reliably. 

Finally, the DMRG method that has been so successful in the study 
of ground state and thermodynamic properties of ID systems, has only 
recently been extended to the reliable study of zero temperature con- 
ductivities in gapped systems [36, 37]. At finite temperatures it is also 
possible to obtain very high accuracy data on autocorrelation functions 
in imaginary time by the use of the transfer matrix DMRG [38]. How- 
ever, similarly to QMG methods, it is very difficult to extract subtle 
information on the finite T dynamics because of the extremely singular 
nature of analytic continuation that hides the useful information even 
for practically exact imaginary time data. 

3. Heisenberg model 

The prototype model for the description of localized magnetism is the 
Heisenberg model. For a one dimensional system the minimal Hamilto- 
nian describing magnetic insulators is, 

H = Y.hi = + A5f5f+i) (11.18) 

i 1=1 

where S'" (a = x, y, z) are spin operators on site I ranging from the most 
quantum case of spin S=l/2 to classical unit vectors. For S=l/2 the 
system is integrable by the Bethe ansatz method and its ground state, 
thermodynamic properties and elementary excitations have well been 
established [10]. As a brief reminder to the discussion that follows, note 
that for J >0, A > 0 corresponds to an antiferromagnetic coupling while 
A < 0 to a ferromagnetic one; a canonical transformation maps H(A) to 
Further, the anisotropy parameter A describes two regimes, 
the “easy-plane” for ]Aj < 1 or the “easy- axis” for ]Aj > 1. The isotropic 
case, occuring in most materials for symmetry reasons, corresponds to 
A = 1. For ]Aj < 1 the system is gapless and characterized by a linear 
spectrum at low energies, while for A > 1 a gap opens; in particular, 
at A = 1 the elementary excitation spectrum is described by the “des 
Gloiseaux-Pearson” dispersion €q = ^jsingj. For A < — 1 there is a 
transition to a ferromagnetic ground state. 

In general, other types of terms appear in the description of quasi- ID 
materials such as longer range or on site anisotropy interactions, but in 
this review we will focus on the prototype model eq.(11.18). 
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At this point we should mention that the spin-1/2 Heisenberg model is 
equivalent to a model of interacting spinless fermions (the “t-V” model) 
obtained by a Jordan-Wigner transformation [39]; 

L ^11 

H = i-t) ^(4q+i -h h.c.) + V J^(m - -)(nz+i - -), (11.19) 

1=1 1=1 ^ ^ 

where ci(cj) denote annihilation (creation) operators of spinless fermions 
at site I and n; = cjci- 

The correspondence of parameters is V/t = 2 A and the opening of 
a gap at A > 1 corresponds to an interaction driven metal-insulator 
(Mott-Hubbard type) transition. 

3.1 Currents and dynamic correlations 

Regarding the transport and dynamic properties of the Heisenberg 
model, three cases have mostly been discussed: the classical one, the spin 
S=1 and the spin S=l/ 2 ; the S=1 case has been extensively analyzed 
by mapping its low energy physics to a field theory [40] , the nonlinear-cj 
model (see section 5). In connection to experiment, the main issue is the 
diffusive vs. ballistic character of spin transport as probed for instance 
by NMR experiments and recently the contribution of magnetic excit- 
ations to the thermal conductivity of quasi-one dimensional materials 
[!]• 

To discuss magnetic transport, we must first define the relevant spin 
and energy currents by the continuity equations of the corresponding 
local spin density Sf (provided the total component is conserved) 
and local energy hi; 

aqz 

gives for the spin current, 

f = Eii = •'EfsfAi - sfsf+i)’ (11-21) 

l l 

Here and thereafter, Vai = ai — a;_i denotes the discrete gradient of a 
local operator ap In general (A 7 ^ 0) the spin current does not com- 
mute with the Hamiltonian, 7 ^ 0, so that nontrivial relaxation is 

expected and thus finite spin conductivity at T > 0. 
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Similarly, the energy current is obtained by, 

aE T \ 'fox QZ qV qV qz qx \ \ a t QV qx qz qz qx qV \ 

J — ^l+l ~ ^l+l) ~r ^l+l — ^l+l) 

I 

+ A(S,l,SfSf+i - Sf_,SfS,‘V,) (11.23) 

We will now briefly comment on the framework for discussing spin 
dynamics and in particular how it is probed by NMR experiments. Ac- 
cording to the spin diffusion phenomenology (for a detailed description 
see ref. [41]) when we consider the {q,to) correlations of a conserved 
quantity A = J2i such as the magnetization or the energy, it is as- 
sumed that it will show a diffusive behavior in the long-time t ^ oo, 
short wavelength q ^ 0 regime In the language of dynamic correla- 
tion function, diffusive behavior means that the time correlations decay 
as, 

{{Mt),Ao{0)}) = 2 xaT J (11.24) 

where Da, XA are the corresponding diffusion constant and static sus- 
ceptibility, respectively. For a ID system, this behavior translates to a 
characteristic l/\/t dependence of the autocorrelation function. 

Fourier transforming the above expression we obtain, 

S33(«,w) = ~ ^ 2 ■ (H-25) 

By using the continuity equation (11.20), this Lorentzian form can be 
further modified to obtain the current-current correlation function, 

SjAjA{q,(jj) ~ (11-26) 

which gives the diffusion constant Da by taking the q ^ 0 limit first 
and then uj ^ 0. 

On the other hand, a ballistic behavior is signaled by a 5— function 
form, SjAjA{q,uo) ~ S{uj — cq), where c is a characteristic velocity of 



^This phenomenological statement goes under the name of Ohm’s law in the context of 
electrical transport, Fourier’s law for heat or Pick’s law for diffusion. 
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the excitations. This 5— function peak moves to zero frequency as g ^ 0 
and its weight is proportional to the long time asymptotic of the current- 
current correlations 



CjAjA = SjAjA^q = 0,t — > oo). 



(11.27) 



The above anticommutator correlations are related to the imaginary part 
of the susceptibility that describes the dissipation, by, 

SAA{q,uj) = coth{(^)xAA{Q,^)- (11.28) 



In relation to the experimental study of spin dynamics, the NMR has 
developed to a very powerful tool; for instance, the 1/Ti relaxation time 
is directly related to the spin-spin autocorrelation by, 

1 f+oo 

— r.\A\^ dtcos{ujNt){{Sf{t),Sf{0)}) (11.29) 

-^1 j — OO 



where \A\^ is the hyperfine coupling [4] and ojpj the Larmor frequency. 
Using the relation (11.28), 1/Ti gives information (in the high temper- 
ature limit, (3ijJn 0) on x"{q,‘a>) as. 



1 



-t\a\^T. 

<? 



x"{q,^n) 

LON 



(11.30) 



The diffusive behavior, characterized by the 1 / 'Jt decay of the spin cor- 
relations, is extracted in an NMR experiment by analyzing the q ^ 0 
contribution [5] . It gives a 1/ \/lOn behavior that is detected as a 1 / ^/Ij 
magnetic field dependence. 



1 ^ ^ ^ ^X(g = 0) 
Ti ^ ^ ,/DjI 



(11.31) 



considering that the Larmor frequency lon ^ H, Dg being the spin 
diffusion constant and x{d = 0) the static susceptibility. 



3.2 Spin and energy dynamics 

Returning now to the state of spin and energy dynamics, the classical 
Heisenberg model has been extensively studied by numerical simulations, 
the first studies dating from the 70’s [42]. Nevertheless, the issue of 
diffusive behavior (even at T = oo where most simulations are carried 
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out) still seems not totally clear, the energy and spin showing distinctly 
different dynamics. On the one hand, simulations clearly indicate that 
energy transport is diffusive [43] but on the other hand, the decay of 
spin autocorrelations is probably inconsistent with the expected 1/y/t 
law [44, 43] exhibiting long-time tails. 

On the other extreme, for the fully quantum spin S=l/2 model, the 
simplest case is the A = 0, so called XY limit. Here, the spin current 
commutes with the Hamiltonian resulting in ballistic transport; this can 
also be seen in the fermionic, t-V, version of model that corresponds to 
free spinless fermions {V/t = 0 in eq.(11.19)) where now the charge 
current is conserved. In the infinite temperature limit (/? = 0) the 
spin and energy autocorrelations can be calculated analytically using 
the Jordan-Wigner transformation and are of the form [45] : 

= \ JSiJt) (11.32) 

{Wt)h,) = (4(J() + J2(J0) (11.33) 

which both behave as 1/t for t oo, unlike the l/\/t form in the 
diffusion phenomenology (Jq, Ji are Bessel functions). Actually the (5 = 
0 limit, often theoretically analyzed for simplicity, is not unrealistic as 
the magnetic exchange energy J can be of the order of a few Kelvin in 
some materials. 



For ]Aj < 1 the Drude weight at T = 0 has been calculated using the 
BA method [46, 21] and is given by. 



D 



7T sin(7r/j^) 




(11.34) 



where A = cos{'k/v) For A > 1, D{T = 0) = 0 as the system is 
gapped. 

At finite temperatures, several numerical and analytical studies indic- 
ate that for ]Aj < 1 the spin transport is ballistic [47, 48, 49, 50, 51], in 
accord with the conjecture that this behavior is related to the integrabil- 
ity of the model [52, 53, 25]. Pursuing this conjecture, one can attempt 
to use the Mazur inequality eq. (11.14) in order to obtain a bound on 
the Drude weight and thus establish that the transport is ballistic. In- 
spection of the known conservation laws for the Heisenberg model [54] 



®The parametrization of A in terms of u is common in the BA literature as the formulation 
greatly simplifies for u =integer. 
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shows that already the first nontrivial one, Qs, has a physical meaning; 
it corresponds to the energy current, Qs = and it can be used to 
establish a bound for D [26] , 



This expression can be readily evaluated in the high temperature limit 

(/ 3 ^ 0 ), 



P 8A^m^(l/4 -m=^) 

^ “ 2 1 + 8A2(l/4 + m2)’ 



m = {sn, 



(11.36) 



where m is equal to the magnetization density in the Heisenberg model 
or to re — 1/2 in the equivalent fermionic t — V model (re is the density). It 
establishes that ballistic transport is possible at all finite temperatures 
in the Heisenberg (t — V) model; notice however, that the right hand 
side vanishes for rre = 0, that corresponds to the specific case of the 
antiferromagnetic regime at zero magnetic field or to the t — V model at 
half-filling. Of course this does not mean that D is indeed zero in these 
cases as this relation provides only a bound. It should also be remarked 
that the obtained bound is proportional to and so we do not recover 
the simple result that D(T) > 0 in the XY-limit. Furthermore, it can be 
shown, using a symmetry argument, that even by taking into account 
all conservation laws the bound remains zero at rre = 0 [26]. 

A BA method based calculation of D(T) for ]Aj < 1 was also per- 
formed [55] , using a procedure proposed for the Hubbard model [56] , that 
relies upon a certain assumption on the flux dependence (see eq.(ll.lO)) 
of bound state excitations (“rigid strings”). The resulting behavior is 
summarized in Figs. 11.3 and 11.4. From this analysis the following 
picture emerges: 



Figure 11.3 D{A) at vari- 
ous temperatures. The 
lowest line is the high 
temperature proportional- 
ity constant Cjj = D/p. 
The symbols indicate ex- 
act diagonalization results 
[30]. 
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(i) at zero magnetization, in the easy plane antiferromagnetic regime 
(0 < A < 1), the Drude weight decreases at low temperatures as a 
power law D{T) = Dq — const. T", a = 2j{y — 1); 

(ii) in the ferromagnetic regime, — 1 < A < 0, D(T) decreases quadrat- 
ically with temperature (as in a noninteracting, XY-system); 

(iii) the same low temperature quadratic behavior is true at any finite 
magnetization; 

(iv) for /3 ^ 0, D(T) = (dCjj and it can be shown that D(—A) = D{A) 
by applying a unitary transformation in the expression eq.(ll.ll); 

a closed expression for Cjj can be obtained by analytic calculations [57], 
Cjj = (vr/j^— 0.5sin(27r/j^))/(167r/i/) for |A| < 1 while Cjj = Ofor A > 1; 

(v) at the isotropic antiferromagnetic point (A = 1), D(T) seems to 
vanish, implying non ballistic transport at all finite temperatures. 




Figure 11-4 Temperature 
dependence of the Drude 
weight D vs. T [55] 



This last result seems in accord with the most recent NMR data [5]. Of 
course, the low frequency conductivity must also be examined in order 
to determine whether there is no anomalous behavior (e.g. power law 
divergence) that precludes a normal diffusive behavior; such unconven- 
tional behavior is presently debated in classical nonlinear ID systems 
(see final section of Discussion). It should not be surprising if future 
rigorous studies reveal that the isotropic Heisenberg exhibits a singular 
behavior, as it lies at the transition between a gapless and gapped phase. 

In this context, we should also mention that the power law decrease of 
D(T) for 0 < A < 1 is not corroborated by recent QMC simulations [58]. 
The disagreement might be due either to the “rigid string” assumption 
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used in the BA analysis or to the very low temperatures, of the order of 
the energy level spacing, that are studied in the QMC simulations 

Considering the limited results obtained so far using the Mazur in- 
equality compared to the exact BA analysis, it remains an open ques- 
tion whether the behavior of the Drude weight can be fully accounted 
for solely by a proper consideration of conservation laws present in the 
Heisenberg model. 

For A > 1 numerical simulations [48] and analytical arguments [51] 
indicate that the Drude weight vanishes at all temperatures. In this 
regime, based on ED numerical simulations, it was proposed that a new 
phase might exist, an “ideal insulator” , characterized by vanishing Drude 
weight and diffusion constant {dc conductivity in the fermionic version). 
This conjecture remains presently still rather tentative, due to the small 
size of the systems that have been studied so far. 

On the other hand, a semiclassical field theory approach [59] con- 
cluded that gapped systems are diffusive. This approach is based on a 
mapping of the massive excitations to impenetrable classical particles 
of two or more charges (corresponding to different spin directions) that 
propagate diffusively (see section 5) and it has mostly been used for the 
analysis of gapped spin-1 systems. 

In parallel to these developments, the spin S=l/2 Heisenberg model 
was studied in the scaling limit using conformal invariance arguments 
[60, 61]. This field theory approach amounts to considering a linear- 
ized spectrum and thus neglecting the effects of curvature, a point that 
we will further discuss below in section 5. In particular, it was shown 
that the uniform dynamic susceptibility describes ballistic behavior, the 
corresponding 1/Ti relaxation time was evaluated and the theory was 
extensively compared to experimental data [62]. Notice, however, that a 
later experimental NMR work [5] concludes that the g = 0 mode of spin 
transport is ballistic at the T = 0 limit, but has a diffusion-like contri- 
bution at finite temperatures even for T « J. We should remark that, 
over the years, the most common interpretation of NMR experiments 
was within the diffusion phenomenology, as for instance for the 5 = 5/2 
TMMC compound [63]. 

Finally, the finite (q,uj) response functions of the S=l/2 model at 
T = 0 were studied by the bosonization technique [64] after mapping it 



^Reliable results for the Drude weight can be obtained by QMC simulations only at low 
temperatures because a sufficiently fine spacing of Matsubara frequencies is required for the 
extrapolation to zero frequency. 
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to spinless fermions (eq.(11.19)). For A < 1, the conductivity shows the 
typical ballistic form; for A > 1 it vanishes below the gap, showing a 
square-root frequency dependence above. 

Turning now to energy transport, it is easy to see that the energy 
current is a conserved quantity [65, 26] for all values of the anisotropy A 
implying that the currents do not decay and so the thermal conductivity 
is infinite. This peculiarity has also been noticed by an earlier analysis 
of moments at infinite temperature [66]. So the quantity characterizing 
thermal transport is the equal time correlation that represents 

the weight under the low frequency peak that will develop from the zero 
frequency <5— function when a dissipative mechanism is introduced. This 
picture is analogous to that of the electrical conductivity illustrated in 
Fig. 1.1. It implies that, given an estimate of the temperature de- 
pendence of the characteristic scattering time one is able to extract the 
value of the dc thermal conductivity, further assuming some form (e.g. 
eq.(11.8)) for the low frequency behavior. 

This quantity has also recently been exactly calculated using the BA 
method [67]; it is shown in Fig. 11.5. 

Furthermore, the experimental observation of unusually high thermal 
conductivity in ladder compounds [1] motivated the theoretical study of 
the thermal Drude weight in ID anisotropic, frustrated and ladder spin- 
1/2 systems [68, 69]; the proposal of unconventional thermal transport 
in these systems is still debated. 

Finally, the S=1 Heisenberg chain shows a qualitatively different be- 
havior characterized by the presence of an energy (Haldane) gap at low 
energies. The S=1 Heisenberg model is not integrable but the physics 
at low energies is usually mapped onto the quantum nonlinear-cj model 
that is again an integrable system. The results known on this model will 
be briefly discussed in section 5 along with a semiclassical approach to 
describe this type of gapped systems. The same low energy mapping is 
used for the analysis of “ladder” compounds. 

As a guide to experimental investigations and theoretical studies, we 
can recapitulate the above discussion of the dynamics of the Heisenberg 
S=l/2 model as follows. It seems clear that ballistic behavior at all 
temperatures should be expected in the easy-plane regime and at all fi- 
nite magnetizations, while the isotropic point is a subtle borderline case. 
The behavior in the easy-axis antiferromagnetic regime might be par- 
ticularly interesting and it is not settled at the moment. Exceptionally 
high thermal conductivity should be expected in all regimes. 

To complete the above picture, we should stress that not much is 
known on the low frequency behavior of the conductivities at finite tern- 
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perature. This leaves open the possibility of unconventional behavior, 
neither ballistic nor simple diffusive but one characterized by long time 
tails, giving rise to power law (or logarithmic) behavior at low frequen- 
cies. 

4. Hubbard model 

The prototype model for the description of electron-electron correla- 
tions is the Hubbard model given by the Hamiltonian, 

H = '^hi = {-t) -h h.c.) + UY^ nqnq (11.37) 

l a,l I 

where cia(cj^) are annihilation (creation) operators of fermions with spin 
a =1, 1 at site I and n^o- = cj^Qa-. 

At half- filling (n=l, 1 fermion per site) it describes a Mott-Hubbard 
insulator for any value of the repulsive interaction U > 0, while it is a 
metal at any other filling. 

The one dimensional Hubbard model is also integrable by the Bethe 
ansatz method and its phase diagram, elementary excitations, correla- 
tion functions have been extensively studied [10, 70]. 

4.1 Currents 

Similarly to the Heisenberg model, we can discuss the electrical, spin 
and thermal conductivity by defining the charge j, spin j® and energy 
currents from the respective continuity equations of the local particle 
density n;, 

^ + Vjz = 0, j = = (-^)Xl(*4f7Ci+ia + /i-c.), (11.38) 

l la a, I 

spin density nq — nq, 

lhl^ + Vif = o. f = = (11.39) 

and energy density hi, 

= 0, f = (11-40) 

/,cr 

Jut = + ^-c-) - + ni+i-„ - 1). 
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4.2 Electrical and thermal transport 

With respect to the electrical conductivity the interaction U and dens- 
ity dependence of the Drude weight D at zero temperature has been 
established using the BA method [71, 72, 73] (see Fig. 11.6). There are 
two simple limits: 

(i) The free fermion case t/ = 0 where j is conserved and Dq = ^ sin ^ 
where n is the density of fermions (n = 2/cir/7r). Here Dq vanishes for 
an empty band n = 0 and a filled band n = 2, being maximum at half 
filling, n = 1. 

(ii) Another simple limit is 7/ = oo. Since in this case the double occupa- 
tion of sites is forbidden, fermions behave effectively as spinless fermions 
and the result is Dq = -| sin(7rn)|; here Dq vanishes also at half filling. 

Analytical results in ID indicate that the Dq = 0 value at half filling 
persists in the Hubbard model for all 7/ > 0, whereby the density de- 
pendence D{n) is between the limits 7/ = 0 and U = oo. The insulating 
state at half filling is a generic feature of a wider class of ID models 
characterized by repulsive interactions, such as the t-V model (discussed 
above), the t-J model etc. 

In Fig. 11.6, along with the Drude weight, the zero temperature (bal- 
listic) Hall constant Rh of a quasi-lD system is also shown. According to 
a recent formulation [74] , Rh can be expressed in terms of the derivative 
of the Drude weight with respect to the density. 



Rh = 



1 dD 
D dn 



(11.41) 



The Hall constant is the classical way for determining the sign of the 
charge carriers. For a strictly one dimensional system of course it makes 
no sense to discuss the Hall effect; but if we consider a quasi-one di- 
mensional system with interchain coupling characterized by a hopping 
t' ^ 0, then within this formulation we recover a simple picture for the 
behavior of the sign of carriers as a function of interaction. In agree- 
ment with intuitive semiclassical arguments, the Hall constant behaves 
as Rh — — 1/n at low densities changing to Rh — +l/5{5 = 1 — n) near 
half-filling, with the turning point depending on the strength of the in- 
teraction U. Notice that if D oc n with a small proportionality constant, 
that would be interpreted within a single particle picture as indicative 
of a large effective mass, then we would still find Rh — —1/n. This 
observation might be relevant in the context of recent optical and Hall 
experiments [75, 7] where a small Drude weight is observed although the 
Hall constant indicates a carrier density of order of one. 
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Figure 11.7. Optical conductivity at T = 0 for U /t = 3,6,12 (from left to right) 
calculated with DMRG on a 128-site lattice [76]. Inset: (t{uj) lb U/t =12 (dashed) 
and 40 (solid) calculated on a 64-site chain. 



Recently, using the form factor and DMRG methods the frequency 
dependence of the conductivity at half filling and at T = 0 has also been 
studied [76] and is shown in Fig. 11.7. The DMRG method provided 
the entire absorption spectrum for all but very small couplings where 
the field theoretical approach was used; the two methods are in excel- 
lent agreement in their common regime of applicability. As expected, 
the Drude weight is zero, signaling an insulating state (for a detailed 
analysis of the scaling of D with system size at and close to half-filling, 
see [77]) and the finite frequency conductivity vanishes up to the gap. 
Above the gap, a square root dependence is observed but not a diver- 
gence; this behavior is in contrast to that obtained by the Luttinger 
liquid method [78] and it is typical of a Peierls (band) insulator where 
a divergence occurs. This absence of a singularity is also in agreement 
with a rigorous analysis of the sine-Gordon (sG) field theory (see sec- 
tion 5), the generic low energy effective model for the description of a 
Mott-Hubbard insulator. 
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To complete the zero temperature picture, the frequency dependent 
conductivity of the Hubbard model out of half-filling has been studied 
using results from the BA method and symmetries [79]. A broad ab- 
sorption band was found separated from the Drude peak at u; = 0 by a 
pseudogap; this pseudo-gap behavior is in contrast to the dependence 
found within the Luttinger liquid analysis [78]. 

Again, at all finite temperatures the transport is ballistic characterized 
by a finite Drude weight. In an identical way to the Heisenberg model, 
this can easily be established by the Mazur inequality using the first 
nontrivial conservation law Q^. For the Hubbard model Qs differs from 
the energy current by the replacement of 7/ by t//2 [26]. Evaluating 
{jQz)"^ / {Q\) for /3 ^ 0 we obtain, 

~ 2L {Ql) 2 - raa)[l + 7/2(2n?.^ - 2n_^ -h 1)] ’ 

(11.42) 

where are the densities of a =|, | fermions. 

By inspection we can again see that from this inequality we cannot 
obtain a finite bound for D(T) for nf -|- = 1. Nevertheless, a full 

BA calculation [56] seems to show that the Drude weight at half-filling 
is exponentially activated D{T) ~ at low temperatures and 

decreases as out of half-filling. Thus the zero temperature insulator 
turns to an ideal conductor at finite temperatures. Notice that this be- 
havior is different from the one in the Heisenberg (or “t-V”) model in 
the gapped phase (A > 1) where the Drude weight seems to vanish at 
all finite temperatures. We can conjecture that this distinct behavior 
of insulating phases can be understood in the framework of the corres- 
ponding low energy sine-Gordon field theory as these two models map 
to different parameter regimes of the sG model [64, 13]. A very similar 
calculation, using the Mazur inequality, can also be carried out for the 
long time asymptotics of the spin current, j^, correlations. It gives a 
finite bound, and thus ballistic spin transport for n-f — nj^ / 0; no BA 
calculation has so far been performed for the spin conductivity. 

On the thermal conductivity we find similar results, namely a finite 
value on the long time decay of energy current correlations, which can 
readily be evaluated for /I ^ 0 [26] , 



(11.43) 
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Again this inequality gives a finite bound for a system out of half- filling 
as long asn-i+ni ^ 0 and this for any magnetization. For this model the 
actual temperature dependence of CjEjE = = CjEjE 

has not yet been evaluated. Finally, the low temperature thermoelectric 
power was studied using the Bethe ansatz picture for the charge (holons) 
and spin (spinons) excitations [80]. The resulting sign of the thermo- 
power close to the Mott-Hubbard insulating phase is consistent with the 
one derived from the Hall constant above, S ~ sign{l — n)T\m*\/\l — n\'^. 

In summary, we have shown that the prototype model for describing 
electron correlations in one dimensional systems, the Hubbard model, 
shows unconventional, ballistic charge, spin and thermal transport at 
all finite temperatures. Of course real quasi-one dimensional materials 
are presumably characterized by longer range than the Hubbard U in- 
teractions. So, although the above picture should be taken into account 
in the interpretation of experiments, (quasi-) one dimensional magnetic 
compounds might presently appear as better candidates for the exper- 
imental observation of these effects. Theoretically, the full frequency 
dependence of the conductivities at finite temperatures remains to be 
established. 

5. Effective field theories 

An alternative to analyzing the transport of quasi-one dimensional 
materials within microscopic models, as described in previous sections, 
is to approach the problem within effective low energy models for in- 
teracting electrons, i.e. starting with the Luttinger liquid Hamiltonian. 
This path is very attractive since it represents the counterpart of the 
usual Landau phenomenological approach to Fermi liquid in higher-D 
electronic systems. It should be pointed out that even in a 3D system 
the continuum field theory is not enough to describe a current decay and 
Umklapp processes are finally responsible for a finite intrinsic resistivity 
p(r) ocT2 [81]. 

In an effective (low energy) field theoretical model for ID interacting 
electrons the band dispersion around the Fermi momenta k = ±kp is 
linearized and left- and right- moving excitations are defined. Apart 
from Umklapp terms, the model of interacting fermions can then be 
mapped onto the well known Luttinger liquid Hamiltonian [16, 13] and 
analyzed via the bosonization representation. In particular one obtains 
for the charge sector. 



Ho = ^Jdx 



UpKp{TrUp)‘^ + -^{dx(j)p) 
Kp 



(11.44) 
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where the charge density is p{x) = dx4>p and lip is the conjugate mo- 
mentum to (pp. Interactions appear only via the velocity parameter Up 
and Luttinger exponent Kp. The charge current in such a Luttinger 
model, j = y/2upKpUp, is clearly conserved in the absence of additional 
terms. 

Umklapp terms can as well be represented with boson operators, 

H 1 = gj_ / dx cos{mV8(f)p{x) + 5x), (11.45) 

2m 2m J 

where m is the commensurability parameter {m = 1 at half-filling - one 
particle per site, m = 2 for quarter filling - one particle for two sites etc) 
and 5 the doping deviation from the commensurate filling. In principle, 
the mapping of a particular (tight binding) microscopic model onto a 
field theory model, e.g. via perturbation theory, generates terms Hm 
with arbitrary m. While Umklapp terms are irrelevant in the sense of 
universal scaling of the static properties, they appear to be crucial for 
transport. They drive a metal at half- filling to an insulator, while at an 
arbitrary (incommensurate) filling they should cause a finite resistivity 
since the current is not conserved any more (for an overview of the 
transport properties emerging within the Luttinger liquid picture see 
[82]). 

However, the proper treatment of transport within the Luttinger pic- 
ture in the presence of Umklapp processes is quite involved and even 
controversial. Giamarchi [78] first calculated the effect of Umklapp scat- 
tering within lowest order perturbation theory for the memory function 
M(u;); he thus determined the low-u; behavior of the dynamical conduct- 
ivity oc l/{uj + M{uj)) that yielded a nonzero finite temperature 

conductivity. At the same time he realized, by using the Luther-Emery 
method, that the Umklapp term can be absorbed in the Hamiltonian 
in such a way as to conserve the current and pointed out the possib- 
ility of infinite dc conductivity even in the presence of Umklapp. A 
similar lowest-order analysis [83] for general commensurate filling pre- 
dicts at T = 0 that oc and the resistivity p{T) oc T'^ with 

V = Av?Kp — 3. On the other hand, Rosch and Andrei [84] pointed 
out that even in the presence of general Umklapp terms there exist par- 
ticular operators, linear combinations of the translation operator and 
number difference between left- and right- moving electrons, which are 
conserved. Since in general such operators have a nonvanishing over- 
lap with the current operator j, this leads to finite D(T > 0) > 0 if 
only one Umklapp term is considered. At least the interplay of two 
noncommuting Umklapp processes is needed to yield a finite resistivity 
p{T > 0) > 0. 
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From a different perspective Ogata and Anderson [85] argued that 
because of spin-charge separation in ID systems an effect analogous to 
phonon drag (in this case spinon-holon drag) appears that leads to a fi- 
nite dissipation. Using a Landauer like semi-phenomenological approach 
they concluded the existence of a linear-T resistivity and linear frequency 
dependence of the optical conductivity. 

The bosonization of the Luttinger liquid model leads [13] to the 
quantum sine-Gordon model (eq.(11.45)) which is an integrable system 
and has extensively been studied as a prototype nonlinear quantum 
(or classical) field theory. It is the generic field theory for describ- 
ing the low energy properties of one dimensional Mott insulators. 
The thermodynamic properties and excitation spectrum consisting of 
solitons/antisolitons and breather states have been established by semi- 
classical and BA techniques [10]. Presently, there is an effort to de- 
termine the transport properties of this model rigorously. In particular, 
the frequency dependence of the zero temperature conductivity in the 
commensurate (insulating) phase, zero soliton sector, has been evalu- 
ated using the form factor approach [86]. The main result is that the 
square root singularity at the optical gap, characteristic of band insu- 
lators, is generally absent and appears only at the Luther-Emery point; 
furthermore, the perturbative result [78] is recovered only at relatively 
high frequencies. Besides these studies, the Drude weight and optical re- 
sponse near the metal-insulator transition, in the incommensurate phase 
at zero temperature, have also been studied by Bethe ansatz [87] and 
semiclassical methods [88]. Still, a rigorous evaluation of the Drude 
weight and frequency dependence of the conductivity at finite temper- 
atures is missing; nevertheless, we can plausibly argue that because of 
the integrability of the sine-Gordon model, it will turn out that also 
this model describes an ideal conductor at least over some interaction 
range. Thus, it might remain an open question which scattering pro- 
cesses and/or band curvature must be taken into account in order to 
recover a normal, diffusive behavior at finite temperatures. 



Finally, it is well known [89] that the spectrum of integer spin and 
even-leg ladder systems is gapped and that the low energy physics is 
described by the one-dimensional quantum 0(3) nonlinear sigma model 
[40]. 

In imaginary time r the action at inverse temperature f5 is given by 



S = 




dr 



{OxTla) T o {dr^a) 



(11.46) 
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where x is the spatial coordinate, c a characteristic velocity, a = 1,2,3 
is an 0(3) vector index and na{x,T) a unit vector field n‘^{x,T) = 1. 

In a series of works, Sachdev and collaborators [90, 91, 92] developed a 
picture of the low and intermediate temperature spin dynamics based on 
the idea that the spin excitations can be mapped to an integrable model 
describing a classical gas of impenetrable particles (of a certain number 
of species depending on the spin), a problem that can be treated ana- 
lytically. Within this framework they have extensively analyzed NMR 
experiments on S=1 compounds [93] and they concluded that these sys- 
tems behave diffusively. In contrast to this semiclassical approach, us- 
ing the Bethe ansatz solution of the quantum nonlinear— cj model [94], 
Fujimoto [95] found a finite Drude weight, exponentially activated with 
temperature, and he thus concluded that the spin transport at finite 
temperatures is ballistic. The origin of this discrepancy is not clear at 
the moment and can be due either to a subtle role of quantum effects 
on the dynamics that is neglected in the semiclassical approach or to a 
particular limiting procedure (the magnetic field going to zero) in the 
BA solution. 

6. Discussion 

We hope that the above presentation demonstrated that the transport 
theory of one dimensional quantum systems is a rapidly progressing field, 
fueled by both theoretical and experimental developments. Still, on the 
question, what is the finite temperature conductivity of bulk electronic 
or magnetic systems described by strongly interacting one dimensional 
Hamiltonians, it is fair to say that no definite answer has so far emerged 
nor there is a clear picture of the relevant scattering mechanisms. 

In this context, it is interesting and instructive to draw an analogy 
with the development of the respective field in classical physics, namely 
the finite temperature transport in one dimensional nonlinear systems. 
Interestingly, in this domain we are also witnessing a flurry of activity 
after several decades of studies. Again, the issue of ballistic versus diffus- 
ive (usually energy) transport in a variety of models and the necessary 
ingredients for observing normal behavior is sharply debated [96, 97]. 
Similarly to the quantum systems, numerical simulations are intensely 
employed along with analytical approaches and discussions on the con- 
ceptual foundations of transport theory. 

For quantum systems it is reasonable to expect that the finite temper- 
ature transport properties of integrable models will, in the near future, 
be amenable to rigorous analysis by mathematical techniques, for in- 
stance in the framework of the Bethe ansatz method. At the same time. 
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as we mentioned earlier, it is amusing to notice that the integrable sys- 
tems that we can exactly analyze, present singular transport properties 
presumably exactly because of their integrability. 

To obtain normal behavior, it is reasonable to invoke perturbations 
destroying the integrability of the model, as for instance longer range in- 
teractions, interchain coupling, coupling to phonons, disorder etc. In this 
scenario, it is then necessary to find ways to study the effect of perturb- 
ations around an integrable system and in particular to determine the 
vicinity in parameter space around the singular-integrable point where 
unconventional transport can be detected. This issue is also extensively 
studied in classical systems as it is the most relevant in the interpret- 
ation of experiments and in estimating the prospects for technological 
realizations. It is worth keeping in mind the possibility that integrable 
interactions actually render the system more immune to perturbations, 
an effect well known and exploited in classical nonlinear systems [9]. 

Related to this line of argument is the following question. If integrable 
models show ballistic transport and low energy effective theories like 
the sine-Gordon model are also integrable, then which mechanisms are 
necessary to obtain dissipative behavior ? 

Of course it is also possible that the conventional picture according 
to which only integrable systems show ballistic transport might well be 
challenged. One dimensional nonintegrable quantum systems could also 
show singular transport in the form either of a finite Drude weight or 
low frequency anomalies. This behavior has been observed in classical 
nonintegrable nonlinear systems where the current correlations decay 
to zero in the long time limit but too slowly, so that the integral over 
time (giving the dc conductivity) diverges. The opposite behavior might 
also be realized, namely that integrable quantum systems show normal 
diffusive transport in some region of interaction parameter space (this 
possibility was raised in the case of gapped systems as the easy-axis spin 
1/2 Heisenberg model or the quantum nonlinear— a model, see section 
5). Furthermore, the issue of the crossover of the dynamics between 
quantum and classical systems has, at the moment, very little been 
explored and in particular the question whether quantum fluctuations 
might stabilize ballistic transport behavior. 



To address all the above open issues there is a clear need for the 
development of reliable analytical and numerical simulation techniques 
(as the DMRG or QMG) to tackle the evaluation of dynamic correla- 
tions at low temperatures. In particular, progress is needed to include 
the coupling between the different, magnetic, electronic and phononic, 
excitations. 
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In summary, one of the most fascinating aspects in this field is to 
understand the extent to which the so successful physics, experimental 
and technological realizations of classical (integrable) nonlinear systems 
can be carried over to the quantum world of many body (quasi-) one 
dimensional electronic or magnetic strongly interacting systems. This 
effort is accompanied by the experimental challenge to synthesize novel 
materials/systems that realize this physics. 
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Abstract We review the recent progress in studies of the thermal conductivity in 
quasi one-dimensional spin systems. After a brief outline of the existing 
theoretical understanding of the energy transport in one-dimensional 
spin systems, we present and discuss recently obtained experimental 
results on materials of this type. These include compounds contain- 
ing Heisenberg antiferromagnetic S = 1/2 spin chains and spin ladders, 
spin-Peierls compounds, as well as spin chain materials where the itin- 
erant magnetic excitations may be regarded as solitons. 

Keywords: Energy transport, thermal conductivity, spin chains 



1. Introduction 

The appeal of one-dimensional (ID) physical systems for theorists is 
the perspective to work out exact solutions for a number of problems 
related with ID model systems that have no analogues in higher dimen- 
sions. From the experimental point of view, a lot of progress has been 
made in material preparation techniques and good physical realizations 
of various ID model systems have been achieved. Low dimensional sys- 
tems also offer the possibility to study quantum effects that are masked 
in 3D systems but emerge most significantly in one-dimensional mater- 
ials. Relevant examples are the absence of long-range order in ID spin 
systems, and the breakdown of the Fermi-liquid theory in ID systems of 
interacting electrons. 

Both theoretical and experimental interests in energy (heat) trans- 
port in ID systems have initiated related work for many years but more 
recently the field experienced a renaissance because of the availability of 
new theoretical methods and of experimental observations of anomalous 
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features of heat transport in a few classes of new materials which provide 
good physical realizations of idealized ID model systems. 

Quite generally, energy transport can experimentally be probed by 
measurements of the thermal conductivity k as a function of temperature 
T and magnetic field H. The interpretation of respective data often 
meets complications but most of these difficulties can be mastered in 
reliable ways. If this applies, a lot of information concerning a variety 
of interactions in solids can be extracted from k(T, H) data. 

In this review, we consider only one, yet very important type of ID 
systems, namely one-dimensional spin systems. Rather comprehensive 
discussions of heat transport in ID systems via electrons and phonons 
can be found in recent review articles of Lepri et al. [1], Rego [2], and 
Ciraci et al. [3]. Although we briefly outline the current theoretical 
understanding of the subject, we intend to focus mainly on the exper- 
imental progress in this field of research. An extensive presentation 
of many theoretical aspects of transport in low-dimensional systems is 
given in the chapter by X. Zotos and P. Prelovsek. 

2. Energy transport in solids 
2.1 Theoretical background 

The thermal conductivity coefficient relates the heat flux Q and the 
temperature gradient VT by 

Q = -kVT. (12.1) 

As is the case for the electrical conductivity a, k is generally a tensor, 
but in many situations it is sufficient to restrict the analysis to one 
of the main crystallographic axes, e.g. a, and thus to consider only 
one component Kaa = k. The most common method to measure the 
thermal conductivity relies on the proportionality between the heat flux 
and the temperature gradient (Fourier’s law). Although this law has 
many times been verified experimentally, there is, as far as we know, no 
rigorous theoretical justification for it until now. In some special cases 
Fourier’s law is claimed to be invalid, and special conditions are required 
for the proportionality between Q and VT. The problem concerning 
the existence of diffusive heat transport implied by Eq. (12.1), recently 
became the subject of intensive theoretical investigations. Many details 
of the current status of this topic can be found, e. g., in Ref. [1]. 

In analogy with the heat transport in an ideal gas, the simplest ap- 
proximation for the thermal conductivity is given by the kinetic equation 

K = -Cvi, 

3 



(12.2) 
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where C is the specific heat, v the velocity, and I the mean free path 
of the entities that are carrying the energy. It is assumed that these 
entities all move with the same velocity and experience the same mean 
free path. 

The most widely used method in analyzing thermal conductivity data 
of solids relies on the kinetic Boltzmann equation. This approach is 
based on the assumption that the transfer of heat is accomplished by 
quasiparticles (phonons, electrons, magnons, etc.) on the branch p of 
possible modes with energy hto and quasi-momentum Tik, and that the 
problem can be treated with second order perturbation theory. Another 
simplifying assumption usually employed in connection with this method 
is that any deviation Sn(k,p) from the equilibrium distribution n(k,p) 
of occupied modes relaxes exponentially, such that 

dSn(k,p) _ 5n(k,p) 

dt r(k,p) ■ ^ ’ 

with r(k,p) representing the relaxation time of the quasiparticle mode 
(k,p). In this relaxation time approximation the corresponding equation 
for the thermal conductivity can be written as 

Ua(k,p)uff(k,p)r(k,p, T), (12.4) 

where Vi is the group velocity of the (k,p) mode along the direction 
i and V is the volume. The total relaxation time is determined by 
the simultaneous action of different relaxation mechanisms. Examples 
are interactions with defects and other quasiparticles. In most cases, 
the individual scattering mechanisms act independently from each other 
and, therefore, the total relaxation rate can be represented as a sum 
of individual terms 

r-^=J2r-\ (12.5) 

i 

where represents the ith scattering mechanism. Eq. 12.5 is also 
known as Matthiessen’s rule. In some special cases, however, interfer- 
ence effects can be important [4] . Any type of defects or quasiparticles 
can, in principle, scatter other quasiparticles. The relative strength of a 
particular scattering mechanism depends on the magnitude of the per- 
turbation in the Hamiltonian of the system and can vary with temper- 
ature, concentration of the scattering centers or external parameters, 
such as a magnetic field. Detailed discussions of heat transport in solids 
based on a Boltzmann-type kinetic theory and taking into account vari- 
ous scattering processes, can be found, e.g., in relevant books [5, 6] or 
review articles [4, 7, 8]. 
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The approach described above has proven to be very successful in ana- 
lyses of heat transport in 3D solids by quasiparticles such as phonons, 
electrons and magnons. With reasonable choices of possible scattering 
channels, important information about relaxation rates and types of de- 
fects involved in the scattering has been extracted from the experimental 
k(T, H) data of various types of materials. However, the Boltzmann 
formalism is only applicable if the excitation of quasiparticles may be 
regarded as a small perturbation, and this requirement is often invalid 
in low-dimensional systems. The second difficulty in our context is that 
the application of the relaxation time approximation is questionable in 
strongly correlated systems. Strong correlations are, however, an in- 
trinsic property of low-dimensional spin systems. 

That is why for many cases of ID systems it is more suitable to use 
the Kubo formalism of the linear response theory [9]. In this scheme, 
the thermal conductivity is given by 

V f°^ 

I^af3 = > dt, (12.6) 

where Jj is the energy flux along the i-direction and < . . . > is the equi- 
librium average at the temperature T. This approach does not require 
such simplifying assumptions as the weakness of interactions or those 
of quasiparticle models. It relies on the direct calculation of the energy 
correlation function. The main task is to accurately calculate the energy 
correlations for a large-size system. The Kubo formalism has recently 
become the preferred method for calculations of the energy transport in 
various low-dimensional systems. 

2.2 Energy transport by magnetic excitations 
from experiment 

The most often used method for measurements of the energy trans- 
port is a straightforward application of Eq. (12.1). This so-called steady- 
state method is based on monitoring the temperature gradient that is 
established by applying a constant heat flux through the sample. It 
is, of course, not possible to realize an experiment where the energy 
transport of an isolated, purely ID spin system is probed. In reality 
the measurements are made with 3D materials where the crystal lat- 
tice contains ions with nonzero spin and where the exchange interaction 
between the spins in one direction is much stronger than along other 
directions. Therefore, the heat transport via crystal lattice excitations 
(phonons) is omnipresent in steady-state experiments. Besides phonons, 
any type of quasiparticles, such as electrons, excitons, polarons etc can, 
in principle, participate in the transport of energy. To separate the con- 
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tribution of itinerant spin excitations Kg from all other contributions, 
which in the simplest case is at least the phonon conductivity Kph, is not 
an easy task, and in some instances even impossible. In general, the sep- 
aration of the spin contribution can be achieved by either reducing the 
relative magnitude of all other contributions or by accurate calculations 
of all other contributions using realistic theoretical models and insert- 
ing experimentally accessible parameters. The reduction of Kph can be 
realized, e. g., by introducing additional centers of phonon scattering 
that, however, should have no detrimental effect on the magnetic heat 
transport. 

Heat transport by itinerant spin excitations is expected to be much 
smaller in directions perpendicular to the spin chains than along them. 
Therefore a comparison of the thermal conductivities parallel and per- 
pendicular to the spatial extension of the ID spin system is usually 
helpful for the evaluation of the background contributions. Neverthe- 
less, some precautions are indicated, because the phonon thermal con- 
ductivity as well as other possible channels of heat transport may be 
anisotropic as well. If this anisotropy is absent or weak, a conventional 
and very useful way to assess Kph is to invoke the Debye model, which 
assumes the same group velocities and relaxation rates for phonons of 
different polarizations. The phonon thermal conductivity is then given 
by 



^ph 



fcs 

27t‘^V 




&d/T 



(e* - 1)2 



t{x, T)dx, 



( 12 . 7 ) 



where x = huj/k-QT, co is the frequency of a phonon, t{x,T) is the total 
relaxation time, and 0 d is the Debye temperature. 

In a typical thermal conductivity experiment, the heat flux through 
a sample is created by a heater which generates only lattice excitations 
and therefore, some amount of spin-phonon interaction is required for 
providing the transfer of energy from the lattice to the spin system. 
Naturally this spin-lattice interaction reduces both the phonon- and the 
spin-related thermal conductivities because of scattering processes in- 
volving both types of quasiparticles but, if this interaction is absent 
or very weak, the spin-related heat conduction is not observable via a 
thermal conductivity experiment. The effective thermal conductivity 
Keff which is experimentally accessible in a coupled spin-lattice system 
is [10] 



KefF — {Hg T ^ph) 



/ Kg tanh(HL/2)\ 

y Kph AL/2 j 



(12.8) 
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where L is the sample length, and 



A = 



f -1 ^ + ^ph \ 

r'c’p-h +^*“V 



1/2 



(12.9) 



In (12.9) Ts-p is the spin-lattice relaxation time, and Cph and Cg are 
the lattice and the spin specific heats, respectively. For very short spin- 
lattice relaxation times (r~_}p oo), Kes = Kph + Kg. In the opposite case 
of a very weak spin-lattice interaction (r~Jp 0), however, /tgir = ^ph 
and the thermal transport by the spin system cannot be observed in such 
experiments, irrespective of how large the intrinsic Kg of the sample is. 

Two types of spin-phonon interactions can be distinguished. First, 
single-ion interactions cause resonant scattering of phonons at paramag- 
netic ions. The second possibility is of magnetostrictive type where the 
interaction is provided by changes of the exchange interaction due to 
lattice deformations. It was shown by Kawasaki [11] and Stern [12] 
that for the case of the magnetostrictive spin-phonon interaction, the 
same correlation functions which determine the spin thermal conductiv- 
ity are also involved in the scattering of phonons. Those effects are espe- 
cially pronounced in the vicinity of magnetic phase transitions, where the 
magnetic specific heat is anomalously enhanced. This offers an indirect 
method for the evaluation of the spin thermal conductivity. The feasib- 
ility of this approach was demonstrated by Rives, Walton and Dixon [13] 
who measured k(T) of the 3D uniaxial antiferromagnet MnCl 2 -41120 in 
the region of the Neel temperature and identified the influence of the 
spin-phonon interaction. No transition to a long-range ordered phase is 
expected for ideal ID spin systems and the transitions observed for real 
quasi-lD systems are all caused by interchain interactions. Neverthe- 
less, an analysis in the spirit of Ref. [13] can be an alternative for the 
evaluation of Kg in cases where a direct separation of spin and lattice 
contributions is, for some reasons, impossible. 

There are other possible methods to probe the energy transport in spin 
systems. In the experiment of Hunt and Thompson [14], a heat pulse 
was introduced into the spin system of solid ^He via applying RF power 
and the energy diffusion was monitored by employing NMR techniques. 
This method has the advantage that it does not rely on the existence 
of spin-phonon coupling, but, on the other hand, it is indirect and very 
difficult to realize. 

An interesting effect, specific to the class of ID spin systems, was 
predicted by Racz [15]. He showed that the energy flux in an integrable 
ID spin system should lead to a shift Sk in the characteristic wavevector 
of the spin-spin correlations. This shift is estimated to be large enough to 
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be observed in an inelastic neutron scattering experiment, thus providing 
yet another possibility to measure the magnitude of the energy flux in 
the spin system. 

3. Energy transport in 3D spin systems (main 
features) 

Before going into the details of heat transport in ID spin systems, 
it seems reasonable to give a brief account of the most important res- 
ults concerning the spin-mediated thermal conductivity in 3D magnetic 
systems, intended to provide a reference frame for the interested reader. 

The thermal conductivity of weakly anisotropic 3D magnetic materials 
in ferro- or antiferromagnetically ordered phases, i. e., at temperatures 
below the Curie temperature Tc or the Neel temperature T^r, respect- 
ively, is well described by the quasiparticle (magnon) model which relies 
on the general equation (12.4). The original idea of Sato [16], claiming 
that spin waves can contribute to the heat conduction in solids was sup- 
ported by pioneering experimental observations of magnon heat trans- 
port in ferrimagnetic YIG [17, 18] and was subsequently elaborated in 
more details in a number of theoretical papers [19, 20, 21, 22]. At very 
low temperatures, when the magnons are mostly scattered by sample 
boundaries and, therefore, the magnon mean free path is constant, the 
typical temperature dependence of the magnon-mediated thermal con- 
ductivity is Us oc for ferromagnetic substances and Kg oc for 
antiferromagnets. This is valid for cases of gapless magnon spectra or 
of gaps that are much smaller than ksT. However, at temperatures 
much lower than Ag/ks, an exponential decrease of Kg{T) is expected. 
At higher temperatures, the temperature dependence of Kg depends on 
the type of the dominant scattering mechanisms. 

Besides providing a channel for heat transport, magnetic excitations 
also scatter phonons and thus reduce the phonon thermal conductivity. 
The net effect in magnetic substances can be either positive or negat- 
ive, depending on the relative strength of both effects, and the situation 
can be different in different temperature regions. The application of ex- 
ternal magnetic field changes both the magnitude of the magnon thermal 
conductivity and the strength of the phonon-spin scattering, leading to 
peculiar field dependences k{H) of the total thermal conductivity. Since 
the subject of this paper is heat transport in ID spin systems where 
intrinsic 3D ordering is absent, we refrain from giving a full account of 
existing experimental results on the thermal conductivity of 3D systems 
in magnetically ordered phases. A review of this topic may be found, 
e.g., in Refs. [10, 23]. 




390 



Strong interactions in low dimensions 



By enhancing the temperature in the ordered phase and approaching 
Tc (or Tat), the magnon mean free path decreases rapidly because of 
the interaction between individual magnons. In the vicinity and above 
the transition temperature, the concept of considering magnons as qua- 
siparticles looses its meaning and thus the Boltzmann- type formalism 
becomes invalid. At these temperatures, the magnetic energy transfer 
occurs via diffusion at the rate of ~ J/?i and the distance between colli- 
sions is close to the distance a between neighboring spins. Under these 
circumstances the thermal conductivity is given by [11] 

Ks = SrisTa^S^iS + ( 12 . 10 ) 



where rig is the number of spins per unit volume, and z is the number 
of nearest neighbors. The relaxation time r is given via 



r-2 = ^e^(5 + l)zJ 



( 12 . 11 ) 



and 



^ _ 39 3 ^ 

5^2 ^ ^ 265(5 + 1 )^' 



(12.12) 



The energy diffusion constant De = KjCg, where Cg is the specific heat 
per unit volume, is, at high temperatures, given by 



De = KJ[S{S + (12.13) 



where K is a constant of order unity. The diffusive thermal conductivity 
in the paramagnetic regime appears to be considerably smaller than the 
phonon conductivity at the same temperatures, and therefore has not 
directly been observed in 3D spin systems with this type of experiments. 



4. One-dimensional spin systems 
4.1 Types of quasi- ID spin systems 

Spin chains are probably the best suited systems for studying quantum 
effects that are related with low dimensionality. Upon reducing the di- 
mensionality of the spin system, quantum effects gain in importance and 
cause both qualitative and quantitative differences in the physical beha- 
vior of ID systems as compared to their 3D counterparts. As mentioned 
above, unlike in 3D and 2D systems, there is no long-range order at 
non-zero temperature in purely one-dimensional spin systems. Similarly, 
quantum effects are much more pronounced for smaller values S of the 
spins. For example, 5 = 5/2 systems exhibit, in many respects, classical 
behavior. Reducing 5, however, leads to considerable renormalisations 
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of the excitation spectrum and qualitative differences between systems 
with different values of S. Chains of antiferromagnetically coupled spins 
with S = 1/2, e.g., adopt a gapless ground state with an algebraic decay 
of spin correlations, whereas the same variety of spin chains with S = 1 
form a spin-liquid ground state, separated by an energy gap from the 
spectrum of excited states and an exponential decay of spin correlations. 

Apart from the magnitude of the spin value S, magnetic systems 
may also be distinguished by their spin dimensionality u, i. e., by the 
number of components of the spins. Depending on this number, one 
distinguishes between model systems of Heisenberg type {i' = 3), XY 
type {h' = 2), and Ising type {u = 1). If, as is often the case, only 
nearest-neighbor interactions between individual spins are taken into 
account, the corresponding general Hamiltonian is 

N N 

H = Y, 5*+' + JySlSl-^^ + ^ S„ (12.14) 

i i 

where the sums are over N spins in the chain. The second term con- 
siders the influence of an external magnetic field H. Obviously, posit- 
ive or negative values of Ja correspond to antiferromagnetic (AFM) or 
ferromagnetic (FM) interactions, respectively. Depending on the relat- 
ive values of the exchange integrals Ja, the Ising model applies when 
Jx = Jy = 0, Jz 7 ^ 0, the XY (or planar) model Hamiltonian corres- 
ponds to Jx,Jy / 0, Jz = 0, and for the Heisenberg-type situation, 
Jxi Jyi Jz 7^ 0). 

If Eq. (12.14) is extended by inclusions of additional terms, such as 
single-ion anisotropy or higher-order neighbor interactions 

and frustration effects, many different ground states may be achieved. 
The same is true if mixed-spin systems or different combinations of spin 
chains, such as ladders or zig-zag chains, are considered. Introducing 
a coupling to the lattice can result in the appearance of new phases 
such as spin-density-wave states, or in the occurrence of spin-Peierls 
transitions. We do not attempt to give a full account of all possible 
types of magnetic ID systems, because the theory of energy transport 
has only been developed for a few types of ID spin systems. Relevant 
experimental data sets are available for materials where the spin chain 
subsystems are best described by three types of Hamiltonians. These are 
isotropic 5 = 1/2 Heisenberg AFM chain systems, almost isotropic S = 
5/2 Heisenberg AFM chains with weak planar anisotropy, and almost 
isotropic 5 = 1/2 and 5 = 1 Heisenberg FM chains with weak planar 
anisotropy. 

Most of the experiments discussed in this brief review were made on 
materials containing 5 = 1/2 Heisenberg- type antiferromagnetic chains 
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(HAFC). Therefore, a brief description of the excitation spectrum of the 
corresponding model system seems useful. 

The Bethe ansatz method allows to find exact solutions for the ground 
state of the model system [24]. Although no long-range order exists for 
the S = 1/2 HAFC, the spin-spin correlations decay only slowly as 
a function of the distance r between spins, proportional to 1/r. The 
elementary excitations of an isotropic S' = 1/2 HAFC are unbound pairs 
of fermionic S = 1/2 excitations [25], called spinons. The dispersion 
relation for spinons is gapless and is given by [25] 

J IT 

e{k) = — sin /ca, (12.15) 

where e is the spinon energy. The possible values of the wave vector 
k are restricted to one half of the Brillouin zone 0 < k < n/a. Since 
spinons can only be created in pairs, they form a continuum of two- 
spinon states with wave vectors q = ki + k 2 and energy e{q) = e{ki) + 
e(/c 2 ) [25], where ki and /c 2 are the wavevectors of the two individual 
spinons, respectively. Thermodynamic quantities, such as the specific 
heat or the static magnetic susceptibility have been calculated using 
the Bethe ansatz solution [26, 27]. The specific heat is linear in T at 
low temperatures (T <C J) and decreases as 1/T^ at high temperatures 
T> J. 

By introducing a planar anisotropy, such that in Eq. (12.14) = 

Jy = J and — J < Jz ^ J, the spectrum of spin excitations in this XXZ 
model system remains gapless. On the contrary, AFM chains with an 
Ising-type anisotropy ( > J) exhibit a gapped spectrum of spin excit- 
ations. There are a number of other reasons for the formation of a spin 
gap in AFM chains, and several examples, related to energy transport 
will be given below. These are, e.g., the magnetoelastic interaction in 
spin-Peierls systems, the geometric arrangement of chains in even-leg 
spin ladders, the charge ordering in quarter filled ladders, and the di- 
merization due to the ordering of holes doped into chains. In S = 1/2 
systems with a spin gap, the corresponding excitations are described in 
terms of either bound pairs of spinons or S' = 1 magnons. 

4.2 Theoretical aspects of energy transport in 
ID spin systems 

As a result of the enhanced influence of quantum fluctuations, no long 
range order phenomena are expected in ID spin chains even at T = 0 K. 
Early theoretical estimates have shown that for a particular class of ID 
spin systems, instead of diffusive energy flow typical for paramagnetic 3D 
substances, the energy propagation occurs ballistically. The character 
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of this energy transport differs for different anisotropies of the spin-spin 
interactions. 

Huber et al. [28, 29] calculated the second and forth moments of 
the Fourier transforms of the energy density correlation functions and 
showed that the diffusion of energy is absent for all wave vectors k for 
both XY and Heisenberg S' = 1/2 chains. This is not so, however, for 
S > 1/2 where, at least for small fc’s, the diffusive energy transport dom- 
inates. The same authors also calculated the energy diffusion constant 
De for Heisenberg spin chains. For large S (classical limit), Eq. (12.13) 
is valid at high-temperatures, but for S = 1/2, De diverges. This result 
was confirmed by others using different theoretical methods [30, 31]. It 
was also shown that in an external magnetic field, the energy transport 
remains non-diffusive in the XY 5 = 1/2 chain [30] but energy diffusion 
is expected for isotropic 5 = 1/2 chains [31]. If next-nearest-neighbor in- 
teractions are not negligible, a diffusive spin-mediated energy transport 
is reestablished [31]. 

Computer-simulation studies of energy transport in classical ID Heis- 
enberg chains, with either FM or AFM nearest-neighbor interactions, 
were made by Lurie et al [32]. The authors obtained high-temperature 
values oi De, and the spin diffusion constant Ds in the high temperature 
limit. 

The analysis of dynamical correlation functions of the spin and energy 
densities for the ID 5 = 1/2 Ising model [33] also indicates the absence of 
energy diffusion. This result is closely related to the fact that the energy 
density (for g = 0) is a constant of motion for the considered model. It 
was pointed out that this relies on the fact that an 5 = 1/2 chain can 
be mapped onto a system of noninteracting quasiparticles. The lack of 
interaction between quasiparticles of course implies an infinite mean free 
path and hence the absence of diffusive processes. 

Recently, transport properties of various low-dimensional quantum 
systems were investigated by considering the integrability of correspond- 
ing models [34, 35, 36, 37, 38, 15]. This subject is discussed in detail in 
the chapter authored by X. Zotos and P. Prelovsek. Integrable models 
are characterized by a macroscopic number of conservation laws. One 
of them applies to the energy current, thus implying, in the absence 
of external perturbations, an infinite thermal conductivity [35]. Many 
important ID model spin systems, such as the anisotropic Heisenberg 
model with nearest-neighbor interaction, were shown to be integrable, 
and the prediction of ballistic energy transport in those idealized sys- 
tems seems to be undisputed [35, 38]. However, for real and experiment- 
ally accessible spin chain systems the influence of perturbations which 
can lead to deviations from integrability is hardly negligible. Such per- 
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turbations are almost inevitably introduced by impurities, phonons, 3D 
coupling, or next-nearest neighbor interactions. It then needs to be ex- 
amined to what extent the predictions for the idealized systems have 
to be revised. With respect to experiment, the influence of phonons is 
especially important since, as we have pointed out in 2.2, some level of 
spin-phonon interaction is necessary for the observability of spin-related 
heat transport. 

Kliimper and Sakai [39] and Alvarez and Gros [40] considered the 
thermal conductivity of an integrable system, given by (in the notation 
of Ref. [40]) 

K = (12.16) 

with a finite thermal Drude weight . The relaxation time r is set by 
extrinsic perturbations. Kliimper and Sakai [39] calculated the temper- 
ature dependence of k = for the XX Z model. It was predicted 

that k oc T for T J and k oc 1/T^ at T ^ J. A maximum of k(T) is 
expected at roughly half the temperature of the specific-heat maximum. 
Calculations of Alvarez and Gros [40] claim the same results for the iso- 
tropic Heisenberg chain. They also calculated for two models 

with a gap in the excitation spectrum, namely for the isotropic Heisen- 
berg chain with dimerized nearest and homogeneous next-nearest neigh- 
bor exchange and for the two-leg Heisenberg ladder. The calculations 
also give a peak of at temperatures below the temperature of 

the specific heat maximum, and an asymptotical 1/T^ behavior at high 
temperatures. 

The influence of a gap in the spin excitation spectrum on the thermal 
conductivity in a ID spin system was investigated by Saito and Miy- 
ashita [41]. The gap was introduced by an alternation of bonds in the 
Heisenberg chain, leading to different values of J between neighboring 
sites. For the zero-gap situation, these authors found a peak in k(T), 
in good agreement with the results of Kliimper and Sakai [39] . It was 
found that the opening of the gap upon increasing the difference between 
different J values leads to an enhancement of the thermal conductivity 
and to a shift of the n{T) peak to higher temperatures, concomitant 
with a shift of the peak in the temperature dependence of the specific 
heat. From this observation it is concluded that bond alternation should 
have little influence on the mean free path of spin excitations. 

The thermal conductivity of spin chains has also been of theoretical in- 
terest because of the possibility to study nonlinear excitations (solitons), 
typical for ID systems in general and in magnetic spin systems in partic- 
ular [42]. The motion of solitons is generally unaffected by interactions 
with other quasiparticles including other solitons and therefore, a robust 
transport of energy via solitons is expected. Wysin and Kumar [43] 
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developed a theory for the thermal conductivity of a one-dimensional 
easy-plane classical ferromagnet in an external magnetic field. They 
considered the heat transport in a two-component ideal gas of magnons 
and solitons. They predicted a peak in the thermal conductivity vs. 
H, whose position and height both increase with temperature as T^. 
Although the authors treated the soliton system in terms of classical 
mechanics, they also discussed possible quantum effects. 

5. Experimental results 

Any real three-dimensional solid containing chain-type structural ele- 
ments can only approximately be regarded as a realization of a ID system 
because albeit weak yet non-negligible interchain interactions cannot be 
avoided. The obvious signature of these interactions, for chains of half- 
integer spins, is the existence of 3D ordering phenomena at low temper- 
atures. For some spin-chain materials, however, the ratio between the 
interchain and the intrachain interaction is very small. As a result, the 
corresponding phase transitions appear only at very low temperatures 
and there are extended temperature regimes above the critical temperat- 
ure where the systems exhibit (quasi) one-dimensional features and may 
in many respects be considered as good physical realizations of various 
ID model systems. 

5.1 Heisenberg 5 = 1/2 AFM chains 

KCuFs. One of the most completely studied materials which rep- 
resents very well an S = 1/2 isotropic HAFC system is KCuFs. The 
compound has a tetragonal crystal structure, and the Cu^"*“ ions carrying 
the spins form chains running along the c-axis. The antiferromagnetic 
intrachain interaction J = 34 meV is relatively strong in comparison 
with the ferromagnetic interchain interaction J' ~ 0.3 meV [44, 45]. Be- 
cause of the modest ratio J' / J ~ 10“^, a 3D AFM ordering sets in at 
relatively high temperatures of T^r = 38 K or 22 K for polytype-a and 
polytype-d material, respectively. In both cases, the ordered moments 
of = 0.48 /Ub per Cu ion are oriented along the c-axis [46]. Inelastic 
neutron scattering measurements [47] revealed that the spin excitation 
spectrum of KCuFs at T > T/v is consistent with the spinon concept. 
Below T/v, the energy excitation spectrum does not change much for 
energies higher than /cbTjv, but at low energies, two gapless branches of 
transverse spin excitations with a linear dispersion near the AFM zone 
center develop [48]. In addition, a longitudinal mode with an energy gap 
at g = 0 was observed in inelastic neutron scattering experiments [48]. 
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Figure 12.1. The temperature de- 
pendences of the thermal conductiv- 
ities both along and perpendicular to 
the chains in KCuFs [50]. 
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Figure 12.2. Spin contribution to the 
thermal conductivity along the chain 
direction (solid line) [50]. The broken 
line represents calculations for HAFC 
without corrections for the critical be- 
havior near Tjv. The dotted and the 
dashed-dotted lines represent calcu- 
lations for HAFC, incorporating the 
critical behavior of Heisenberg- or 
Ising-type, respectively. 



Results concerning the heat transport in KCuFs are available in 
Ref. [49] and, in more detail, in Ref. [50]. The temperature depend- 
ence of the thermal conductivity was measured on a nearly cube-shaped 
sample with the heat flow directed along the [001] direction (parallel to 
the chains, Ky) and also along the [110] direction (perpendicular to the 
chains, k±). The anisotropy ratio k^\/k± is close to 1 below Tjy = 39.8 K, 
but increases rapidly above T^r (Fig. 12.1). The authors of Ref. [50] as- 
sumed that K± is exclusively due to phonon mediated heat transport. 
Since the difference between the lattice parameters c and a is relatively 
small for KCuFs, the phonon thermal conductivity was assumed to be 
isotropic. The difference Ky — k± at temperatures close to and above T^r, 
shown in Fig. 12.2 by the solid line, was attributed to the heat transport 
via diffusive spin modes ^dif. In the same work it was suggested that the 
diffusive character of the energy transport is restored by weak interchain 
interactions and an Ising component of the interchain exchange. It is 
obvious that, in spite of the predictions for integrable HAFC, the spin 
contribution to k is relatively small above T^v and is completely absent 
below Ti\f. The broken line in Fig. 12.2, representing an estimate for the 
spin mediated heat transport kid.haf of HAFC [51], deviates consider- 
ably from the experimental curve. This was interpreted to be the result 
of critical scattering in the region of Tjv- Fits to the experimental data 
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for T > Tjv using the equation 



«^dif = «^l_D-HAF 



T-Tm 



(12.17) 



with values of p compatible with the critical exponents that are valid for 
Heisenberg (dotted line in Fig. 12.2) and Ising systems (dashed-dotted 
line in Fig. 12.2) suggested that the Ising exponent is more adequate 
for approximating the experimental data. As may be seen, however, the 
overall agreement between experiment and theory is rather poor. Thus, 
because of the strong influence of fluctuations near the ordering trans- 
ition, KCuFa does not appear to be a very suitable material for studying 
the spin-related thermal conductivity of ID systems. In addition it is 
not clear why no thermal transport carried by magnons is observed far 
below Tat, where the influence of fluctuations should be much reduced. 



Yb 4 As 3 . An interesting realization of an 5 = 1/2 HAFC was found 
in Yb 4 As 3 (see a recent review article of Schmidt et al. [52]). In this 
compound, the low dimensionality is caused by a charge-ordering trans- 
ition. Above the transition temperature Tco = 295 K, Yb 4 Ass is an 
intermediate-valent metal with the cubic anti-Th 3 P 4 structure, where 
Yb ions form interpenetrating chains along the four diagonals of the 
unit cell. At Tco, the unit cell contracts along one of the diagonals, thus 
forming chains of Yb^"*" ions along this diagonal while the rest of ytter- 
bium ions adopt the 2+ configuration. The crystal electric field splits the 
ground state multiplet of an Yb^"*" ion into four Kramers doublets. The 
separation between the lowest doublet and the excited states is rather 
large (> 14 meV) and therefore, at low temperatures, only the ground 
state with an effective spin 5 = 1/2 needs to be considered. In the low- 
temperature phase, the material is a semimetal with a concentration of 
about 10“^ itinerant holes per formula unit. Inelastic neutron scattering 
measurements by Kohgi et al. [53] demonstrated that the spin excita- 
tion spectrum is a spinon continuum, typical for an 5 = 1/2 isotropic ID 
HAF Hamiltonian with J ~ 2.2 meV. A linear term in the temperature 
dependence of specific heat was observed at low temperatures and was 
attributed to excitations in the spin system [54]. 

The thermal conductivity k of Yb 4 As 3 was measured on a multido- 
main sample where in some fraction of the domains the spin chains were 
oriented along the heat flux direction [54, 52]. The k(T) data in zero 
magnetic field are presented in Fig. 12.3. At temperatures between 0.5 
and 6 K, k{T) can be approximated by the sum of two terms a\T + a 2 T'^ 
(oi and 02 are constants). Below 0.5 K, however, n{T) decreases much 
faster than predicted by this relation. This is emphasized in the inset 
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Figure 12.3. The temperature de- 
pendence of the thermal conductivity 
of Yb 4 Ass [54] . The solid line is the fit 
to the equation k = aiT + 02 T^ . The 
dotted line is the electronic thermal 
conductivity calculated from the elec- 
trical resistivity data. The dashed 
line is an estimate for Kph(T) if only 
boundary scattering is considered. 



Figure 12.4. Field dependences of 
the normalized thermal conductivity 
in Yb4As3[54[. The solid lines are 
fits employing a model that considers 
phonon-soliton scattering. 



of Fig. 12.3. The first term was attributed to the contribution of ID 
spin- wave- like excitations and/or holes and the second term to phonons 
scattered off those excitations/holes [54]. Assuming that the linear in 
T terms of both the specific heat and the thermal conductivity are ex- 
clusively due to spin excitations, the mean free path of those excitations 
turns out to be constant and equal to 500 A [52] . The behavior of n{T) 
below 0.5 K, which correlates with similar features of the specific heat, 
was attributed to spin-glass freezing. 

External magnetic fields cause a sizable reduction of the thermal con- 
ductivity of Yb 4 As 3 [54], illustrated in Fig. 12.4. This reduction was 
attributed to an additional scattering of phonons by solitons that are 
induced by the magnetic field. In Ref. [54] the data were analyzed by 
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Figure 12.5. Crystal structures of Sr 2 Cu 03 and SrCu02, respectively. 



using a phenomenological model ascribing the phonon relaxation rate to 
resonant phonon-soliton scattering, as suggested in Ref. [55] for 5 = 5/2 
spin chains. The model agrees fairly well with experiment, but one of 
the fit parameters, the soliton rest energy, exhibits a nonlinear field de- 
pendence. This anomalous behavior was considered as a manifestation 
of the limitations of the essentially classical model if applied to quantum 
dominated 5 = 1/2 chains. 

Sr 2 Cu 03 and SrCu02. Recently, some excellent physical real- 
izations of different low-dimensional spin models have been found in 
cuprate compounds. Among them, Sr2Cu03 is considered as a nearly 
ideal realization of an 5 = 1/2 isotropic HAFC. The crystal structure of 
the material contains chains of Cu^"*“ ions sitting in the centers of CUO4 
squares (see Fig 12.5). The neighboring CUO4 squares share corners, 
thus forming 180° Cu-O-Cu bonds with an extremely strong AFM ex- 
change J of 200-300 meV. The interchain interaction J' is very weak 
(a = J'/J ~ 10“^) [56], such that the temperature of the 3D ordering 
transition T/y is about 5 K or even lower [57], and the ordered moment 
is extremely small /xq = 0.06/Us [58]. A related material is SrCu02 
which is built by double Cu-0 chains with J as large as in Sr2Cu03 
but arranged in pairs forming Cu-0 zig-zag ribbons (see Fig. 12.5). The 
interaction J* between the two chains of the same ribbon occurs via 90° 
Cu-O-Cu bonds providing a weak (j J*j = 0. 1-0.2 J) frustrating ferro- 
magnetic interaction [59]. Because of the low T^r ~ 5 K, the interchain 
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Figure 12.6. The temperature de- 
pendences of the thermal conductivit- 
ies of Sr 2 Cu 03 and SrCu02 along dif- 
ferent crystallographic directions [64]. 
The solid and dashed lines repres- 
ent different evaluations of the phonon 
contribution to fv|| (see Ref. [64]). 
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Figure 12.7. Spinon thermal con- 
ductivities of SrCu 02 and Sr 2 CuOs. 
The solid lines are calculated consider- 
ing a free fermion model. The shaded 
areas indicate possible errors caused 
by the uncertainties in the estimate of 
the phonon thermal conductivity. 



interaction J' for SrCu02 must be as low as for Sr 2 Cu 03 . Although 
no attempts have been made to obtain direct evidence of the spinon 
continuum by inelastic neutron scattering measurements, other experi- 
ments are consistent with the spinon scenario [60, 61, 62]. Because the 
interaction between the chains forming the Cu-0 ribbons in SrCu02 is 
ferromagnetic, the excitation spectrum should remain gapless [63]. 

The low-temperature thermal conductivities of Sr 2 Cu 03 and SrCu02 
[57, 64] are displayed in Fig. 12.6. The measured total thermal conduct- 
ivity is not isotropic (see Fig. 12.6), but the anisotropy ratio K||/k_l is 
only weakly T-dependent at T < 30 K. This residual anisotropy was at- 
tributed to the phonon contribution Kph- An anomalous contribution to 
K||, the conductivity along the chain direction, may readily be identified 
in Fig. 12.6. Based on a detailed analysis of phonon scattering mechan- 
isms, the phonon contribution Kph and its extrapolation to temperatures 
above 30 K was established for Ky . The excess contribution Ks = k\\ —n-ph 
was attributed to heat transport by spinons. This spinon contribution, 
shown in Fig. 12.7, is rather large; the maximum value of k for SrCu02 
is more than 20 times larger than the corresponding maximum value 
for KCuFs. The calculation of the expected diffusive energy transport 
= DeCs, where the the high-temperature limit of the energy diffu- 
sion constant De is given by Eq. (12.13), and hence Ks,dif ~ ngO^k'^T /h, 
results in much smaller values than Kg from experiment. This discrep- 
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Figure 12.8. The energy diffusion constants De{T) of Sr 2 Cu 03 and SrCu02, estim- 
ated from thermal conductivity data [57, 64], and the spin diffusion constant Ds{T) 
of Sr 2 Cu 03 [65]. 

ancy was considered as an indication for a quasiballistic (non-diffusive) 
nature of the energy transport in Sr 2 Cu 03 and SrCu02. The Ks{T) 
data were analyzed in terms of a fermionic model for spinons which, for 
T <€. J, gives 

J'K/2k^T 

2risk‘^a^ f , , . 

= I ( 12 . 18 ) 

where x = e/k-QT. The numerical evaluation of (12.18) reveals that the 
spinon mean free path Ig increases with decreasing temperature, up to 
a few thousand A in the region of the peak of n.s{T). 

Sr 2 Cu 03 provides the opportunity for comparing the experimental 
results for the effective energy diffusion constant De, which can be cal- 
culated from Ks{T) data [57, 64], and the spin diffusion constant Ds, 
established by NMR measurements [65]. As shown in Fig. 12.8, both 
parameters exhibit similar temperature dependences. At high temper- 
atures, De slightly exceeds Ds. Theoretical calculations and numerical 
modeling typically give values of the ratio De/Ds in the interval between 
1.4 and 3, in fair agreement with the data on Sr 2 Cu 03 , if the experi- 
mental uncertainty is taken into account. For comparison, De/Ds ~ 2.1 
in the region 0.05 <T < 0.12 K for ^He [14]. 

The observation of spin-mediated energy transport in S = 1/2 chain 
cuprates, strongly enhanced in comparison with the expected diffusive 
behavior, is in principle consistent with theoretical predictions of ballistic 
energy transport for the relevant integrable models. In the ballistic limit 
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one would expect the mean free paths to be of the order of the sample 
dimensions. The observed values of are still considerably smaller, how- 
ever. The obvious question in this context is which processes may cause 
the reduction of the mean free path. It was suggested that the scattering 
at defects and phonons reduces [57, 64]; the solid lines in Fig. 12.7 
correspond to calculations based on a simple phenomenological equation 
for is(T) [57]. It is clear that a more accurate theory treating the inter- 
actions of spinons with phonons and various defects is needed to explain 
the temperature dependence of the spin-related thermal conductivity in 
real S' = 1/2 chain materials. Such calculations are especially important 
because a qualitatively different behavior is expected for quasiparticles 
with different wavevectors, diffusive for small k and ballistic for large k, 
not accounted for by the simple approach of Eq. (12.18). 

5.2 S=l/2 spin-Peierls compounds 

CuGeOs. The above mentioned materials with rather large values 
of J, may be regarded as close to ideal S = 1/2 HAFC’s with gapless 
spectra of spin excitations. The vibrations of the crystal lattice do not 
strongly influence the magnetic properties of these compounds and vice 
versa. If the magnetoelastic coupling is strong, however, a spin-Peierls- 
type transition may lead to a dimerized state characterized by a spin 
gap and a lattice deformation. This type of transition has previously 
been observed in organic spin-chain materials, but in recent years the 
common interest in this field was focused onto the only known inorganic 
spin-Peierls compound CuGeOs [66]. 

Subunits of the crystal structure of CuGeOs are both Gu02 and Ge 04 
chains, directed along the c-axis of an orthorhombic unit cell. The Gu-0- 
Gu bond angle is close to 90° (about 98°) which provides a superexchange 
J of 10.4 meV in the chain direction [67]. The interaction between the 
chains is considerable: Jb ~ O.IJ and Ja ~ — O.OIJ [67]. The spin- 
Peierls transition occurs at Tsp ~ 14 K. Below this temperature, a gap 
of about 2 meV is established in the spectrum of spin excitations (AFM 
magnons). Above Tsp, the magnetic properties of GuGeOs can be rather 
well described by a Heisenberg model taking into account, besides the 
nearest-neighbor interaction J, also a next-nearest-neighbor interaction 
aJ, with a k, 0.36 [68]. 

Results of measurements of the thermal conductivity of GuGeOs were 
reported in Refs. [69, 70, 71, 72, 73, 74, 75, 76, 77, 78]. The temper- 
ature dependence of the zero-field thermal conductivity along the chain 
direction Kc(T) exhibits two distinct maxima, one of them above Tsp, 
at temperatures between 15 and 20 K, and the other distinctly below 
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Figure 12.9. The thermal conductiv- Figure 12.10. The thermal conduct- 

ity of CuGeOa along the c-axis in mag- ivity of CuGeOa along the a, b, and 

netic field [70]. Inset: «: as a fnnction c-axes [7f]. 

of 77 at T = 4.2K 



Tsp, as shown in Fig. 12.9. The scenario put forward by Ando et al. 
[70] and, independently, by Sake et al. [71] suggests that k{T) above 
Tsp comprises both phonon and spinon contributions, the spinons be- 
ing responsible for the high-temperature peak. With decreasing T, Kg 
decreases rapidly below Tsp as a result of the opening of the spin gap, 
while the phonon contribution increases because of the reduction of the 
phonon-spin interaction. This interpretation of the low-T peak is com- 
patible with the strong suppression of this peak by magnetic fields, as 
may be seen in Fig. 12.9. Magnetic fields reduce the gap and thus en- 
hance the phonon-magnon scattering. The high-temperature maximum 
is much less affected by external magnetic fields, as expected, if the 
above interpretation is valid. Takeya et al. [74, 76] investigated Kc{T) 
of Cui_a;Mga;Ge03 and found that substituting Cu by Mg progressively 
suppresses Kc until the critical concentration Xc ~ 0.025 is reached and 
then, the thermal conductivity is not reduced further with increasing 
X. Assuming that, for x > Xc, Kg ^ 0 and that Mg-doping has little 
influence on Kph, Takeya et al. [74, 76] estimated the spinon contribu- 
tion Kg(T) for X < Xc- They found that the spinon mean free path of 
undoped CuGeOs, just above Tsp, is ig ^ 1300 A [74] and decreases 
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as 1/T at higher temperatures [76]. Estimates of Salce et al. [71] give 
values of Ig between 300 and 1000 A in the same temperature region. 

Another interpretation of the thermal conductivity of CuGeOs attrib- 
utes both maxima of k{T) to phonons [69, 72, 73, 77]. The maximum 
of Kph(T) above Tsp is thought to be caused by an increasing scattering 
of phonons by spin excitations in the vicinity of the subsequent phase 
transition at Tsp. A strong argument in favor of this interpretation is 
the fact that similar two-peak features are observed for k(T) measured 
along all the crystallographic directions (see Fig. 12.10). It is difficult 
to attribute the high-temperature maximum of Ka(T) to a spinon con- 
tribution because the velocity of spin excitations Vg in this direction is 
vanishingly small (as Vg^a/vg^c = \Ja/J\ ~ 0 . 01 ). In contrast, a weakly 
anisotropic phonon scattering by spin fluctuations near Tsp provides a 
natural explanation for the obvious similarity of the anomalies in k(T) 
along all directions. 

Although the existence and the magnitude of the spinon thermal 
conductivity in CuGeOs above Tsp remains an open question, convin- 
cing evidence for thermal transport via AFM magnons at T <C T^p in 
Gui_a;Mgj,Ge 03 was provided in Ref. [75]. Within a certain range of 
X and well below Tsp, a number of experimental results indicate the 
coexistence of a spin-singlet and an AFM-ordered state. Takeya et al. 
[75] observed that at T < 0.58 K, Kc{T) of Gui_a,Mgj,Ge 03 {x = 0.016) 
significantly exceeds that of the pure ternary compound which does not 
order magnetically. Likewise a significant enhancement of the magnon 
specific heat was observed. The mean free path of the magnons was 
found to be of the order of the sample’s dimensions, a clear sign of 
ballistic magnon propagation. 

5.3 5 = 1/2 spin ladders 

(La,Sr,Ca) 14 CU 24 O 41 . The m-leg spin ladders are formed by 

m chains (“legs”) with a coupling J between the neighboring spins of 
the same leg and Jj_ between the neighboring spins on adjacent chains 
(“rungs”) [79]. It has been demonstrated [80] that 2-leg S = 1/2 AFM 
Heisenberg ladders exhibit a spin gap for any nonzero Jj_, in striking 
contrast to the gapless spectrum of single S = 1/2 chains. A 3-leg lad- 
der, however, has again a gapless excitation spectrum and exhibits a 
quasi-long-range order, similar to the case of an S = 1/2 HAFG. This 
trend holds for any number of legs in the ladder: gapless spectra for odd- 
leg ladders and the formation of spin gaps in even-leg ladders. For the 
same ratio J/Jj_, the size of the gap rapidly decreases with increasing 
m. 
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a 



b 



c 




Figure 12.11. Crystal structure of (La,Sr,Ca)i4Cu2404i. 



A number of materials, adopting a crystal structure containing spin 
ladders, such as SrCu203, Sr2Cus05, (La,Sr,Ca)i4Cu2404i, CaV20s, 
(La,Sr)Cu02.5, and Cu2(C5Hi2N2)2Cl4, have been synthesized in recent 
years [81], but large enough single crystals, suitable for probing the aniso- 
tropy of the thermal conductivity, are available for (La,Sr,Ca)i4Cu2404i 
only. The crystal structure of stoichiometric Sri4Cu2404i, shown in 
Fig. 12.11, consists of Cu02 and CU2O3 layers, alternatingly stacked 
along the 6-axis and separated by Sr layers. 

The CU2O3 subunit, as shown in Fig. 12.11 (c), contains two-leg lad- 
ders in which the Cu ions are linked by 180° Cu-O-Cu bonds which 
provide a strong antiferromagnetic coupling J of 110-130 meV between 
the Cu ions along the legs [82, 83]. From inelastic scattering measure- 
ments, the ratio J/J±_ was initially estimated to be 0.55 [82]; however, 
the analysis of more recent experimental data takes into account an ad- 
ditional ring interaction and suggests that J ps Jj_ [83]. The copper 
spins on the same rung of a ladder adopt a singlet ground state sep- 
arated from the triplet excited state by an energy gap Aiadder of 30 - 
33 meV [82, 84]. The dispersion uj{k) of the ladder spin excitations is 
very steep along the ladder direction but flat in the rung direction [85]. 

The Cu02 layers contain linear chains of Cu ions linked by two nearly 
90° Cu-O-Cu bonds (see Fig. 12.11 (b)), similar to CuCeOs but, due to 
the presence of a large number of holes, the magnetic excitation spectrum 
is different here. The formal valence of Cu in Sri4Cu2404i is -1-2.25, 
suggesting six holes per formula unit of the stoichiometric compound. 
Only a small fraction of them is situated on the ladders. Those holes are 
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Figure 12.12. Thermal conductivity of (Sr)i 4 _a;Caa;Cu 24 04 i along (left panel) and 
perpendicular (right panel) to the ladder direction [88]. 



mobile and responsible for the electrical conductivity of the material. 
Most holes are localized at oxygen sites in the Cu02 chains, and are 
coupled to a copper spin to form a Zhang-Rice singlet. The remaining 
magnetic Cu ions in the chains form dimers which develop a long-range 
ordered structure. The ground and excited states of the dimers are 
separated by a gap Achain meV, with a small dispersion amplitude 
of the order of 1 meV [86, 87]. 

Replacing Sr by isovalent Ca initiates a transfer of holes from the 
chains to the ladders, leading to a change of the temperature dependence 
of the c-axis resistivity from semiconducting to metallic at x ~ 6-8. The 
substitution does not alter Achain, but the ordered state of dimers in the 
chains is less stable [86]. 

The temperature dependences of the thermal conductivities along 
the c direction of Sri 4 _ 2 ,Caa,Cu 2404 i (x = 0,2,12) [88] exhibit the 
most distinct anomalies observed for any material containing ID spin 
systems. Typical features of phonon heat transport are observed for 
Ka{T) = k±{T) in the whole covered temperature range (see right panel 
of Fig. 12.12) Below 30 K, also Kc(T) = K||(T) is dominated by the 
phonon conduction and hence / kj_ is of the order of 1 in this temper- 

ature range (see the inset of Fig. 12.12, right panel). At higher temper- 
atures, Heir) is qualitatively different from Ka{T), especially for semi- 
conducting materials with x = 0 and x = 2, where an excess heat con- 
duction leads to distinct maxima in Kc(T) above 100 K. These features 
are even more pronounced than those of the chain cuprates Sr 2 Cu 03 and 
SrCu02, shown in Fig. 12.6. The shoulder-type anomalies are replaced 
by an anomalous second maximum of K||(T) at elevated temperatures. 
The authors of Ref. [88] attributed the low temperature maxima of /ty (T) 
and k±(T) to phonons and the excess high-temperature contribution to 
K||(T), to itinerant magnetic excitations. 
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Figure 12.13. Thermal conductivity 
of Ca9La5Cu2404i (after Ref. [89]). 




r (K) 



Figure 12.14. Temperature depend- 
ences of the mean free paths of 
the spin excitations in spin ladders 
Sri4Cu2404i and Ca9La5Cu24 04 i [89] 
and in the spin chain systems Sr 2 Cu 03 
and SrCu02 [64[. 



The magnetic origin of an analogous high-T anomaly was even more 
convincingly demonstrated in Ref. [89] by investigating the anisotropy of 
k{T) in CagLa5Cu2404i. A random distribution of Ca^'*' and La^"*" ions 
enhances the lattice disorder in this compound and hence a sizeable re- 
duction of the phonon contribution without strongly altering the magnon 
contribution is anticipated. As shown in Fig. 12.13 for CagLa5Cu2404i, 
the low-temperature maximum in k(T), presumably due to phonons, is 
indeed strongly reduced in comparison with Sri 4 Cu 2404 i for all crystal- 
lographic directions. The high temperature peak in however, is 

even more pronounced than in the parent compound. 

Since there are two independent magnetic ID systems in 
Sri 4 _a,Caa;Cu 2404 i, namely spin chains and spin ladders, the obvious 
problem is to identify the subsystem which carries an excessive amount 
of heat. The spectrum of magnetic excitations is gapped for both sys- 
tems, and the minimum gap is about three times larger for the ladder 
than for the chains. However, the magnon excitations of the chains 
exhibit a rather flat dispersion, in contrast to the very high group ve- 
locity of ladder magnons along the c-direction, and, since the square of 
the group velocity appears in Eq. (12.4) for the quasiparticle thermal 
conductivity, the ladder spin excitations are expected to dominate the 
energy transport, in spite of the larger gap. This was confirmed via the 
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analysis of the magnon contribution Hg at low temperatures, where it 
exhibits an exponential increase with T. The value of the gap extracted 
from the Hg{T) data [88, 89] is close to those of Aiadder established by 
neutron scattering experiments [82, 84]. 

The magnon mean free path of hole-doped ladders at temperatures 
of the order of 300 K is found to be mostly limited by the scattering of 
magnons by holes. If the number of holes on the ladders is considerably 
reduced, such as in CagLa5Cu2404i, the temperature dependence of the 
corresponding mean free path is very similar to is(T) in the independent- 
chain cuprates Sr2CuOs and SrCu02 (see Fig. 12.14). This suggests 
that most likely the same type of scattering limits the magnon heat 
transport, namely the spin-phonon interaction, as suggested in Ref. [88]. 
At low temperatures, is{T) saturates to values of several thousand A, 
remarkably similar to the the case of Sr2Cu03 and SrCu02. The origin 
of this low-temperature saturation is not yet well understood. 

NaV205. This material represents an example of the so-called 

“quarter filled ladder” [90]. The two-leg ladders are formed by corner 
sharing VO5 pyramids. The neighboring ladders weakly interact via 
common edges of adjacent VO5 pyramids. The ladders are oriented along 
the 6- axis and the rungs point along the a- axis. The formal valence of V 
is +4.5, and at high temperatures, all vanadium sites are equivalent and 
hence NaV20s may be considered as an intermediate valence compound. 
Two vanadium atoms situated on each rung share one electron and the 
effective spin per rung is 1/2. Therefore, at high temperatures, NaV20s 
exhibits a behavior typical of an S' = 1/2 AFM Heisenberg linear chain 
with J ~ 48 meV [91]. A spin gap A ~ 9 meV opens below Tc ~ 35 K, 
which was initially attributed to be caused by a spin-Peierls transition 
[91]. It has later been found that this transition corresponds to a charge 
ordering in the system of the vanadium ions. 

Measurements of the temperature dependence of the thermal conduct- 
ivity of single-crystalline NaV20s along the 6-axis revealed an enormous 
enhancement of k.(T) below (see Fig. 12.15) [72, 73]. The heat trans- 
port in NaV20s was assumed to be of purely phononic origin, and the 
anomaly in this material and a similar anomaly below Tsp of CuGeOs 
were explained in terms of a reduction of phonon scattering below Tc or 
Tsp, respectively. This reduction follows naturally from the conjecture 
that the scattering of phonons by spin fluctuations is strong above Tc 
but, because of the formation of a spin gap, is significantly reduced be- 
low Tc- The reduction of the anomaly below Tc in Na-deficient samples 
(Fig. 12.15) supports this scenario. Measurements of the magnetic sus- 
ceptibility indicate that the spin gap in Nai_a;V205 is progressively filled 
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Figure 12.15. Temperature dependence of thermal conductivity in Nai_a;V 205 [72]. 



by magnetic excitation states with increasing x. The authors of Ref. [72] 
point out, however, that also the charge ordering at Tc might be respons- 
ible for the anomaly in k(T). 

5.4 Soliton-carrying chains 

A few well-studied cases of materials, containing Heisenberg-type 
chains with planar anisotropy may be found in the literature [42]. The 
main interest in these systems is caused by the possibility of studying 
nonlinear magnetic excitations (solitons). If the magnetic field is applied 
in the easy plane, the equations of motion can be transformed into non- 
linear equations whose solutions are both plane waves (magnons) and 
topologically stable nonlinear excitations (solitons) [42]. 

5.4.1 Antiferromagnetic chains. 

TMMC and DMMC. Tetramethylammonium manganese trichlor- 
ide (TMMC) and dimethylammonium manganese trichloride (DMMC) 
have similar crystal structures containing MnCls-chains. The spin of 
the Mn^"*" ions is, with S = 5/2, rather large. Hence the magnetic 
properties of these compounds exhibit classical behavior. The AFM ex- 
change between the Mn^"*" is isotropic. The appropriate Hamiltonian 
is given by Eq. (12.14) with an added single-ion anisotropy term. The 
parameters adopt similar values for both materials with J ~ 1.1 meV 
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Figure 12.16. Zero-field thermal con- 
ductivity of TMMC (circles) and 
DMMC (crosses) along to the chain 
direction [55]. 



Figure 12.17. Isothermal field de- 
pendence of the thermal conductivity 
of TMMC along the chain direction, 
normalized with respect to the zero- 
field value [55]. The solid lines are fits 
employing the phonon-soliton scatter- 
ing model. The arrows indicate the 
limits for the onset of the 3D ordering 
as described in the text. 



and D ~ 0.01 meV. The easy plane is perpendicular to the chain dir- 
ection, i.e., the c-axis. The interchain interaction is weaker in TMMC 
(J'/J ~ 10“^) than in DMMC {J' / J ~ 10“^), and correspondingly, the 
transition temperatures of 3D ordering are different for the two com- 
pounds, with Tjv = 0.85 K for TMMC and Tjv = 3.60 K for DMMC. 
Below Tjv, an additional anisotropy appears in the a6-plane because of 
a small interchain interaction, such that the a-axis becomes the easy 
direction. 

The zero-field low-temperature thermal conductivities Ky (T) parallel 
to the c-axis of TMMC and DMMC are shown in Fig. 12.16 [55, 92], 
In the cited references, these curves are not discussed in detail. More 
attention was given to the magnetic field dependences k{H). A selec- 
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tion of k,{H) data for TMMC, taken at several temperatures and with 
the field oriented parallel to the easy plane, are presented in Fig. 12.17. 
Due to the presence of domains with different orientations within the 
a6-plane in TMMC, the field-induced ordering transition is not well 
defined and occurs somewhere between the two limits denoted by ar- 
rows in Fig. 12.17. Similar behavior of n{H) was found for the thermal 
conductivity of DMMC. Minima in k{H) were observed at temperatures 
below 4 K and in fields up to 70 kOe. The results agree with the in- 
terpretation that the heat is mainly transported by phonons, whereby 
the magnetic solitons act as effective scattering centers. The number 
of solitons nsoi depends on both temperature and magnetic field and 
has a maximum at a particular value of H/T, in the case of TMMC at 
H/T = 14.7 kOe/K. If the scattering of phonons by solitons dominates, 
a minimum of Kp\y{H) is expected at the field where, at the respective 
temperature, risoi has a maximum. The n{H) data were fitted to the 
Debye model in the form of Eq. (12.7) and with the total relaxation rate 



r 






‘B 



+ r. 



-insol x" 



(12.19) 



The parameter xq represents the ratio Egifi) /ksT ^ where E^(0) is the 
soliton rest energy, and riph is the number of phonons. The first and 
the second term on the right-hand side of Eq. (12.19) represent the 
field-independent boundary scattering and the resonant phonon-soliton 
scattering, respectively. In this way, «;(F7 )/k( 0) can be approximated at 
different temperatures with a single adjustable parameter, i.e., the ratio 
xrItb- The resulting curves in Eig. 12.17 are in good agreement with 
the experimental data below the field-induced 3D ordering transitions 
denoted by arrows in Eig. 12.17. The disagreement between theory and 
experiment at higher fields was attributed to the failure of the pure ID 
soliton model in the 3D ordered phase. 



5.4.2 Ferromagnetic chains. Measurements of the thermal 
conductivity in spin-chain materials with ferromagnetic exchange are 
documented for two materials, i. e., [CeHnNHaJCuBra [93] and CsNiEs 
[94]. 



[CeHiiNHsjCuBrs and CsNiFs. The structure of 

[C 6 HiiNH 3 ]CuBr 3 (CHAB) contains linear CuBrs-chains directed along 
the c-axis, with a relatively strong intrachain interaction between the 
5 = 1/2 spins of Cu^"''. The magnetic properties can be described by 
the Heisenberg FM Hamiltonian of Eq. (12.14), including a weak XY 
anisotropy, such that J = Jx = Jy = —9.5 meV and Jz ~ 0.98J [95]. 
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The y-direction coincides with the crystallographic c-axis and the re- 
direction lies in the a6-plane at an angle of 25° from the 6-axis. A weak 
AFM interchain interaction J' ~ 10“^ J induces a 3D ordering below 
Tjv = 1.5 K. 

The other soliton-carrying FM chain compound is CsNiFs [42]. The 
individual 5 = 1 chains formed by arrays of Ni^"*“ ions can be described 
by the Heisenberg Hamiltonian (12.14), including a single-ion anisotropy 
term and the parameters J = —2.0 meV and D = 0.28 meV. The chains 
are directed along the c-axis, and the easy plane is perpendicular to the 
c-axis. The AFM interchain interaction is rather weak \J' / J\ ~ 10“^. 
The compound undergoes a 3D ordering transition at Tjv = 2.7 K and 
exhibits typical quasi-lD features at higher temperatures. Because of 
this planar anisotropy, CsNiFs is a standard material for investigations 
probing magnetic solitons [42]. 

The thermal conductivities of CHAB [93] and CsNiFs [94] were meas- 
ured in the temperature range between 2 and 10 K with the heat flow 
along the chain direction. For CsNiFs, n{T) increases monotonously in 
the whole covered temperature range, and a peak of k{T) at about 4 K 
is observed for CHAB. The field dependences k{H) at several selected 
temperatures were investigated in external magnetic fields 77 < 80 kOe 
which were oriented along the main crystallographic axes. With the field 
direction in the easy plane, thus allowing for the creation of magnetic 
solitons, a gradual increase of k with H was observed. For CsNiFs, 
the initial increase of k{H) is intercepted by a trend to saturation at 
H > 3kOe. Various scenarios were considered for the interpretation of 
the data. Finally, the authors of Ref. [94] concluded that the observed 
n{H) curves are consistent with a dominant scattering of phonons by 
magnons. 

If the external field is pointing along the direction perpendicular to 
the easy plane, no solitons are present and n increases with increasing H, 
but only above approximately 30 kOe. Since the number of magnons de- 
creases with increasing H, a reduction of phonon scattering by magnons 
may be expected, consistent with the data. 

6. Summary and outlook 

From this survey of existing results on the thermal transport in ID or 
quasi- ID spin systems, it is obvious that the number of open questions 
exceeds that of definite answers. 

In spite of the enormous amount of theoretical work devoted to low- 
dimensional spin systems during the last several decades, the transport of 
energy has been treated in only a relatively small number of publications. 
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In most of these, the considered conditions are restricted to limiting 
cases, such as very high or very low temperatures, zero external magnetic 
field, large values of spins etc. The achieved results are often rather 
general statements concerning the nondiffusive energy propagation and 
an anomalous behavior of heat transport in spin chains. Only very 
recently, new theoretical calculations considered realistic systems and 
seem potentially useful for the analysis of experimental results. 

This unsatisfactory situation concerning the theory of energy trans- 
port in low-dimensional spin systems has a reason. It is mainly due to 
the previous lack of reliable experimental data on the transport of heat 
via magnetic excitations in low-dimensional spin systems. Although a 
reasonable amount of information was contained in existing results of 
experiments probing the thermal conductivity, most of the observed an- 
omalies had been attributed to unusual phonon heat transport affected 
by phonon-spin interactions. It seems that the significant impact of the 
scattering of phonons by magnetic solitons is well established experi- 
mentally but a theory for this process has not yet been developed. 

Only recently, thanks to the progress in synthesizing new spin-chain 
type compounds and observations of both linear temperature depend- 
ences of the low-temperature thermal conductivity in insulators and 
double-peak features of n{T) along the directions of the ID units at el- 
evated temperatures, provided unambiguous evidence for the heat trans- 
port by itinerant magnetic excitations. The available experimental res- 
ults reveal the importance of the interactions between spin excitations 
and defects, charge carriers and, most importantly, lattice excitations. 
Up to now the mean free path of spin excitations has been treated phe- 
nomenologically at best. Further progress of understanding clearly de- 
pends on more sophisticated analyses of the processes that limit the 
energy transport in real low-dimensional spin systems. In all spin sys- 
tems where relevant data are available, the mean free path of itinerant 
spin excitations typically increases with decreasing temperature. For 
some unexplained reason, however, the mean free path never exceeds 
distances of the order of a few thousand A (see Fig. 12. 14). It is not 
clear whether this is accidental or a typical phenomenon. 

Neither experimental nor theoretical studies of the thermal conductiv- 
ity in 5 = 1 chains with a Haldane gap have appeared in the literature. 
According to Fujimoto [96], the ideal 5 = 1 Heisenberg chain can be 
mapped onto the quantum ID nonlinear cj-model which is integrable 
and, therefore, the spin transport should be ballistic. Corresponding 
features are thus expected for the spin mediated energy transport. 

Another open issue is the detrimental influence of the interaction 
between spin excitations and charge carriers on the spin-related en- 
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ergy transport. Experiments on spin-ladder compounds have shown that 
hole doping reduces the thermal conductivity via magnons. Regarding 
other ID conductors, the situation is not clear. Very recent results on 
Bechgaard salts, however, give evidence for a significant heat transport 
via spinons in compounds with metallic conductivity [97]. In view of the 
possibility of a spin-charge separation in ID systems, such investigations 
seem very promising. 
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Abstract In some strongly correlated electronic materials Landau’s quasiparticle 
concept appears to break down, suggesting the possibility of new 
quantum ground states which support particle-like excitations carrying 
fractional quantum numbers. Theoretical descriptions of such exotic 
ground states can be greatly aided by the use of duality transforma- 
tions which exchange the electronic operators for new quantum fields. 
This chapter gives a brief and self-contained introduction to duality 
transformations in the simplest possible context - lattice quantum field 
theories in one and two spatial dimensions with a global Ising or XY 
symmetry. The duality transformations are expressed as exact oper- 
ator change of variables performed on simple lattice Hamiltonians. A 
Hamiltonian version of the Z 2 gauge theory approach to electron frac- 
tionalization is also reviewed. Several experimental systems of current 
interest for which the ideas of duality might be beneficial are briefly 
discussed. 



Keywords: Duality, quantum Ising model, quantum XY model, rotors, Z2 gauge 
theory, fractionalization 



1. Introduction 

At the heart of quantum mechanics is the wave-particle dualism. 
Quantum particles such as electrons when detected “are” particles, but 
exhibit many wavelike characteristics such as diffraction and interfer- 
ence. In condensed matter physics one is often interested in the collective 
behavior of 10^^ electrons, which must be treated quantum mechanically 
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even at room temperature [1]. Fluids of light atoms such as He-3 and 
He-4 also exhibit collective quantum phenomena in the Kelvin temper- 
ature range [2, 3], and these days heavier atoms can be much further 
cooled to exhibit Bose condensation. The two low temperature phases 
of He-4 are a beautiful manifestation of this wave-particle dichotomy in 
the many-body context - the superfluid at ambient pressures behaving 
as a single collective “wavefunction” [4] and the crystalline solid at high 
pressures best thought of in terms of the “particles” . 

The collective behavior of such many-particle quantum systems is usu- 
ally discussed in terms of “particles” rather than in terms of “waves” , and 
this preference is mirrored in the theoretical approaches which work with 
“particle” creation and destruction operators. But in some instances it is 
exceedingly helpful to have an alternative framework, particularly when 
one wants to focus attention on some underlying wave-like phenomena. 
Duality transformations can sometimes serve this purpose, since they 
exchange the particle creation operators for a new set of “dual” oper- 
ators which typically create “collective” excitations such as solitons (in 
Id) or vortices (in 2d). Moreover, duality is playing an increasingly im- 
portant role in describing novel electronic ground states which support 
excitations which carry fractional quantum numbers. The best studied 
situation is the one-dimensional interacting electron gas, a “quantum 
wire” [5] , which exhibits a novel “Luttinger liquid” phase [6] . The “bo- 
sonization” reformulation of Id interacting electrons, discussed in detail 
in Chapter 4, is in fact closely related to the Id duality transformations 
introduced below. 

This chapter provides a brief yet self-contained introduction to duality 
transformations, focussing on simple quantum Hamiltonians with global 
Ising or XY symmetry. In Section II the Hamiltonian for the quantum 
Ising model in transverse held is discussed, and is dualized in one dimen- 
sion (Id) and two dimensions (2d) in subsections A and B, respectively. 
Section HI considers a model of interacting bosons formulated in terms of 
quantum “rotors” - nicely exhibiting the phase-number uncertainty and 
being readily dualized in both Id and 2d. A Hamiltonian version of the 
Z 2 gauge theory of electron fractionalization is discussed in Section IV. 
Finally, Section V is devoted to a brief discussion of some experimental 
systems of current interest for which the theoretical ideas introduced 
above might prove helpful. 
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2. Quantum Ising models 

Consider the quantum Ising model in a transverse field with lattice 
Hamiltonian [7], 



ni = -jY.SfS^-KY,Sf, (13.1) 

{ij) * 

where Sf and Sf are Pauli matrices defined on the sites of a Id lattice 
or a 2d square lattice and the sum in the first term is over near-neighbor 
sites. Here and throughout the rest of the chapter the Id and 2d lattices 
are assumed to be infinite. The Pauli “spins” satisfy SfSf = 1 and 
SfSf = 1, commute on different sites and anticommute on the same 
site, 

SfSf = -SfSf. (13.2) 

In the absence of the transverse field, ii' = 0, it is most convenient 
to work in a basis diagonal in = ±1. The model then reduces to 
a classical Ising model with ferromagnetic exchange interaction J, and 
the ground state is the ferromagnetically ordered state with 5^ = 1 (or 
= —1) on every site. This ground state spontaneously breaks the 
global spin- flip (or Z 2 ) symmetry. A small transverse field will cause the 
spins to flip and the ground state will be more complicated, but provided 
AT <C J one expects the ferromagnetic order to survive, (0|5f |0) / 0. In 
the opposite extreme, K ^ J, all the spins will point in the x— direction, 
5* = 1, which corresponds to a quantum paramagnetic ground state 
with zero magnetization, (Sf) = 0. Based on this reasoning, one ex- 
pects a quantum phase transition between the ferro- and para-magnetic 
ground states when J is of order K. 

2.1 Quantum Ising duality in Id 

Further insight into the quantum Ising model follows upon perform- 
ing a duality transformation [8]. Generally, a duality transformation is 
simply a change of variables wherein the original fields - in this case the 
Ising spins - are exchanged for a new set of “dual” fields. For the Ising 
model in Id the Pauli spin operators, and are exchanged for a 
new set of (dual) Pauli matrices, and cr^, defined on the sites of the 
dual lattice (which are the links of the original lattice), 

= (13.3) 

j<i 



QX ^2 ^2 



( 13 . 4 ) 
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The product runs over a semi-infinite “string” of sites j on the dual 
lattice which satisfy j < i. One can readily check that provided the erf 
fields obey the Pauli matrix algebra, then so do the spin fields 5f . These 
expressions can be inverted, 



<=nsi. 


(13.5) 


j<% 




X QZ QZ 


(13.6) 


taking essentially the same form. 

The Hamiltonian in Eq. (13.1) when re-expressed in 
operators has precisely the same form as originally. 


terms of the dual 


= J^uf, 


(13.7) 



i i 



except with an interchange of the coupling constants, J K. Then, 
(<T^) serves as a disorder parameter, being non-zero in the paramagnetic 
ground state, and vanishing in the ferromagnetic state. The Hamiltonian 
is self-dual when J = K, and this point corresponds to the quantum 
phase transition separating the two phases. 

The duality transformation is also useful in identifying the excitations 
above the ground state. Consider first the ferromagnetically ordered 
state with J ^ K where 5^ = 1. The lowest energy classical excitation 
(when K = 0) consists of a domain wall separating two domains with 
= ±1. Notice that such an excitation can be created by acting with 
the operator af on the classical ground state: ct?| 0). When K is small 
but non-zero this “domain-wall” excitation is no longer an eigenstate of 
the Hamiltonian, since acting with the first term in the dual Hamilto- 
nian Eq. (13.7) can be seen to move the location of the domain-wall. 
All of these domain-wall excitations have the same energy when K = 0, 
but this low energy manifold of states is split by non-zero K. One 
can use standard degenerate perturbation theory to calculate the energy 
splitting of this degenerate manifold to leading (first) order in small 
K, and obtain the associated eigenstates. One thereby obtains a set of 
states in which the domain wall is propagating along, and behaves like 
a particle. Indeed, since a single domain wall is topologically protected, 
this “particle” will not decay. But two domain-wall “particles” can an- 
nihilate another and disappear altogether. For this reason one says that 
such domain walls carry an Ising or Z 2 “charge” . The fact that domain 
walls are point-like objects in one spatial dimension and can propagate 
like particles is exploited in the bosonization approach to Id interacting 
systems and underlies the physics of Id particle ’’fractionalization”. 
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The paramagnetic ground state when J K also supports particle- 
like excitations. These excitations correspond to domain walls in the 
ordered state of the dual Ising model, i.e. walls separating the two 
phases with (uf) ~ ±1. The operator which creates this “particle” is 
simply the Ising spin itself, Sf, as is readily apparent from Eq. (13.3). 
By treating the original Ising spin Hamiltonian perturbatively to first 
order in small J <C K, one can construct these gapped particle-like 
excitations in the paramagnetic phase of the Ising model, and obtain 
their dispersion relation. As one increases J towards K from below, the 
energy gap for creating these Ising-spin excitations vanishes, and in the 
ferromagnetic phase these particles “condense”, exhibiting long-ranged 
order, 

|i-j|^oo. (13.8) 

2.2 Quantum Ising Duality in 2d 

We next turn to the transverse field quantum Ising model in two 
spatial dimensions, which for simplicity we place on a 2d square lattice 
with nearest-neighbor exchange interaction J. As in Id, this model is 
expected to have two quantum ground states as the couplings are varied, 
a ferromagnetic ground state when J ^ K, a paramagnetic state in the 
opposite limit J K, and an intervening quantum phase transition 
when J is comparable to K. As we shall see, the duality transformation 
in 2d relates the quantum Ising model (with global symmetry under 
5^ ^ —5^) to a dual gauge theory - specifically a gauge theory with a 
local Z 2 symmetry [8] . At the operator level, the duality transformation 
is implemented by re-expressing and directly in terms of the dual 
gauge fields, - a set of Pauli matrices defined on the links of the dual 
square lattice. 



= n 

pi(i) 


(13.9) 


00 


Sf = cry 

jl=i 


(13.10) 



Here, the first product is taken around an elementary four-sided 
plaquette on the dual square lattice (which encircles the site i of the 
original lattice). The second product involves an infinite string which 
connects sites of the original (direct) lattice, emanating from the site Sf 
and running to spatial infinity. For every bond of the dual lattice which 
is bisected by this string, a factor of afj is present in the product. To 
assure that this definition is independent of the precise path taken by 
the string requires imposing the constraint that the product of afj on 
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all bonds connected to each site on the dual square lattice is set equal 
to unity, 

j& 

where j labels the nearest-neighbor sites of i. These local Z 2 gauge con- 
straints must be imposed on the Hilbert space of the dual theory. (Note 
that because there are two bonds for every site of the 2d square lattice, 
the unconstrained dual Hilbert space is larger than the original Hilbert 
space, so it is reasonable that the dual Hilbert space be constrained.) 
In the resulting dual gauge theory, these constraints are analogous to 
Coulomb’s law (V • ili = 0) in conventional electromagnetism. 

When re-expressed in terms of the dual fields, the Hamiltonian for the 
2d quantum Ising model in a transverse field becomes, 

- «^E<r (13-12) 

pi pi (ij) 



In the first term products are taken around the elementary square 
plaquettes of the dual square lattice which surround the sites of the 
original lattice. These products measure “magnetic flux” in the dual 
gauge fields, that is plaquettes with flpz = ~1- 

One can readily verify that the operators which implement a local 
gauge transformation, Qi in Eq. (13.11), commute with this dual 
Hamiltonian. Equivalently, since QicrfjQi = — the dual Hamiltonian 
is invariant under the general gauge transformation, 

4 ^ (13.13) 

with arbitrary e* = ±1. We thus end up with a Z^ gauge theory. 

To gain some intuition for the behavior of this gauge theory we first 
focus on the limit J ^ K, where the global Ising model is ferromag- 
netically ordered. In this limit, the ground state of the gauge theory is 
simply afj = 1 for all links ij. The low energy excitations about the fer- 
romagnetically ordered state are droplets of 5*^ = —1 in the background 
of up spins (5^ = 1), and the “domain walls” are Id closed paths (or 
“strings”) which encircle the droplet (in contrast to the point-like do- 
main walls for the Id Ising model). To create such a droplet excitation 
from the ground state requires flipping all of the spins inside the droplet, 
that is, 

\drop) = 5f |0), 

i£drop 



(13.14) 
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where |0) denotes the ferromagnetically ordered ground state. This can 
be re-expressed in terms of the dual gauge fields as, 

\drop) = afj, (13.15) 

where C denotes the closed path that encircles the droplet. The energy of 
this droplet excited state is roughly JL, where L is the linear dimension 
(circumference) of the droplet. This is called the “confining” phase of 
the gauge theory, since two “test ^ 2 -charges” placed on sites i and j 
of the dual lattice (with ~ Ilfei ^je = “!)) cost an energy 

linear in their separation - the two particles are “confined” together in 
much the same way that the quarks are confined inside the mesons and 
hadrons in the standard model of the strong interaction (QCD). 

Consider next the paramagnetic phase of the Ising model with K ^ J. 
In this limit, the gauge theory ground state corresponds to a state with 
Y\pi (Tij = 1 for all plaquettes. Excited states correspond to making a 
single plaquette with = — 1, a plaquette with a penetrating Z 2 

“magnetic flux”. This point-like excitation is reminiscent of a vortex 
in a 2d superconductor, and has been christened a “vison” due to it’s 
Ising-like character (see below). To study the dynamics of the vison, 
it is simplest to return to the original global Ising model, where the 
paramagnetic ground state corresponds to all sites having Sf = 1. As 
is clear from the definition in Eq. (13.10), the vison excitation can be 
created by acting on the ground state with 5?, where i is the site of the 
original lattice which is in the center of the corresponding dual plaquette. 
Thus, in terms of the original Ising spins, a vison simply consists of a 
site with = —1. 

When J = 0 there is a large manifold of degenerate single vison states 
(with energy 2K), since the vison can occupy any site of the original 
lattice. This degeneracy will be split by a small non-zero J, and these 
single vison states will broaden into a dispersing band. 

The paramagnetic phase of the global Ising model corresponds to 
the “deconfined” phase of the gauge theory. In this phase, “test Z 2 - 
charges” introduced into the theory (with = — 1 at the sites 

i of the “test charges”) cost a finite energy to create. In particular, 
the energy to separate two such particles does not grow linearly with 
separation, but saturates at some finite value even as the separation is 
taken to infinity. One of the key signatures of such a deconfined phase 
of the Z 2 gauge theory is the presence of the vison as a finite energy 
excitation. ( In the context of high-temperature superconductivity, an 
experiment was recently proposed to detect whether or not the vison was 
present in the underdoped region of the phase diagram. Detection of the 
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vison would establish the existence of electron fractionalization (or spin- 
charge separation). Upon increasing J and approaching the transition 
into the ferromagnetic phase of the Ising model the energy cost of the 
vison is reduced. In the ferromagnetically ordered phase the vison has 
condensed, with {S^) ^ 0, since is the vison creation operator. 

3. Quantum XY or Rotor models 

We next turn attention to quantum Hamiltonians in Id and 2d which 
have a conserved U{1) symmetry [9, 10]. In particular, we focus on 
bosons hopping on a Id or a 2d lattice with boson creation operators, h\ 
satisfying the usual Bose commutation relations, [6*, 6^] = Sij. A simple 
Hamiltonian which conserves the total number of bosons is, 

'Hboson = + h.c. -h U Y^(b\bi - nf. (13.16) 

(b> * 

The hrst term describes the hopping of bosons between nearest-neighbor 
sites, and the second term is an on-site repulsive interaction. Here, 
h plays the role of a chemical potential in setting the mean number 
of bosons, {rii). This Hamiltonian is invariant under the global U{1) 
symmetry: 6* ^ with a site-independent phase 4>. This global 

symmetry reflects the conservation of the total boson number. 

Often it is convenient to consider a slight modihcation of this model, 
working with “rotor” variables rather than boson operators. In particu- 
lar, we replace the boson creation operator by the exponential of a phase 
(fi G [0, 27rj: b\ — > and the boson density by a number operator, n^, 

which has integer eigenvalues, b\bi rii. The phase of the “rotor”, tpi, 
and the number operator are taken to satisfy the commutation relations, 

(13.17) 

so that rii can be thought of an “angular momentum” which is conjugate 
to the rotor phase. This commutation relation is directly analogous to, 

[blbi,b]] = 6,jbl (13.18) 

and indeed the operator increases the (boson) number n* by one. 
In contrast to the operator b\bi, which has non-negative eigenvalues, the 
eigenvalues of n* span all the integers. 

The “rotor” or XY Hamiltonian analogous to Ttboson is, 

TCxy = -t^cos((/?i - cpj) + U ^{rii - nf. 

{ij) » 



(13.19) 
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Notice that for large U the states with negative number n* < 0 are up 
at high energy and can generally be neglected. Let us consider briefly 
the ground state phases of this quantum rotor or quantum XY model. 
When U = 0, the model reduces to a classical XY model, and the ground 
state is an ordered state with spatially constant rotor phases, ipi = (f 
for all sites i. There is an associated non-vanishing order parameter, 
7 ^ 0. This ground state corresponds to the superfluid phase of the 
bosons, and exhibits off-diagonal long-ranged order, 

Gij = = |(e*^»)|2 / 0 |r* - oo. (13.20) 

For small but non-zero U <^t the ground state will be more complic- 
ated since the interaction term will induce some quantum fluctuations 
in the phases, but the off-diagonal long-range order and superfluidity 
should survive. (Actually, in Id there will only be off-diagonal quasi- 
long-ranged order, and the correlator Gij will vanish algebraically in 
the spatial separation.) The low-energy excitations above this ground 
state are the gapless Goldstone modes associated with the spontaneous 
breaking of the continuous 17(1) symmetry. (In Id these should per- 
haps be called “quasi-Goldstone” modes, since the symmetry is not truly 
broken.) An effective Hamiltonian for these modes is obtained by ex- 
panding the cosine for small phase gradients, 

T-iGoid = ^ + U (13.21) 

{^j) * 

This Hamiltonian is quadratic in the conjugate variables {ip and n) and 
can be readily diagonalized to obtain the Goldstone modes. One can 
then evaluate the off-diagonal correlator Gij in the ground state, and 
show that it decays algebraically in Id but is infinitely long-ranged in 
2d. 

The behavior of the ground state in the opposite strong-interaction 
limit with U ^ t depends sensitively on the average boson occupancy, 
(rii) (which is only equal to n in the opposite U t limit). To under- 
stand this, consider the extreme limit with t = 0. For integer filling, 
such as (rii) = 1 say, the ground state will be unique with one boson on 
each site, and excited states with zero or two bosons on a site will cost 
a large energy of order U. This is a “Mott insulating” state with a large 
gap to charged excitations, and will be robust at integer filling, provided 
that t <C H. Away from integer filling the ground states at t = 0 will 
be strongly degenerate, since the bosons can be arranged in many dif- 
ferent ways on the lattice. In this case, non-zero hopping t will lift this 
degeneracy, leading to superfluidity. Henceforth, we focus primarily on 
the more interesting situation with integer boson filling. 
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3.1 Quantum XY Duality in Id 

Here we focus first on duality for the Id rotor model. In close analogy 
with the Ising duality in Id (Eq. (13.3) and 13.4), consider the change 
of variables, 

(13.22) 

j<i 

m = 9i+i - 6i, (13.23) 

where the dual “phase” field Ei G [0, 27t] and the integer-eigenvalue 
operator 0* occupy the sites of the dual lattice. The dual operators are 
taken to satisfy 

(13.24) 

which enables one to establish the desired commutator between n* and 
In terms of these new fields the rotor Hamiltonian becomes, 

nxY = -^ E cos(Ei) + U E(^*+1 -Oi- nf. (13.25) 

i i 

While formally exact, this dual Hamiltonian is often rather difficult 
to work with due to the integer constraints on the field 0*. For this 
reason, it is both convenient and illuminating to modify the model by 
“softening” this integer constraint, allowing 6i to take all real values and 
then adding a “potential term” acting on 9 which favors integer values: 
V{9) = —ty cos{2tt9). Once this dual “angular momentum” 9{ is no 
longer quantized, it is legitimate to extend the “phase” field Ei to all 
real values, and to expand the cosine potential. In this way we arrive 
at an approximation to the dual Hamiltonian of the rotor model which 
should describe the same physics, 

HxY = +U{9i+i -9i- 2TTfif - t„cos(27r6'i)}, (13.26) 

i 

where 9i and Ei are now generalized coordinates and momenta which 
satisfy the canonical commutation relations, 

[9i,Ej\ = i5iy (13.27) 

For integer boson occupancy, n can be eliminated from the theory by 
shifting the fields 9j 9j + j{2TTn), and TixY reduces to a lattice sine- 
Gordon Hamiltonian. The associated Euclidian Lagrangian follows from, 

SxY = i J d.TY^Eidr9i + j drUxY, 

i 



(13.28) 
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and after integrating over the conjugate momenta becomes, 

SxY = I dr -e,- 27rnf (13.29) 

i 

— cos(27r6*j)}. (13.30) 

When U t the field 9 is very soft and strongly fluctuating, and 
the cosine term becomes ineffective - this is the superfluid phase. After 
discarding the cosine term the Euclidian action (or Hamiltonian) is quad- 
ratic, and can be diagonalized to obtain the gapless “quasi-Goldstone” 
modes of the superfluid phase. 

In the Mott insulating phase with U t (for integer boson density n ) , 
the 9 fluctuations are very “stiff’ and become “pinned” in the minima 
of the cosine potential. In this limit one expects that the modes will be- 
come gapped. This can be verified by expanding the cosine potential to 
quadratic order for small 9 and diagonalizing the resulting Hamiltonian 
to show that the normal-mode dispersion is gapped. 

In addition to the gapped sound waves, the sine-Gordon theory will 
support “soliton”-like excitations separating regions in which the 9 field 
is trapped in neighboring minima of the cosine potential. These corres- 
pond to single-boson excitations above the Mott ground state. 

3.2 Quantum XY Duality in 2d 

Finally, we consider dualizing the 2d quantum rotor model [10]. As for 
the Ising duality in 2 -|- Id, the duality transformation for the 2d rotor 
model with global 17(1) (or XY) symmetry will take one to a gauge 
theory - but now a gauge theory with a (local) 17(1) gauge symmetry. 
Specifically, we re-express ipi and n* in terms of gauge fields defined on 
the links of the dual square lattice, 

Ui = Axttf — AyOf = A X a, (13.31) 

OO 

(13.32) 

j,a=i 

where af and E!f with a = x,y are vector fields defined on the links of 
the dual square lattice (af lives on the link running from site i to the 
site i + X, and similarly for af). As above, Ef is a “phase” field defined 
on the interval [0, 27 t] and the operators af have integer eigenvalues. 
Here Aq, denotes a discrete difference, A^fi = /*+£ — fi- As for the Ising 
duality in 2-|-ld, the product above is along an infinite string - the string 
links sites of the original lattice starting at site i and running to spatial 
infinity, and for every link of the dual lattice bisected by the string a 
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factor of is present in the product. The dual “vector potential” 
and “electric fields” are canonically conjugate variables, as in ordinary 
quantum electromagnetism, 

[a", ] = SijSape^^i. (13.33) 



To assure path-independence we must impose a constraint on the dual 
Hilbert space. 



g{A) = = 1, (13.34) 



i 



for arbitrary integers A*. Equivalently, the divergence of the “electric 
field” A • Ei must equal 27rAlj for some integer Ni at each site of the dual 
lattice. 

These integer “charges” actually correspond to vortices - point-like 
singularities around which the phase field ipi winds by 2ttN. To see this, 
note that we can relate spatial gradients in the phase (p to the electric 



field 






(13.35) 



This is the discrete lattice version of = z x E, and implies that 
V X = V • E. As for the Ising case, the gauge constraints are 
generators of the local gauge transformations. 



= af + A„Ai. 



(13.36) 



In terms of the dual variables the 2d quantum XY model takes the 
form, 

nxY = -t^cos(E") + I/^(A xSi- nf. (13.37) 

ia i 

As in 1 -|- Id we now soften up the integer constraint on af, defining E" 
in the range [— oo, oo]. Upon expanding the cosine term one obtains, 

T^xy = ^{^E2 + U(Axai-h)2} (13.38) 

i 

— t^'^cos{Aa0i — 2naf), (13.39) 

ia 

where we have explicitly displayed the longitudinal part of the gauge 
field, 2TTaf = A0j. After softening this constraint the appropriate local 
gauge symmetry becomes, 

g{A) = e*AdA-Ei-27riVi) ^ 



(13.40) 
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where W is 


a vortex number operator with integer eigenvalues which 


satisfies. 






(13.41) 


so that 




G^afG = af + Ao-Aj 


(13.42) 




G^diG = + 27rAj. 


(13.43) 



We can now interpret the physics of the final dual Hamiltonian, TixY- 
The field, is a vortex creation operator since it’s action raises the 
vortex number, Ni, by one. The last term in the dual Hamiltonian 
thus describes the vortex kinetic energy, and the vortices are seen to be 
minimally coupled to the dual “electromagnetic” field. Thus the dual 
field mediates a logarithmic interaction between vortices. The dual U{1) 
gauge symmetry can be interpreted as the conservation of vorticity. 

When the vortices are absent from the ground state, with = 0, the 
remaining terms in the Hamiltonian are quadratic and can be diagonal- 
ized to obtain the Goldstone modes of the 2d superfluid phase. In terms 
of the dual “electromagnetic field” , this is nothing other than the mass- 
less “photon” . Since the original boson density is equal to the curl of the 
dual “vector potential”, this Goldstone mode is a longitudinal density 
(or sound) wave. 

To describe the Mott insulating state we have to allow the prolifer- 
ation of vortices and anti- vortices. Since the vortices are bosons, when 
present at zero temperature they will condense so that the ground state 
can be considered as a condensation of vortices, (e*^) 7 ^ 0. Since the 
vortices are minimally coupled to the dual “electromagnetic” field, their 
condensation will lead to an expulsion of this dual “flux”. For integer 
boson densities (i.e. integer n) this phase will be the dual analog of the 
Meissner state in a superconductor. The gapless Goldstone mode of the 
superfluid (the dual “photon”) will become gapped. To see this expli- 
citly, one can expand the cosine to quadratic order in the dual “vector 
potential”, and after choosing a convenient gauge (A -a) = 0 ) diagonalize 
the resulting quadratic Hamiltonian. 

After condensing the vortex, an externally applied dual “magnetic 
field” will be quantized into dual “flux quanta”, analogous to the Ab- 
rikosov vortices in type-H superconductors. However, in this dual rep- 
resentation, a single quantized flux actually correspond to a boson ex- 
citation in the Mott insulating state. The dual “Abrikosov flux lattice” 
would then be a crystal of bosons. 

This illustrates an appealing feature of dualizing to a vortex descrip- 
tion when considering systems of 2 d bosons: vortex-condensation gives 
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one an order parameter for insulating (non-superfluid) phases of the 
bosons. It is very interesting to consider the possibility of pairing vor- 
tices, and condensing the pair, leaving single vortices uncondensed. As 
recently argued, this procedure leads to an exotic insulating state of bo- 
sons which supports fractionalized excitations - a gapped “half-boson” 
excitation (the dual quantized flux in the vortex pair condensate) and a 
gapped vison excitation (essentially an unpaired vortex). 

4. Chargons, spinons and the Z 2 gauge theory of 
2d electron fractionalization 

The quantum Ising and XY Hamiltonians studied in Sections 2 and 
3 are the simplest examples of quantum Hamiltonians which can be 
fruitfully analyzed by “duality” - re-expressing them in terms of a new 
set of “dual” operators. But many important models relevant to the 
quantum behavior of solids involve the fermionic electron creation and 
destruction operators, rather than the commuting bosonic operators en- 
tering in the quantum Ising and XY models. The classic example is 
the Hubbard model, which describes electrons hopping on the sites of 
a lattice interacting via a short-ranged (on-site) screened Coulomb re- 
pulsion. For the Id Hubbard model and other Id interacting electron 
models, a reformulation in terms of new operators - the so-called “boson- 
ization” [6] technique - is possible and well understood. But “dualizing” 
models of 2d and 3d interacting electrons appears to be much more 
challenging. Nevertheless, some progress has been made in 2d, usually 
involving a “spin-charge” decomposition of the electron creation oper- 
ator into a product of an operator which creates the spin of the electron 
- a “spinon” - and another which creates the charge of the electron - a 
“holon” or “chargon” . These reformulations invariably involve a gauge 
field, which strongly couples together the spinons and chargons, and ef- 
fectively “glues” them back together [11]. But in some situations the 
effects of the “gauge glue” can be weak, and exotic quantum ground 
states emerge within which the spinons and chargons can propagate as 
“deconfined” particle excitations. In effect, the electron is splintered 
into two fragments. A theory of such 2d “electron fractionalization” 
has recently been developed which involves a Z 2 gauge field [11]. The 
fractionalized state corresponds to the deconfined phase of the Z 2 gauge 
theory, and therefore supports a vison excitation precisely as discussed 
in Section HB. 

Here, a simple Hamiltonian version of the Z 2 gauge theory of 2d elec- 
trons is briefly presented. In the usual formulation, the s = 1/2 spinons 
carry the Fermi statistics of the electron, and the chargons are bosonic. 
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The full gauge theory Hamiltonian is [11], 



H = 


He + Her + Hg, 


(13.44) 


He = 


1 

cS- 

M 


(blb,+h.c)+UYr{blh-l) , 


(13.45) 






i 




H^ = 




(13.46) 




pi pi 


(ij) 




Hs = 




is {fiJja + h.c) 





(T> 



+ ^ij (/iT/il “ + h.c.)] . (13.47) 

Here b\ creates a chargon at site i while creates a spinon with spin 
a =t,i at site i. The operator b\bi measures the number of bosonic 
chargons at site i. For simplicity, we have specialized to half- filling, 
i.e. to an average of one boson per site. The constant Aij contains the 
information about the pairing symmetry of the spinons. The are 

Pauli spin matrices which are defined on the links of the lattice, and 
Hfj is in fact identical to the Z 2 gauge theory Hamiltonian discussed in 
Section HB. 

The full Hamiltonian is invariant under the Z 2 gauge transformation 
bi —bi, fia —fia at any site i of the lattice accompanied by afj 
—of A on all the links connected to that site. This Hamiltonian must be 
supplemented with the constraint equation 

Gi = = 1. (13.48) 

j& 

Here the product over afj is over all links that emanate from site i. The 
operator Qi, which commutes with the full Hamiltonian, is the generator 
of the local Z 2 gauge symmetry. Thus the constraint Gi = 1 simply 
expresses the condition that the physical states in the Hilbert space are 
those that are gauge invariant. 

When J ^ K the gauge theory is deep within it’s confining phase, 
and the chargon and spinon are confined back together to form the 
electron, with destruction operator Cia = hfia- On the other hand, the 
fractionalized insulating phase is described as the deconfined phase of 
this gauge theory. This is obtained when K ^ J,U ^ t. A conventional 
superconducting state follows when the chargons condense, which occurs 
when t ^ U, or alternatively by doping away from half-filling. Note that 
the “pairing” symmetry of the superconductor is determined by Aij. 
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5. Physics and Duality 

This section provides a brief discussion of several strongly correlated 
electronic materials which exhibit unusual and in some cases poorly un- 
derstood behavior, and considers how the theoretical ideas introduced 
above might provide a framework for gaining further insight into their 
properties. 

5.1 One-dimensional systems 

A number of complex molecular crystals exhibit highly anisotropic 
electrical properties. For crystals comprised of long (often organic), 
chain-like molecules, the conductivity along the chains can be many or- 
ders of magnitude larger than the transverse conductivity. In such cases, 
progress can be made by focusing on the properties of a single conduct- 
ing chain. Modern lithographic techniques honed in the semiconductor 
industry provide another means to access one dimensional conductors, 
by controlling gates which further restrict the motion of electrons con- 
fined at the interface between two semiconductor materials [5]. However, 
carbon nanotubes - tube-shaped single molecules of carbon a nanometer 
in diameter and many microns long - provide the cleanest and most 
accessible example of a one-dimensional conductor [12]. 

It turns out that the strong effects of the interactions between the 
electrons moving up and down such nanotubes leads to exotic new be- 
havior which is qualitatively different from the behavior of electrons in 
an ordinary conductor such as a copper wire [6, 13]. In particular, an 
electron added to a nanotube, for example by tunnelling from a metallic 
electrode, effectively splinters into fragments as it is propagates along 
the tube [14]. More precisely, the added spin and charge of the electron 
propagate in several “packets”, one carrying the spin only and the oth- 
ers some fraction of the electronic charge. These exotic new “particles” 
are correctly considered as “solitons” in the background Id fluid of elec- 
trons. They are quite similar to the “solitons” discussed in Section IIA 
in the context of the Id quantum Ising model, which were domain walls 
between ferromagnetic domains which propagate as Id “particles” . The 
fractionally charged carriers in the nanotubes are even more closely re- 
lated to the solitons mentioned in the context of the Id quantum XY 
duality in Section IIIA (the solitons connecting different minima of the 
sine-Gordon cosine potential). 

The central theoretical approach used to describe the physics of Id in- 
teracting electron systems such as those occurring in carbon nanotubes 
is known as “bosonization” [15, 6]. In the bosonization approach the 
electron creation operator is exchanged for two bosonic fields, often de- 
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noted 6 and ip. These two fields are essentially the same as the two fields 
employed in the discussion of Id XY duality in Section IIIA, and provide 
two complementary (dual) descriptions of the same physics. 

5.2 Two-dimensional systems 

Quasi-two-dimensional layered materials occur both naturally (as 
with mica or graphite) and can also be grown, either out of the melt 
or layer-by-layer (in the case of semiconductors) using molecular beam 
epitaxy. Layered materials which exhibit strongly correlated electronic 
behavior typically have partially filled conduction band states, which 
can either lead to conduction or, when the band is very narrow, to self- 
localization. In this latter case, the residual electron spin degrees of 
freedom comprise a very interesting and challenging many-body system 
[16, 7]. The canonical examples are provided by the transition-metal 
oxides, where the 3d or 4d electrons form the localized interacting spin 
moments. The dynamics of such two-dimensional quantum spin systems 
can often be captured by (deceptively) simple lattice spin-Hamiltonians 
[17, 16]. For spin one-half moments, the spin Hamiltonians are in fact 
quite similar to the Hamiltonians in Eq. (13.1) and (13.16), the main 
difference being that the physical spin-systems have approximate spin- 
rotational symmetry rather than the extreme Ising-like “easy-axis” or 
XY-like “easy-plane” models considered here. Nevertheless, considerable 
insight can often be gained by appropriately dualizing the spin Hamilto- 
nians [18]. Of interest are the myriad of possible quantum ground states 
that such many-body systems can possess, ranging from states with 
spontaneously broken spin-rotational symmetry (i.e. magnetic order) 
or broken translational symmetry ( “spin-Peierls” order) [17] to exotic 
ground states with hidden “topological order” and fractionalized excit- 
ations [19]. 

Electrically conducting 2d layered materials offer an even more chal- 
lenging arena of complicated many-body behavior. The high temper- 
ature cuprate superconductors [20, 1] offer the classic example. After 
more than 15 years of intensive effort (and at least tens of thousands 
of experimental publications), the underlying physics of these fascinat- 
ing materials remains poorly understood and shrouded with theoretical 
controversy. The 2d electron system formed near the surface of an ox- 
idized and gated silicon crystal (metal-oxide-semiconductor field-effect 
transistors or MOSEETS for short) provides another example of a well 
characterized material which exhibits strange behavior - an apparent 2d 
“metal-insulator” transition - which continues to defy theoretical con- 
sensus [21]. While the fermionic character of the conducting electrons 
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is surely central to gaining an understanding of these materials, the 2d 
duality transformations discussed in this paper (which involve bosonic 
fields, commuting on different sites) might nevertheless be rather useful. 
One concrete approach was mentioned in Section IV, where a theory of 
2d interacting electrons was reformulated in terms of spin-charge separ- 
ated variables and a Z 2 gauge field - the same gauge theory shown to 
be dual to the 2d quantum Ising model in Section IIB. The 2d quantum 
XY duality transformation of Section IIIB has also been employed to ac- 
cess a new approach to 2d strongly correlated electrons [22, 23]. In this 
work, the vortices which appear in the dualized model of Section IIIB, 
are identified with the familiar vortices of a 2d superconductor. Very re- 
cent work [24] has exploited such a dual representation to obtain the first 
example of a genuine 2d “non-Fermi liquid phase” - a quantum ground 
state of 2d interacting electrons with no broken symmetries which has 
gapless charge and spin excitations but is not connected adiabatically 
to the free Fermi gas - in contrast to the familiar Fermi liquid phase. 
This novel quantum phase can apparently be accessed only by look- 
ing through a pair of “dual glasses”. Determining whether such exotic 
states actually underlie the mysterious behavior of the cuprates or other 
2d strongly correlated materials remains as one of the central challenges 
in contemporary theoretical physics. 

Over the past 20 years my knowledge and appreciation of the wave- 
particle dualism of quantum mechanics in general and duality trans- 
formations of field theories in particular have been greatly aided by in- 
tensive and beneficial interactions and collaborations with (among oth- 
ers), Leon Balents, Daniel Fisher, Steve Girvin, Geoff Grinstein, Gharlie 
Kane, Dung-Hai Lee, Ghetan Nayak, T. Senthil and A. Peter Young - 
and I am deeply grateful and indebted to them all. This work has been 
generously supported by the National Science Foundation under grants 
DMR-0210790 and PHY-9907947. 
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integrable systems, 383 
interlayer tunneling, 237 
Ising model, 419 
Josephson plasmon, 237 

L 

ladders, 1, 165 

Lenz-Ising model, 1 

linear response theory, 195 

local density approximation, 1 

local sine-Gordon model, 93 

Luttinger liquid, 1, 21, 93, 137, 165, 321 

M 

magnons, 383 

mean free path of phonon and spinon, 383 
moment (first, second, third, . . . ), 237 
momentum distribution curve (MDC), 63, 
137 

momentum resolved tunneling, 321 
MOSFETS, 419 
Mott-Hubbard, 165 

N 

neutron scattering, 21 
NMR, 347 

non-Fermi liquid, 93, 137, 165 
nonlinear sigma model, 347 
normal state, 63, 137, 165 

O 

one dimensional magnetism, 21 

one dimensional systems, 137, 165, 321, 

347, 383, 419 

optical conductivity, 165, 195, 237, 347 
optical reflectivity, 165 

P 

pair-correlation, 237 
Peierls gap, 137 
Peierls phase Ansatz, 195 
Peierls transition, 1, 137 
periodic bands, 137 
phonons, 383 
photoemission, 63, 137 
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polarons, 137 
pseudogap, 63, 137 

Q 

quantum critical point, 21 
quantum magnets, 21 
quantum rotors, 419 
quasiparticles, 63, 137 

R 

relaxation time, 383 
renormalization group, 1, 93 
right- (left) movers, 93 

S 

scattering rate, 237 
shadow bands, 137 
Shastry-Sutherland model, 21 
Sine Gordon theory, 347, 419 
sliding Luttinger liquids, 93 
solitons, 383 

spectral function, 63, 137 

spectral weight, 165, 195, 237 

spin chains 5 = 1/2 and S' = 1, 1, 383 

spin conductivity, 347 

spin-charge separation, 93, 137, 165, 321 

spin density wave (SDW), 165 

spin ladders S = 1/2, 383 

spin-Peierls systems, 383 

spin velocity, 93 

spinons, 383, 419 

Stoner model, 1 

stripes, 1, 277 

sum rule, 165, 237 

superconducting gap, 63 

superconductivity, 63, 237, 277 

T 

thermal conductivity, 347, 383 
thermal Drude weight, 383 
transition metal oxides, 419 
transport ballistic and diffusive, 383 
transport through quantum wires, 93, 321 
transverse field Ising model, 21 
transverse optical plasmon, 237 
tunneling density of states, 321 
two dimensional systems, 63, 237, 419 

V 

vortex, 419 

W 

Wigner crystal, 1 

X, Y, Z 

XY model, 1, 419 
Z2 gauge theory, 419 
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